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Preface 

In 1993 to 1994 I led the effort to establish a graduate program in biostatistics at 
the George Washington University. The program, which I now direct, was launched 
in 1995 and is a joint initiative of the Department of Statistics, the Biostatistics 
Center (which I have directed since 1988) and the School of Public Health and 
Health Services. Biostatistics has long been a specialty of the statistics faculty, 
starting with Samuel Greenhouse, who joined the faculty in 1946. When Jerome 
Cornfield joined the faculty in 1972, he established a two-semester sequence in 
biostatistics (Statistics 225-6) as an elective for the graduate program in statistics 
(our 200 level being equivalent to the 600 level in other schools). Over the years 
these courses were taught by many faculty as a lecture course on current topics. 
With the establishment of the graduate program in biostatistics, however, these 
became pivotal courses in the graduate program and it was necessary that Statistics 
225 be structured so as to provide students with a review of the foundations of 
biostatistics. 

Thus I was faced with the question “what are the foundations of biostatistics?” 
In my opinion, biostatistics is set apart from other statistics specialties by its focus 
on the assessment of risks and relative risks through clinical research. Thus bio- 
statistical methods are grounded in the analysis of binary and count data such as in 
2 x2 tables. For example, the Mantel-Haenszel procedure for stratified 2 x2 tables 
forms the basis for many families of statistical procedures such as the Gf’ family 
of modern statistical tests in the analysis of survival data. Further, all common 
medical study designs, such as the randomized clinical t ia l  and the retrospective 
case-control study, are rooted in the desire to assess relative risks. Thus I developed 

xv 
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Statistics 225, and later this text, around the principle of the assessment of relative 
risks in clinical investigations. 

In doing so, I felt that it was important first to develop basic concepts and 
derive core biostatistical methods through the application of classical mathematical 
statistical tools, and then to show that these and comparable methods may also be 
developed through the application of more modem, likelihood-based theories. For 
example, the large sample distribution of the’Mante1-Haenszel test can be derived 
using the large sample approximation to the hypergeometric and the Central Limit 
Theorem, and also as an efficient score test based on a hypergeometric likelihood. 

Thus the first five chapters present methods for the analysis of single and mul- 
tiple 2 x 2 tables for cross-sectional, prospective and retrospective (case-control) 
sampling, without and with matching. Both fixed and random effects (two-stage) 
models are employed. Then, starting in Chapter 6 and proceeding through Chapter 
9, a more modem likelihood or model-based treatment is presented. These chapters 
broaden the scope of the book to include the unconditional and conditional logistic 
regression models in Chapter 7, the analysis of count data and the Poisson regression 
model in Chapter 8, and the analysis of event time data including the proportional 
hazards and multiplicative intensity models in Chapter 9. Core mathematical sta- 
tistical tools employed in the text are presented in the Appendix. Following each 
chapter problems are presented that are intended to expose the student to the key 
mathematical statistical derivations of the methods presented in that chapter, and to 
illustrate their application and interpretation. 

Although the text provides a valuable reference to the principal literature, it is 
not intended to be exhaustive. For this purpose, readers are referred to any of 
the excellent existing texts on the analysis of categorical data, generalized linear 
models and survival analysis. Rather, this manuscript was prepared as a textbook for 
advanced courses in biostatistics. Thus the course (and book) material was selected 
on the basis of its current importance in biostatistical practice and its relevance 
to current methodological research and more advanced methods. For example, 
Cornfield’s approximate procedure for confidence limits on the odds ratio, though 
brilliant, is no longer employed because we now have the ability to readily perform 
exact computations. Also, I felt it was more important that students be exposed to 
over-dispersion and the use of the information sandwich in model-based inference 
than to residual analysis in regression models. Thus each chapter must be viewed 
as one professor’s selection of relevant and insightful topics. 

In my Statistics 225 course, I cover perhaps two-thirds of the material in this text. 
Chapter 9, on survival analysis, has been added for completeness, as has the section 
in the Appendix on quasi-likelihood and the family of generalized linear models. 
These topics are covered in detail in other courses. My detailed syllabus for Sta- 
tistics 225, listing the specific sections covered and exercises assigned, is available 
at the Biostatistics Center web site (www.bsc.gwu.edu/jml/biostatmethods). Also, 
the data sets employed in the text and problems are available at this site or the web 
site of John Wiley and Sons, Inc. (www.wiley.com). 

Although I was not trained as a mathematical statistician, during my career I 
have learned much from those with whom I have been blessed with the opportunity 
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to collaborate (chronologically): Jerry Cornfield, Sam Greenhouse, Nathan Mantel, 
and Max Halperin, among the founding giants in biostatistics; and also Robert 
Smythe, L.J. Wei, Peter Thall, K.K. Gordon Lan and Zhaohai Li, among others, 
who are among the best of their generation. I have also learned much from my 
students, who have always sought to better understand the rationale for biostatistical 
methods and their application. 

I especially acknowledge the collaboration of Zhaohai Li, who graciously agreed 
to teach Statistics 225 during the fall of 1998, while I was on sabbatical leave. 
His detailed reading of the draft of this text identified many areas of ambiguity 
and greatly improved the mathematical treatment. I also thank Costas Cristophi for 
typing my lecture notes, and Yvonne Sparling for a careful review of the final text 
and programming assistance. I also wish to thank my present and former statisti- 
cal collaborators at the Biostatistics Center, who together have shared a common 
devotion to the pursuit of good science: Raymond Bain, Oliver Bautista, Patricia 
Cleary, Mary Foulkes, Sarah Fowler, Tavia Gordon, Shuping Lan, James Rochon, 
William Rosenberger, Larry Shaw, Elizabeth Thom, Desmond Thompson, Dante 
Verme, Joel Verter, Elizabeth Wright, and Naji Younes, among many. 

Finally, I especially wish to thank the many scientists with whom I have had the 
opportunity to collaborate in the conduct of medical research over the past 30 years: 
Dr. Joseph Schachter, who directed the Research Center in Child Psychiatry where I 
worked during graduate training; Dr. Leslie Schoenfield, who directed the National 
Cooperative Gallstone Study; Dr. Edmund Lewis, who directed the Collaborative 
Study Group in the conduct of the Study of Plasmapheresis in Lupus Nephritis 
and the Study of Captropil in Diabetic Nephropathy; Dr. Thomas Gamey, who 
directed the preparation of the New Drug Application for treatment of gallstones 
with ursodiol; Dr. Peter Stacpoole, who directed the Study of Dichloroacetate 
in the Treatment of Lactic Acidosis; and especially Drs. Oscar Crofford, Saul 
Genuth and David Nathan, among many others, with whom I have collaborated 
since 1982 in the conduct of the Diabetes Control and Complications Trial, the 
study of the Epidemiology of. Diabetes Interventions and Complications, and the 
Diabetes Prevention Program. The statistical responsibility for studies of such great 
import has provided the dominant motivation for me to continually improve my 
skills as a biostatistician. 

JOHN M. LACHIN 

Rockville, Maryland 



Biostatistics and 
Biomedical Science 

1.1 STATISTICS AND T H E  SCIENTIFIC METHOD 

The aim of all biomedical research is the acquisition of new information so as to 
expand the body of knowledge that comprises the biomedical sciences. This body 
of knowledge consists of three broad components: 

1. Descriptions of phenomena in terms of observable characteristics of elements 
or events; 

2. Descriptions of associations among phenomena; 

3. Descriptions of causal relationships between phenomena. 

The various sciences can be distinguished by the degrees to which each contains 
knowledge of each of these three types. The hard sciences (e.g. physics and chem- 
istry) contain large bodies of knowledge of the third kind - causal relationships. 
The soft sciences (e.g. the social sciences) principally contain large bodies of 
infonnation of the first and second kind - phenomenological and associative. 

None of these descriptions, however, are exact. To quote the philosopher and 
mathematician Jacob Bronowski (1973). 

All information is imperfect. We have to treat it with humilit y... Errors are 
inextricably bound up with the nature of human knowledge ... 

Thus every science consists of shared information, all of which to some extent is 
uncertain. 

Biostatistical Methods: The Assessment of’Relative Risks 
John M. Lachin 

Cowriaht 0 2000 bv John Wilev 8, Sons. Inc 



2 BIOSTATISTICS AND BIOMEDICAL SCIENCE 

When a scientific investigator adds to the body of scientific knowledge, the de- 
gree of uncertainty about each piece of information is described through statistical 
assessments of the probability that statements are either true or false. Thus the 
language of science is statistics, for it is through the process of statistical analysis 
and interpretation that the investigator communicates the results to the scientific 
community. The syntax of this language is probability, because the laws of prob- 
ability are used to assess the inherent uncertainty, errors, or precision of estimates 
of population parameters, and probabilistic statements are used as the basis for 
drawing conclusions. 

The means by which the investigator attempts to control the degree of uncertainty 
in the research conclusions is the application of the scientific method. In a nutshell, 
the scientific method is a set of strategies, based on common sense and statistics, 
that is intended to minimize the degree of uncertainty and maximize the degree 
of validity of the resulting knowledge. Therefore, the scientific method is deeply 
rooted in statistical principles. 

When considered sound and likely to be free of error, such knowledge is termed 
scientifically valid. The designation of scientific validity, however, is purely sub- 
jective. The soundness or validity of any scientific result depends on the manner 
in which the observations were collected, that is, on the design and conduct of the 
study, as well as the manner in which the data were analyzed. 

Therefore, in the effort to acquire scientifically valid information, one must 
consider the statistical aspects of all elements of a study - its design, execution and 
analysis. To do so requires a firm understanding of the statistical basis for each 
type of study and for the analytic strategies commonly employed to assess a study’s 
objectives. 

1.2 BIOSTATISTICS 

Biostatistics is principally characterized by the application of statistical principles 
to the biologicallbiomedical sciences; in contrast to other areas of application of 
statistics, such as psychometrics and econometrics. Thus biostatistics refers to the 
development of statistical methods for, and the application of statistical principles 
to, the study of biologic and medical phenomena. 

Biomedical research activities range from the study of cellular biology to clinical 
therapeutics. At the basic physical level it includes so-called bench research or the 
study of genetic, biochemical, physiologic, and biologic processes, such as the study 
of genetic defects, metabolic pathways, kinetic models and pharmacology. Although 
some studies in this realm involve investigation in animals and man (in vivo), 
many of these investigations are conducted in “test tubes” (in vitro). The ultimate 
objective of these inquiries is to advance our understanding of the pathobiology 
or pathophysiology of diseases in man and of the potential mechanisms for their 
treatment. 

Clinical research refers to the direct observation of the clinical features of pop- 
ulations. This includes epidemiology, which can be broadly defined as the study 
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of the distribution and etiology of human disease. Some elements, such as in- 
fectious disease epidemiology, are strongly biologically based, whereas others are 
more heavily dependent on empirical observations within populations. These latter 
include such areas as occupational and environmental epidemiology or the study of 
the associations between occupational and environmental exposures with the risk of 
specific diseases. This type of epidemiology is often characterized as population- 
bused because it relies on the observation of natural samples from populations. 

Ultimately, bench research or epidemiologic observation leads to advances in 
medical therapeutics - the development of new pharmaceuticals (drugs), devices, 
surgical procedures or interventions. Such therapeutic advances are often assessed 
using a randomized, controlled, clinical trial. Such studies evaluate the biological 
effectiveness of the new agent (biological efficacy), the clinical effectiveness of 
the therapy in practice (the so-called intention-to-treat comparison), as well as the 
incidence of adverse effects. 

The single feature that most sharply distinguishes clinical biomedical research 
from other forms of biological research is the propensity to assess the absolute and 
relative risks of various outcomes within populations. The absolute risk refers to 
the distribution of a disease, or risk factors for a disease, in a population. This risk 
may be expressed cross-sectionally as a simple probability, or it may be expressed 
longitudinally over time as a hazard function (or survival hnction) or an intensity 
process. The relative risk refers to a measure of the difference in risks among 
subsets of the population with specific characteristics, such as those exposed versus 
not to a risk factor, or those randomly assigned to a new drug treatment versus 
a placebo control. The relative risk of an outcome is sometimes described as a 
difference in the absolute risks of the outcome, the ratio of the risks, or a ratio of 
the odds of the outcome. 

Thus a major part of biostatistics concerns the assessment of absolute and rel- 
ative risks through epidemiologic studies of various types and randomized clinical 
trials. This, in general, is the subject of this text. This entails the study of discrete 
outcomes, some of which are assessed over time. This also includes many major 
areas of statistics that are beyond the scope of any single text. For example, the 
analysis of longitudinal data is another of the various types of processes studied 
through biostatistics. In many studies, however, interest in a longitudinal quantita- 
tive or ordinal measure arises because of its fundamental relationship to an ultimate 
discrete outcome of interest. For example, longitudinal analysis of serum choles- 
terol levels in a population is of interest because of the strong relationship between 
serum lipids and the risk of cardiovascular disease, not cholesterol itself. Thus this 
text is devoted exclusively to the assessment of the risks of discrete characteristics 
or events in populations. 

1.3 NATURAL HISTORY OF DISEASE PROGRESSION 

Underlying virtually all clinical research is some model of our understanding of the 
natural history of the progression of the disease under investigation. As an example, 
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Table 1.1 Stages of Progression of Diabetic Nephropathy 
1. 
2. 
3. 
4. 
5 .  
6. Mortalitv 

Normal: Albumin excretion rate (AER) 5 40 mg/24 h 
Microalbuminuria: 40 < AER < 300 mg/24 h 
Proteinuria (overt albuminuria): AER 2 300 mg/24 h 
Renal insufficiency: Serum creatinine > 2 mg/dL 
End-stage renal disease: Need for dialysis or renal transplant 

consider the study of diabetic nephropathy (kidney disease) associated with type 1 
or insulin dependent diabetes mellitus (IDDM), also known as juvenile diabetes. 
Diabetes is characterized by a state of metabolic dysfunction in which the subject is 
deficient in endogenous (self-produced) insulin. Thus the patient must administer 
exogenous insulin by some imperfect mechanical device, such as by multiple daily 
injections or a continuous subcutaneous insulin infusion (CSII) device also called a 
“pump”. Because of technological deficiencies with the way insulin can be admin- 
istered, it is difficult to maintain normal levels of blood glucose throughout the day, 
day after day. The resulting hyperglycemia leads to microvascular complications, 
the two most prevalent being diabetic retinopathy (disease of the retina in the eye) 
and diabetic nephropathy, and ultimately to cardiovascular disease. 

Diabetic nephropathy is known to progress through a well-characterized sequence 
of disease states, characterized in Table 1.1. The earliest sign of emergent kidney 
disease is the leakage of small amounts of protein (albumin) into urine. The amount 
or rate of albumin excretion can be measured from a timed urine collection in which 
all the urine voided over a fixed period of time is collected. From the measurement 
of the urine volume and the concentration of albumin in the serum and urine at 
specific intervals of time, it is possible to compute the albumin excretion rate 
(AER) expressed as the mg/24 h of albumin excreted into the urine by the kidneys. 

In the normal (non-diseased) subject, the AER is no greater than 40 mg/24 h, 
some would say no greater than 20 or 30 mg/24 h. The earliest sign of possible 
diabetic nephropathy is microalbuminuria, defined as an AER >40 mg/24 h (but < 
300 mg/24 h). As the disease progresses, the next landmark is the development of 
definite albuminuria, defined as an AER >300 mg/24 h. This is often termed overt 
proteinuria because it is at this level of albumin (protein) excretion that a simple 
dip-stick test for protein in urine will be positive. This is also the point at which 
nephropathy, and the biological processes that ultimately lead to destruction of the 
kidney, are considered well established. 

To then chart the hrther loss of kidney function, a different measure is used - 
the glomerular filtration rate (GFR). The glomerulus is the cellular structure that 
serves as the body’s filtration system. As diabetic nephropathy progresses, fewer 
and fewer intact glomeruli remain, so that the rate of filtration declines, starting 
with the leakage of protein and other elements into the urine. The GFR is difficult 
to measure accurately. In practice, a measure of creatinine clearance, also from a 
timed urine collection, or a simple measure of the creatinine concentration in serum 
are used to monitor disease progression. Renal insufficiency is often declared when 
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the serum creatinine exceeds 2 mg/dL. This is followed by end-stage renal disease 
(ESRD), at which point the patient requires frequent dialysis or renal transplantation 
to prolong survival. Ultimately the patient dies from the renal insufficiency or 
related causes if a suitable donor kidney is not available for transplantation. 

Thus the natural history of diabetic nephropathy is described by a collection of 
quantitative, ordinal and qualitative assessments. In the early stages of the disease, 
a study might focus entirely on quantitative measures of AER. Later, during the 
middle stages of the disease, this becomes problematic. For example, patients with 
established proteinuria may be characterized over time using a measure of GFR, 
but the analysis will be complicated by informatively missing observations because 
some patients reached ESRD or died before the scheduled completion of follow-up. 

However, a study that assesses the risk of discrete outcomes, such as the in- 
cidence or prevalence of proteinuria or renal insufficiency, is less complicated by 
such factors and is readily interpretable by physicians. For example, if a study 
shows that a new drug treatment reduces the mean AER by 10 mg/24 h less than 
that with placebo, it is dificult to establish the clinical significance of the result. 
On the other hand, if the same study demonstrated a relative risk of developing 
proteinuria of 0.65, a 35% risk reduction with drug treatment versus placebo, the 
clinical significance is readily apparent to most physicians. 

Therefore, we shall focus on the description of the absolute and relative risks of 
discrete outcomes, historically the core of biostatistics. 

1.4 TYPES OF BIOMEDICAL STUDIES 

Biomedical research employs various types of study designs, some of which involve 
formal experimentation, others not, among other characteristics. In this section the 
characteristics and the roles of each type of study are briefly described. 

Study designs can be distinguished by three principal characteristics: 

1. Number of samples: single versus multiple samples; 

2. Source of samples: natural versus experimental. An experimental sample is 
one to which a treatment or procedure has been applied by the investigator. 
This may or may not involve randomization as an experimental device to 
assign treatments to individual patients. 

3. Time course of observation: prospective versus retrospective versus concur- 
rent collection of measurements and observation of responses or outcome 
events. 

Based on these characteristics, there are basically four types of designs for bio- 
medical studies in man: (1) the cross-sectional study, (2) the cohort study, (3) the 
case-control study, and (4) the randomized experiment. A more exhaustive classi- 
fication was provided by Bailar, Louis, Lavori and Polansky (1 984), but these four 
are the principal types. Examples of each type of study are described subsequently. 
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The cross-sectional study is a study of a single, natural sample with concurrent 
measurement of a variety of characteristics. In the review by Bailar, Louis, Lavori, 
and Polansky (1984), 39% of published studies were of this type. Some notable 
examples are the National Health and Nutritional Examination Survey (NHANES) 
of the relationship between health and nutrition, and the annual Health Interview 
Survey of the prevalence of various diseases in the general U.S. population. Such 
studies have provided important descriptions of the prevalence of disease in specified 
populations, of the co-occurrence of the disease and other factors (i.e. associations), 
and of the sensitivity and specificity of diagnostic procedures. 

In a cohort study (25% of studies), one or more samples (cohorts) of individuals, 
either natural or experimental samples, are followed prospectively and subsequent 
status is evaluated. 

A case-control study (5% of studies) employs multiple, natural samples with 
retrospective measurements. A sample of cases with the disease is compared to a 
sample of controls without the disease with respect to the previous presence of, or 
exposure to, some factor. 

An important characteristic of cohort and case-control studies is whether or not 
the study employs matching of pairs or sets of subjects with respect to selected 
covariate values. Matching is a strategy to remove bias in the comparison of groups 
by ensuring equality of distributions of the selected matching covariates. Matching, 
however, changes the sample frame or the sampling unit in the analysis from the 
individual subject in an unmatched study to the matched set in the matched study. 
Thus matched studies require analytic procedures that are different from those more 
commonly applied to unmatched studies. 

A randomized, controlled clinical trial or parallel - comparative trial (1 5% 
of studies) employs two or more parallel randomized cohorts, each of which receives 
only one treatment in the trial. Such studies provide a controlled assessment of a 
new drug, therapy, diagnostic procedure, or intervention procedure. Variations of 
this design include the multiple-period crossover design and the crossed factorial 
design. Since a clinical trial uses randomization to assign each subject to receive 
either the active treatment versus a control (e.g. drug vs. placebo), the comparison 
of the groups is in expectation unbiased. However, a truly unbiased study also 
requires other conditions such as complete and unbiased follow-up assessments. 

Each of the first three types are commonly referred to as an observational or 
epidemiological study, in contrast to the clinical trial. It is rare, some might say 
impossible, that a population-based observational study will identify a single neces- 
sary and sufficient cause for a biologic effect, or a 1:l causal relationship. Almost 
always, a risk factor is identified that has a biological effect that is associated with 
a change in the risk of an outcome. It is only aAer a preponderance of evidence 
is accumulated from many such studies that such a risk factor may be declared to 
be a causal agent. Such was the case with the relationship between smoking and 
lung cancer, and the criteria employed to declare smoking a causal agent are now 
widely accepted (US Surgeon General, 1964, 1982). 

The principal advantage of the randomized controlled trial (RCT), on the other 
hand, is that it can provide conclusions with respect to causal relationships because 
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other intervening factors are controlled through randomization. Thus the RCT 
provides an unbiased comparison of the effects of administering one treatment versus 
another on the outcome in the selected population of patients, and any differences 
observed can be confidently ascribed to the differences between the treatments. 
Therefore, the distinction between a relationship based on an observational study 
and one based on a randomized experiment rests in the degree to which an observed 
relationship might be explained by other variables or other mechanisms. 

However, in no study is there an absolute guarantee that all possible influential 
variables are controlled, even in a randomized, controlled experiment. Also, as the 
extent of knowledge about the underlying natural history of a disease expands, it 
becomes increasingly important to account for the known or suspected risk factors 
in the assessment of the effects of treatments or exposures, especially in an obser- 
vational cross-sectional, cohort, or case-control study. This entails the use of an 
appropriate statistical model for the simultaneous influence of multiple covariates 
on the absolute or relative risk of important outcomes or events. 

Thus the principal objective of this text is to describe methods for the assessment 
of risk relationships derived from each type of study, and to consider methods to 
adjust or control for other factors in these assessments. 

1.5 STUDIES OF DIABETIC NEPHROPATHY 

To illustrate the different types of studies, we close this chapter with a review of 
selected studies on various aspects of diabetic nephropathy. 

Cross-sectional surveys such as the National Health Interview Survey (NHIS) 
and the National Health and Nutrition Evaluation Survey (NHANES) indicate that 
approximately 16 million people in the United States population have some form 
of diabetes mellitus (Harris, Hadden, howle r  and Bennett, 1987). The majority 
have what is termed type 2 or non-insulin dependent diabetes mellitus (NIDDM). 
Approximately 10% or 1.6 million have the more severe form termed type 1 or 
insulin-dependent diabetes mellitus (IDDM) for which daily insulin injections or 
infusions are required to sustain life. Among the most important clinical features of 
type 1 diabetes are the development of complications related to micro- and macro- 
vascular abnormalities, among the most severe being diabetic nephropathy (kidney 
disease), which ultimately leads to end-stage renal disease (ESRD) in about a third 
of patients. These and other national surveys indicate that approximately 35% of 
all ESRD in the United States is attributed to diabetes. 

As an illustration of a longitudinal observational cohort study, Deckert et al. 
(1978) followed a cohort of 907 Danish subjects with type 1 diabetes for many years 
and reported the annual incidence (proportion) of new cases of proteinuria (overt 
albuminuria) to appear each year. They showed that the peak incidence or greatest 
risk occurs approximately 15 years after the onset of diabetes. Their study also 
showed that over a lifetime, approximately 70% of subjects develop nephropathy 
whereas approximately 30% do not, suggesting that there is some mechanism that 
protects patients from nephropathy, possibly of a genetic nature, possibly related to 
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the lifetime exposure to hyperglycemia, or possibly related to some environmental 
exposure or characteristic. 

Since the discovery of insulin in the 1920s, one of the principal issues of con- 
tention in the scientific community is what was often called the Glucose Hypothesis. 
This hypothesis asserts that the extent of exposure to elevated levels of blood glucose 
or hyperglycemia is the dominant determinant of the risk of diabetic nephropathy 
and other microvascular abnormalities or complications of type 1 diabetes. Among 
the first studies to suggest an association was a large observational study conducted 
by Pirart (1978a, 1978b) in Belgium over the period 1947-1973. This study exam- 
ined the association between the level of blood glucose and the prevalence (presence 
or absence) of nephropathy. The data were obtained from a retrospective examina- 
tion of the clinical history of 4,400 patients treated in a community hospital over a 
period of up to 25 years in some patients. The rather crude analysis consisted of 
figures that displayed the prevalence of nephropathy by year of diabetes duration 
for subgroups categorized as being in good, fair or poor control of blood glucose 
levels. These figures suggest that as the mean level of hyperglycemia increases, 
the risk (prevalence) of nephropathy also increases. This type of study is clearly 
open to various types of sampling or selection biases. Nevertheless, this study pro- 
vides evidence that hyperglycemia may be a strong risk factor, or is associated with 
the risk of diabetic nephropathy. Note that this study is not strictly a prospective 
cohort study because the cohort was identified later in time and the longitudinal 
observations were then obtained retrospectively. 

In all of these studies, biochemical measures of renal function are used to as- 
sess the presence and extent of nephropathy. Ultimately, however, end stage renal 
disease is characterized by the physiologic destruction of the kidney, specifically 
the glomeruli, which are the cellular structures that actually perform the filtration 
of blood. However, the only way to determine the physical extent of glomerular 
damage is to conduct a morphologic evaluation of a tissue specimen obtained by 
a needle biopsy of the kidney. As an example of a case-control study, Chavers, 
Bilous, Ellis, et al. (1989) conducted a retrospective study to determine the associ- 
ation between established nephropathy or not (the cases vs. controls) and evidence 
of morphologic (structural tissue) abnormalities in the kidneys (the risk factor or 
exposure). They showed that approximately 69% of patients with nephropathy 
showed morphologic abnormalities versus 42% among those without nephropathy, 
for a relative risk (odds ratio) of 3.2. Other studies (cJ Steffes, Chavers, Bilous and 
Mauer (1989) show that the earliest stage of nephropathy, microalbuminuria (which 
they defined as an AER 2 20 mg/24 h) is highly predictive of progression to pro- 
teinuria, with a positive predictive value ranging from 83-100%. These findings 
established that proteinuria is indeed associated with glomerular destruction and 
that microalbuminuria is predictive of proteinuria. Thus a treatment that reduces 
the risk of microalbuminuria can be expected to reduce the risk of progression to 
proteinuria, and one that reduces the risk of proteinuria will also reduce the extent 
of physiologic damage to the kidneys. 

The major question to be addressed, therefore, was whether the risk of albu- 
minuria or nephropathy could be reduced by a treatment that consistently lowered 
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F;g. 1.1 Cumulative incidence of microalbuminuria (AER > 40 mg/24 h) over nine years 
of follow-up in the DCCT Primary Prevention Cohort. 
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the levels of blood glucose. By the 1980s, technological developments made an 
experiment (clinical trial) to test this hypothesis feasible. The level of blood glu- 
cose vanes continuously over the 24 hour period, with peaks following meals and 
troughs before meals. It was discovered that the hemoglobin (red cells) in the blood 
become glycosylated when exposed to blood glucose. Thus the percent of the to- 
tal hemoglobin that has become glycosylated (the HbAI, %) provides an indirect 
measure of the mean level of hyperglycemia over the preceding 4-6 weeks, the 
half-life of the red blood cell. This made it possible to assess the average extent 
of hyperglycemia in individual patients. Other developments then made it possible 
for patients and their health-care teams to control their blood sugar levels so as to 
lower the level of hyperglycemia, as reflected by the level of HbA1,. Devices for 
self-blood glucose monitoring allowed patients to measure the current level of blood 
glucose (mg/dL) from a drop of blood obtained by a finger prick. Patients could 
then alter the amount of insulin administered to keep the level of blood glucose 
within a desirable range. Also, a variety of types of insulin were developed, some 
of which acted quickly and some over long periods of time, that could be adminis- 
tered using multiple daily insulin injections or a pump. The health care team could 
then try different algorithms to vary the amount of insulin administered in response 
to the current level of blood glucose. 

With these advances, in 1981 the National Institute of Diabetes, Digestive and 
Kidney Disease launched the Diabetes Control and Complications Trial (DCCT) to 
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Fig. 1.2 Cumulative incidence of microalbuminuria (AER > 40 mgf24 h) over nine years 
of follow-up in the DCCT Secondary Intervention Cohort. 
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test the glucose hypothesis (DCCT 1990, 1993). This was a large scale random- 
ized controlled clinical trial involving 1441 patients enrolled in 29 clinical centers 
in the United States and Canada and followed for an average of 6.5 years (4-9 
years), Of these, 726 patients comprising the primary prevention cohort were free 
of any microvascular complications (AER 5 40 mg/& and no retinopathy, among 
other features); and 71 5 patients comprising the Secondary Intervention Cohort may 
have had minimal pre-existing levels of albuminuria (AER c 200 mg/dL) and mild 
retinopathy. Patients were randomly assigned to receive either intensive or con- 
ventional treatment. Intensive treatment used all available means (self-monitoring 
four or more times a day with three or more multiple daily injections or a pump in 
conjunction with diet and exercise) to obtain levels of HbA1, as close as possible 
to the normal range (< 6.05%) while attempting to avoid hypoglycemia. Hypo- 
glycemia occurs when the blood glucose level is reduced below a physiologically 
safe level, resulting is dizziness and possibly coma (unconsciousness) or seizures. 
Conventional treatment, on the other hand, consisted of one or two daily injections 
of insulin with less frequent self-monitoring with the goal of maintaining the clinical 
well-being of the patient, but without any specific glucose targets. 

Figure 1.1 presents the cumulative incidence of microalbuminuria (AER > 40 
mg/24 h) among the 724 patients free of microalbuminuria at baseline in the primary 
cohort (adapted from DCCT, 1993); presented with permission). The average hazard 
ratio for intensive versus conventional treatment (1:C) over the 9 years is 0.66. This 
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corresponds to a 34% risk reduction with intensive therapy, 95% confidence limits 
(2, 56%) (DCCT, 1993, 1995a). Likewise, Figure 1.2 presents the cumulative 
incidence of microalbuminuria among the 641 patients free of microalbuminuria at 
baseline in the secondary cohort (with permission). The average hazard ratio is 
0.57, corresponding to a 43% (CL: 21, 58%) risk reduction with intensive therapy 
(DCCT, 1995a). These risk reductions are adjusted for the baseline level of log 
AER using the proportional hazards regression model. A model that also employed 
a stratified adjustment for primary and secondary cohorts yields a risk reduction of 
39% (21, 52%) in the combined cohorts. Similar analyses indicate a reduction of 
54% (19, 74%) in the risk of overt albuminuria or proteinuria (AER > 300 mg/24 
h) in the combined cohorts. Thus intensive therapy aimed at near normal blood 
glucose levels dramatically reduces the incidence of severe nephropathy that may 
ultimately lead to end-stage renal disease. 

Intensive treatment, however, was associated with an increased incidence of se- 
vere episodes of hypoglycemia (DCCT, 1993, 1995b, 1997). Over the 4770 patient 
years of treatment and follow-up in the intensive treatment group, 271 patients ex- 
perienced 770 episodes of hypoglycemia accompanied by coma and/or seizures, or 
16.3 events per 100 patient years (100 PY) of follow-up. In contrast, over the 4732 
patient years in the conventional treatment group, 137 patients experienced 257 
episodes, or 5.4 per 100 PY. The relative risk is 3.02 with 95% confidence limits of 
2.36 to 3.86 (DCCT, 1995b, 1997). Because of substantial over-dispersion of the 
subject-specific event rates, this confidence limit was computed using a random- 
effects or over-dispersed Poisson model. 

Thus the DCCT demonstrated that a multifaceted intensive treatment aimed at 
achieving near-normal levels of blood glucose greatly reduces the risk of nephropa- 
thy. The ultimate questions, however, were whether these risk reductions are caused 
principally by the alterations in levels of blood glucose, as opposed to changes in 
diet or exercise, for example, and whether there is some threshold for hyperglycemia 
below which there are no firther reductions in risk. Thus analyses were performed 
using Poisson and proportional hazards regression models, separately in the inten- 
sive and conventional treatment groups, using the current mean level of HbA1, 
since entry into the trial as a time-dependent covariate in conjunction with nu- 
merous covariates measured at baseline. Adjusting for 25 other covariates, these 
models showed that the dominant determinant of the risk of proteinuria is the cur- 
rent level of the log mean HbA,, since entry, with a 71% increase in risk per 10% 
increase in I-IbAl, (such as from an HbA1, of 9 to 9.9) in the conventional group, 
which explains approximately 5% of the variation in risk (DCCT, 1995~). Further 
analyses demonstrated that there is no statistical breakpoint or threshold in this risk 
relationship (DCCT, 1996). 

These various studies and analyses, all of which concern the absolute and rel- 
ative risks of discrete outcomes, show that microalbuminuria and proteinuria are 
associated with structural changes in renal tissue, that an intensive treatment reg- 
imen greatly reduces the risk of nephropathy, and that the principal risk factor is 
the lifetime exposure to hyperglycemia. Given that diabetes is the leading cause of 
end-stage renal disease, it can be anticipated that implementation of intensive ther- 
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Relative Risk Estimates 

and Tests for Two 
Independent Groups 

The core of biostatistics relates to the evaluation and comparison of the risks of dis- 
ease and other health outcomes in specific populations. Among the many different 
designs, the most basic is the comparison of two independent groups of subjects 
drawn from two different populations. This could be a cross-sectional study compar- 
ing the current health status of those with versus those without a specific exposure 
of interest; or a longitudinal cohort study of the development of health outcomes 
among a group of subjects exposed to a purported risk factor versus a group not 
so exposed; or a retrospective study comparing the previous exposure risk among 
independent (unmatched) samples of cases of the disease versus controls; or perhaps 
a clinical trial where the health outcomes of subjects are compared among those 
randomly assigned to receive the experimental treatment versus those assigned to 
receive the control treatment. Each of these cases will involve the comparison of 
the proportions with the response or outcome between the two groups. 

Many texts provide a review of the methods for comparison of the risks or 
probabilities of the outcome between groups. These include the classic text by Fleiss 
(1981) and many texts on statistical methods for epidemiology such as Breslow 
and Day (1980, 1987), Sahai and Khurshid (1995), Selvin (1996), and Kelsey, 
Whittemore, Evans and Thompson, (1996), among many. Because this book is 
intended principally as a graduate text, readers are referred to these texts for review 
of other topics not covered herein. 
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2.1 PROBABILITY AS A MEASURE OF RISK 

2.1.1 Prevalence and Incidence 

The simplest data structure in biomedical research is a sample of N independent 
and identically distributed (i.i.d.) Bernoulli observations {yi} from a sample of N 
subjects (i = 1,. . . , N) drawn at random from a population with a probability x 
of a characteristic of interest such as death or worsening, or perhaps survival or 
improvement. The character of interest is often referred to as the positive response, 
the outcome, or the event. Thus Y is a binary random variable such that yi = 
I(positive response for the ith observation), where I ( . )  is the indicator function, 
I ( . )  = 1 if true, 0 if not. The total number of subjects in the sample with the positive 
response is 2 = xi yi  and the simple proportion with the positive response in the 
sample is p = x / N .  

The prevalence of a characteristic is the probability x in the population, or 
the proportion p in a sample, with that characteristic present in a cross-section of 
the population at a specific point in time. For example, the prevalence of adult 
onset type 2 diabetes as of 1980 was estimated to be approximately 6.8% of the 
United States population based on the National Health and Nutrition Examination 
Survey (NHANES) (Harris, Hadden, bowler  and Bennett, 1987). Half of those 
with diabetes present on an oral glucose tolerance test (3.4%) were previously 
undiagnosed. In such a study, N is the total sample size of whom 2 have the 
positive Characteristic (diabetes). 

The incidence of an event (the positive characteristic) is the probability x in the 
population, or the proportion p in a sample, that acquire the positive characteristic 
or experience an event over an interval of time among those who were free of the 
characteristic at baseline. In this case, N is the sample size at risk in a prospective 
longitudinal follow-up study, of whom z experience the event over a period of 
time. For example, from the annual National Health Interview Survey (NHIS) it 
is estimated that the incidence of a new diagnosis of diabetes among adults in the 
United States population is 2.42 new cases per 1,000 in the population per year 
(Kenny, Aubert and Geiss, 1995). 

Such estimates of the prevalence of a characteristic, or the incidence of an event, 
are usually simple proportions based on a sample of N i.i.d. Bernoulli observations. 

2.1.2 

Whether from a cross-sectional study of prevalence or a prospective study of inci- 
dence, the number of positive responses X is distributed as binomial with probability 
T ,  or 

Binomial Distribution and Large Sample Approximations 

P ( z )  = B (2; T ,  N )  = n5(1 - x y - ” ,  (3 
where E ( X )  = N x  and V ( X )  = Nn(1 - T ) .  Since E ( X )  = N T ,  then a natural 
moment estimate of 7~ is p, where p is the simple proportion of events p = z / N .  
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This is also the maximum likelihood estimate. From the normal approximation to 
the binomial, it is well known that X is normally distributed asymptotically (in 
large samples) as 

x &"Nx, Nx(l-7r)I (2.2) 

from which 

p & "x, x(1 - x ) / N ]  

These expressions follow from the Central Limit Theorem because 2 can be ex- 
pressed as the nth partial sum of a potentially infinite series of L i d .  random 
variables {yi}. (See the Section A.2 of the Appendix). Thus p is the mean of a set 
of i.i.d. random variables, p = 3 = xi y i / N .  

As described in the Appendix, (2.3) is a casual notation for the asymptotic 
distribution of p or of %. More precisely we would write 

which indicates that as the sample size becomes infinitely large, the proportion pn 
converges in distribution to the normal distribution and that p is a fi-consistent 
estimator for x. In this notation, the variance is a fixed quantity whereas in (2.3) 
the variance 1 0 as n -+ 00. The expression for the variance of the statistic in (2.3), 
however, is the large sample variance that is used in practice with finite samples 
to compute a confidence interval and a test of significance. 

Thus the large sample variance of the estimate is V ( p )  = ~ ( 1  - x ) / N .  Since 
p 3 7r,  then from Slutsky's Convergence Theore?, (A.45) in Section A.4 of the 
Appendix, a consistent estimate of the variance is V ( p )  = p (  1 - p ) / N .  This yields 
the usual large sample confidence interval at level 1 - a for a proportion with lower 
and upper confidence limits on x obtained as 

(?el sU> = P 6 ~ ~ - - ~ p d i ? i G i F ,  (2.5) 

where Z1-ap is the upper two-sided normal distribution percentile at level a; for 
example, for a = 0.05, 20.975 = 1.96. However, these confidence limits are not 
bounded by (O,l) ,  meaning that for values of p close to 0 or 1, or for small sample 
sizes, the upper limit may exceed 1 or the lower limit be less than 0. 

2.1.3 Asymmetric Confidence Limits 

2.1.3.1 Exact Confidence Limits One approach that ensures that the confidence 
limits are bounded by (0,l) is an exacf computation under the Binomial distribution, 
often called the Clopper-Pearson confidence limits (Clopper and Pearson, 1934). In 
this case the upper confidence limit x, is the solution to the equation: 

X 

a=O 
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and the lower confidence limit ne is the solution to 

N c B(a; n, N )  = a/2.  
a=x 

Such confidence limits are not centered about p and thus are called asymmetric 
confidence limits. 

A solution of these equations may be obtained by iterative computations. Al- 
ternately, Clopper and Pearson show that these limits may be obtained from the 
relationship between the cumulative F-distribution and the incomplete beta func- 
tion, of which the binomial is a special case. See, for example, Wilks (1962). 
With a small value of Np, confidence limits may also be obtained from the Poisson 
approximation to the binomial distribution. Computations of the exact limits are 
readily obtained using commercial software such as StatXactQ. 

2.1.3.2 Logit Confidence Limits Another approach is to consider a function g(n) 
such that the inverted confidence limits based on g ( n )  are contained in the interval 
(0,l) .  One convenient function is the logit transformation 

e = g(n)  = iog[n/(i - 41 (2.7) 

where throughout log is the natural logarithm to the base e. The logit plays a central 
role in the analysis of binary (Bernoulli) data. The quantity 0 = T / (  1 - n) is the 
odds of the characteristic of interest or an event in the population, such as 0 = 2 
for an odds of 2:l when n = 2/3. The inverse logit or logistic function 

then transforms the odds back to the probability. 
Woolf (1955) was among the first to describe the asymptotic distribution of the 

log odds. Using the delta (@method (see Section A.3 of the Appendix), then 
asymptotically 

and thus 5 = g ( p )  provides a consistent estimate of 6 = g(n). The large sample 
variance of the estimate is 

v ( q = v [ l o g ( L ) ]  1 - P  ”! [ - & 1 0 g ( q ] 2 v ( p )  l - . n  (2.10) 

1 2 
- - 1 n(1- n) 

= (~ (1 - s ) )  N N n  (1 - n) 

where E means “asymptotically equal to”. Because p is a consistent estimator of 
n it follows from Slutsky’s Theorem (A.45) that the variance can be consistently 



PROBABILITY AS A MEASURE OF RlSK 17 

estimated by substituting p for n to yield 

(2.11) 

Further, from another tenet of Slutsky’s Theorem (A.47) it follows that asymptoti- 
cally 

h 

e = log (A) N l o g  (z) 1 - n  ’ N n ( 1 - T )  ] . (2.12) 
1 - P  

Further, because is consistent for V , it also follows from Slutsky’s 
Theorem (A.44) that asymptotically 

Thus the symmetric 1 - a confidence limits on the logit 0 are: 

(2.14) 

Applying the inverse (logistic) function in (2.8) yields the asymmetric confidence 
limits on T :  

that are bounded by ( 0 , l ) .  

(2.15) 

2.1.3.3 Complimentary log-log Confidence Limits Another convenient function 
is the complimentary log-log transformation 

e = g ( T )  = log 1- ~ ~ g ( ~ ) ]  (2.16) 

that is commonly used in survival analysis. It can readily be shown (see Problem 
2.1) that the 1 - CY confidence limits on 0 = g ( n )  obtained from the asymptotic 
normal distribution of ê  = g ( p )  = log [ - log(p)] are: 

(2.17) 

Applying the inverse function yields the asymmetric confidence limits on n 

= (exp [-exp(Q] exp [-exP(ge)]) (2.18) 

that are also bounded by ( 0 , l ) .  Note that because the transformation includes a 
reciprocal, the lower limit Re is obtained as the inverse transformation of the upper 
confidence limit 6, = g(?,) in (2.17). 
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2.1.3.4 Test Inverted Confidence Limits Another set of asymmetric confidence 
limits was suggested by Miettinen (1976) based on inverting the 2-test for a pro- 
portion using the usual normal approximation to the binomial. To test the null 
hypothesis Ho: A = AO for some specific value T O ,  from (2.3) the test is of the 
form: 

P - To 
z =  J*' 

(2.19) 

We would then reject Ho: against the two-sided alternative H I :  A # AO for 
values (21 2 21-,/2.Thus setting z2 = (Zl-,/2)2 yields a quadratic equation in 
T O ,  the roots for which provide confidence limits for A: 

Test inverted confidence limits have been criticized because the test statistic is 
based on the variance under the null hypothesis Ho rather than under the general 
alternative. This is discussed further in Section 2.7.6. 

Example 2.1 Hospital Mortality 
For an example, in a particular hospital assume that x = 2 patients died post- 
operatively out of N = 46 patients who underwent cofpnary artery bypass surgery 
during a particular month. Then p = 0.04348, with V ( p )  = 0.0009041 and esti- 
mated standard error S.E.(p) = 0.030068 that yields 95% large sample confidence 
limits from (2.5) of (-0.01545,0.10241), the lower limit being less than 0. The ex- 
act computation_of (2.6) using StatXact yields limits of (0.0053 1,O. 1484). The logit 
transformation 8 = g ( p )  = log[p/(l - p)] yields ê  = log(2/44) = -3.091 with 
estimated variance c($) = 0.5227 and estimated S.E.($) = 0.723. From (2.14) 
this yields 95% confidence limits on 0 of (-4.508, -1.674). The logistic function 
of these limits yields 95% confidence limits for A of (0.0109, 0.1579) that differ 
gightly from the exact limits. Likeyise, the complimentary log-log tr-nsfoxmation 
8 = g ( p )  = log [- log(p)] yields 8 = 1.1428 with estimated S.E.(8) = .22056. 
From (2.17) this yields 95% confidence limits on 8 of (0.7105, 1.5751). The in- 
verted function of these limits yields 95% confidence limits for T of (0.00798, 
0.13068) that compare favorably to the exact limits. Finally, the test inverted con- 
fidence limits from (2.20) are (0.012005, 0.14533). 

With only two events in 46 subjects, clearly the exact limits are preferred. How- 
ever, even in this case, the large sample approximations are satisfactory, other than 
the ordinary large sample limits based on the asymptotic normal approximation to 
the distribution of p itself. 
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2.1.4 Case of Zero Events 

In some cases it is important to describe the confidence limits for a probability 
based on a sample of N observations of which none have the positive characteristic 
present, or experience an event, such that x and p are both zero. From the expression 
for the binomial probability, 

P ( X  = 0) = B(0; R ,  N )  = (1 - R ) ~ .  (2.2 1) 

One then desires a one-sided confidence interval of size 1 - a of the form (0, ZU) 
where the upper confidence limit satisfies the relation: 

(2.22) 
A 

Ru = R : B(0; R ,  N )  = a. 

Solving for A yields 

7ru = 1 - d". (2.23) 

See Louis (1981). 
For example, if N = 60, then the 95% confidence interval for R when x = 0 

is (0, 0.0487). Thus with 95% confidence we must admit the possibility that R 

could be as large as 0.049, or about 1 in 20. If, on the other hand, we desired an 
upper confidence limit of 1 in 100, such that ??, = 0.01, then the total sample size 
would satisfy the expression 0.01 = 1 - 0.05lIN, that yields N = 299 (298.07 to 
be exact). See Problem 2.3. 

2.2 MEASURES OF RELATIVE RISK 

The simplest design to compare two populations is to draw two independent sam- 
ples of n1 and 722 subjects from each of the two populations and to then observe 
the numbers within each sample, $1 and 22, who have a positive response or char- 
acteristic of interest. The resulting data can be summarized in a simple 2 x 2  table 
to describe the association between the binary independent variable representing 
membership in either of two independent groups (i = 1,2), and a binary dependent 
variable (the response), where the response of primary interest is denoted as + and 
its complement as -. This 2x2 table of frequencies can be expressed as: 

Group Group 

Response 1 2 1 2  

Group 

1 2  

nl n2 ni n2 N 
(2.24) 

where the "." subscript represents summation over the corresponding index for rows 
or columns. For the most part, we shall use the notation in the last table when it is 
unambiguous. 
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Table 2.1 Measures of Relative Risk 

Type 0 Expression Domain Null Value 

Risk direrence (RD) ‘IT1 - ‘IT2 [-I, 11 0 

Relative risk (RR) ‘IT1/.2 (01 00) 1 

log RR log(.rr1) - 1% (‘IT2) ( - 0 0 1  00) 0 

Odds ratio (OR) 

log OR 
n2lU - ‘IT21 

0 ‘IT1 ‘IT2 
log - - log - ( - 0 0 1  00) 

1 - ‘IT2 1 - ‘IT1 

Within each group (i = 1,2), the number of positive responses is distributed as 

binomial with probability  IT^, from which pi M N [nil  IT^( 1 - .i)/ni]. 

We can now define a variety of parameters to describe the differences in risk 
between the two populations as shown in Table 2.1. Each measure is a h c t i o n  
of the probabilities of the positive response in the two groups. The domain refers 
to the parameter space for that measure while the null value refers to the value of 
the parameter under the null hypothesis of no difference in risk between the two 
populations, Ho:   IT^ = x2. The risk diference (RD) refers to the simple algebraic 
difference between the probabilities of the positive response in the two groups with 
a domain of [ - 1,1] and with the value zero under the null hypothesis. The relative 
risk (RR) is the ratio of the probabilities in the two groups. It is also referred to 
as the risk ratio. The odds ratio (OR) is the ratio of the odds of the outcome of 
interest in the two groups. Both the relative risk and the odds ratio have a domain 
consisting of the positive real line and a null value of one. To provide a symmetric 
distribution under the null hypothesis, it is customary to use the log of each. 

Each of these measures can be viewed as an index of the differential or relative 
risk between the two groups and will reflect a departure from the null hypothesis 
when an association between group membership and the probability of response 
exists. Thus the term relative risk is used to refer to a family of measures of the 
degree of association between group and response, and is also used to refer to the 
specific measure defined as the risk ratio. 

Each of these measures is of the form 6 = G(r1 I n2) for some hnction G(.l  .). 
Thus each may be estimated by substituting the sample proportions pi for the 
probabilities xi to yield 

d 

- 
RD = Pl - P2l (2.25) 
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fig. 2.1 Odds Ratio and relative risk over a range of values for 7r2 for a fixed risk difference 
of -0. I .  
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Because the pi converge in probability to (are consistent estimates of) the proba- 
kilities xi, then from Slutsky’s Convergence Theorem (A.45) the resulting estimate 
0 = G(p1 ,p2 )  is a consistent estimate of the corresponding 0 = G(n1, n2). These 
estimates, however, are not unbiased for finite samples. 

Later in Chapter 5 we shall demonstrate that in a retrospective case-control 
study, the relative risk itself is not directly estimable without additional information. 
However, the odds ratio is estimable, and under the assumption that the disease 
(i.e. being a case) is rare, it provides an approximation to the relative risk. Thus 
in some texts, the odds ratio is called the relative risk. However, the two are 
distinct measures of the association between group membership and the likelihood 
of a positive response. At the end of this chapter we also introduce other useful 
measures. 

The risk difference, relative risk and odds ratio clearly are non-linear functions 
of each other. For example, Figure 2.1 displays the values of the odds ratio and 
relative risk over a range of values for 7r2 where the risk difference is held constant 
at R D  = -0.1. As 7r2 increases, the relative risk is monotonically increasing 
toward the null value of 1 .O, indicating proportionately smaller risk reductions. For 
values x1 1 0 and for values n2 1 the odds ratio is O R  Z 0. As x2 increases, 
the odds ratio increases toward the null value reaching a maximum of 0.669 at 
Z2 = 0.5(1 - R D )  = 0.55. The relative risk, however, continues to increase as 
~2 T 1. 
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Thus if we have two separate 2x2 tables, such as from two different studies, 
where the risk difference is the same (RD(l) = RD(2)),  but where the probabilities 
in the control group are different ( 7 r ~ ( ~ )  # 7 r ~ ( ~ ) )  then the relative risks will differ, 
the study with the larger value of 7r2 having the smaller risk reduction (relative 
risk closer to 1). The odds ratios will also differ if both studies have control group 
probabilities that are less than 52 or both are greater than 52. It is possible, however 
that they may be approximately equal if 7 ~ 2 ~ )  < ?2 < 7r2(2),  such as OR = 0.66033 
for 7r2(1) = 0.46 and 7r,q2) = 0.64. 

For any single study, the choice of the measure used to describe the study results 
may largely be a matter of taste or clinical preference. All three measures will 
reflect a difference between groups when such exists. Non-statisticians such as 
physicians often find the relative risk most appealing. As we shall see, however, 
the odds ratio arises as the natural parameter under a conditional likelihood, and 
forms the basis for the analysis of case-control studies (see Chapter 5) .  It also forms 
the basis for logistic regression. For a single study with moderate or large sample 
size, the choice of the measure will not affect the conclusions reached. However, 
as we will show in Chapter 4, when there are multiple 2x2 tables, such as from 
multiple strata, the conclusions reached may indeed depend on the measure chosen 
to summarize the results. 

Example 2.2 Neuropathy Clinical Trial 
For an example, consider a clinical trial of a new drug (group 1) versus placebo 
(2) for treatment of diabetic neuropathy where the positive response of interest is 
improvement in peripheral sensory perception. Patients were assigned at random 
to receive one of the study treatments with 100 subjects in each group. Of these, 
53 and 40 patients in each group, respectively, had a positive response. These data 
would be represented as 

Group 
1 2  

Group 

The risk difference R^o = 0.53 - 0.40 = 0.13 shows that the excess probability 
of improvement is 0.13. Thus the number of patients with improved perception 
is increased by 13% when treated with the drug, or an additional 13 patients per 
100 patients so treated. The relative risk = 0.53/0.40 = 1.325 indicates 
that the total number improved is increased by 32.5% (0.13/0.40). Finally, the 
odds ratio 6i? = (0.53 x 0.60)/(0.40 x 0.47) = 1.691 indicates that the odds of 
improvement is increased by 69.1% from an odds of 0.410.6 = 0.667 to an odds 
of 0.5310.47 = 1.128. 
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2.3 LARGE SAMPLE DISTRIBUTION 

For the and ô R, the domain is not symmetric about the null value. Thus the 
large sample distributions are better approximated using the log transformation. In 
this case, since the domain encompasses the entire real line, no adjustments are 
required to ensure that confidence intervals are bounded within the domain of the 
parameter. 

2.3.1 Risk Difference 

The asymptotic distribution of the risk difference R^o = p l  - p2 follows directly 
from that of the sample proportions themselves since the RD is a simple linear 
contrast of two independent proportions, each of which is asymptotically normally 
distributed. Thus 

h 

(2.26) 

This is the distribution of the risk difference in general with no restrictions on the 
values o f  the probabilities 7r1 and 712. In the context of testing the null hypothesis 
Ho: n1 = x2 against the general alternative hypothesis H I :  7r1 # 1r2, this is termed 
the distribution under the alternative hypothesis. If we let 0 = x1 - 7r2 and 

0 = p l  - pz ,  then (2.26) is equivalent to 0 = N [ e l ,  41 under the alternative 

Under the null hypothesis, Ho: 1r1 = 7r2 = n, then 8 = 00 = 0 and the variance 

A - d  

H i :  0 = 01 # 0. 

reduces to 

go 2 = 7r(l - n) [; + ;] = 7r(l - 7T) [ -3 . (2.27) 

Thus the distribution under the null hypothesis is ê  
Since the pi are consistent estimates of the 1ri, then from Slutsky’s Theorem 

(A.45) the variance under the alternative can be consistently estimated by substi- 
tuting the pi for the 7ri in the expression for c:. Under the null hypothesis, 1r is 
consistently estimated as 

N [go, ~$1. 

(2.28) 

which yields a consistent estimate of the null variance when substituted into 
(2.27). 

The asymptotic distribution under the alternative leads to the usual expression 
for the large sample 1 -a level confidence interval for the population risk difference 
based on the estimate of the variance under the alternative: 

(2.29) 
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Although common in practice, these confidence limits are not necessarily bounded 
by -1 and +1, and in rare circumstances limits are obtained that lie outside these 
bounds. Unlike the case of a single proportion, there is no convenient function 
that may be used to yield asymmetric confidence limits on the risk difference that 
are then bounded by (-1,l). However, by conditioning on both margins of the 
2 x 2  table, one can obtain exact confidence limits for the risk difference that are so 
bounded; see Section 2.5. 

The asymptotic distribution under the null hypothesis also leads to the usual 
expression for the large sample 2-test of the null hypothesis Ho: n1 = r 2  described 
in Section 2.6 to follow. 

Example 2.3 Neumpathy Clinical Trial 
For the hypothetical clinical trial data presented in Example 2.2, g= R^o = 0.13. 
The large sample variance from (2.27) is estimated to be 5; = V(RD) = (0.53 x 
0.47)/100 + (0.4 x 0.6)/100 = 0.00489. Thus the estimated S.E. is $5 = 0.0699, 
which yields a large sample 95% confidence interval of (-0.0071, 0.2671). 

A -  

2.3.2 Relative Risk 

We now consider the distribution of the log %, and subsequently the log ô R, 
under the null and the alternative hypotheses. The log is the difference in the 
log@*). The variance of the log@&, and thus the V[ log(s ) ] ,  is obtained using the 
delta (&method. Likewise, the asymptotic distribution of the log is derived 
from that of the log(pi) through the application of Slutsky's Theorem. 

In summary, by application of the &method, it follows (Katz, Baptista, Azen 
and Pike, 1978) that for each group (i = 1,2), asymptotically 

(2.30) 

Because pi is a consistent estimator of nj it follows from Slutsky's Theorem (A.45) 
that the variance can be consistently estimated by substituting pi for ni to yield 

Again using Slutsky's Theorem (A.47) it follows that asymptotically 

and since P[log(pi)] is consistent for V[log(pi)], that 

(2.32) 

(2.33) 

- lOg(Ti) d =:N(o, 1). (2.34) 
J- 
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Since log(=) = iog(pl) - log(p2), it follows that asymptotically 

E[log(Z)]  log(RR) = log(x1) - log(n2). (2.35) 

Since p l  and p2 are independent, then under the alternative hypothesis, with no 
restrictions on the values of x1 and x2, the variance is 

0: V[log(R^R)] = V[log(pl)] + V[log(p~)] = (s + 3) (2.36) 
n2x2 

that can be consistently estimated as 

3; = V[log(Zz)] = - +""') ( n2p2 
1 1 1  

b a n1 b + - -  

Further, asymptotically, 

- d  
log(RR) = N [log(RR), V[log(%)]] 

and 

') n2 . 

(2.37) 

(2.38) 

(2.39) 

This distribution under the alternative hypothesis is used to derive the large sample 
confidence limits on 8 = log(RR) as 

h el, e, = e f z1-,/231. (2.40) (- - 1  
From these, the asymmetric confidence limits on the relative risk are obtained as 

h h  

( R R ~ ,  RR,) = exp [Ŝ & .z,-,/~z~] = exp (q, iZu) (2.41) 

that are contained within [0, m). 

Ŝ  x N [OD, ui] . From (2.36), the variance under the null hypothesis reduces to 

Under the null hypothesis, Ho: x1 = 7~2 = x ,  then 8 = log(RR) = go = 0 and 
d 

(2.42) 

that can be consistently estimated by substituting p in (2.28) for x in the above. 
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Example 2.4 Neuropathy Clinical Trial 
For the data in Example 2.2, the relative risk is % = 1.325 and the e^= log(=) = 
log(0.53/0.4) = 0.2814. The large sample variance from (2.37) is estimated to be 
53 = ?[log(%?)] = 37 = 0.47/(100 x 0.53) i- O.S/(lOO x 0.4) = 0.02387. The 
estimated S.E. is 8,- = 0.1545, that yields a large sample 95% confidence interval 
for the log(RR) of (-0.0214, 0.5842). Exponentiation yields the asymmetric 95% 
confidence limits for the RR of (0.9788, 1.7936). 

Note that the relative risk herein is described as RR1,z = T ~ / T Z .  If we wished 
to describe the relative risk as R R z , ~  = 7r2/7rl, then we need only invert the 
estimate to obtain RR2,l = p 2 / p l  = 1/RR1,2. Thus ZZ,I = 1/1.325 = 0.755 

and log(RRz,l) = log(0.755) = -0.2814 = log(RR,,z) = -log(%l:2). The 
estimated variance, however, is unchanged as v [ l o g ( z ) ]  = 0.02387. Thus the 
confidence limits for log(RR2,l) are the negatives of those for log(RR1,2), or 
(-0.5842, 0.0214), and the confidence limits for RR2,1 are the reciprocals of those 
for RRI:2, or (0.5575, 1.0217) = (1.7936-’, 0.9788-’). 

h 

- --1 

2.3.3 Odds Ratio 

The asymptotic distribution of the log ô R may be obtained similarly to that of 
the log whereby the distribution of the log odds is first obtained within each 
group, and then the distribution of the log odds ratio is obtained as that of a linear 
combination of two normally distributed variates. Within each group, the log odds is 
simply the logit of the probability as presented in Section 2.1.3.2. In the following, 
however, we shall derive the distribution of the log ô R through the multivariate 6- 
method (see Section A.3.2 of the Appendix), starting with the asymptotic bivariate 
distribution of p l  and p z .  

Because the two groups are independent, then p =(PI p ~ ) ~  is asymptotically 
distributed as bivariate normal with mean vector 7r =(TI ~ 2 ) ~  and covariance 
matrix under the alternative 

I 0 Kl(1 - T I )  

n,= [ 721 
TZ(1 - nz> ’ 

0 
722 

(2.43) 

See Example A.2 of the Appendix. The log odds ratio is G ( T )  = log[.I/(l - 
T I ) ]  - log[~2/(1 - 7r2) ]  with the corresponding matrix of partial derivatives (here 
a vector) 
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By application of the multivariate &method, the asymptotic variance of the log ô R 
under the alternative hypothesis is 

(2.45) 

that can be consistently estimated as 

(2.46) 
1 1 

3: = V[log(tZ)] = + 
nlPl(1- P1) nzPz(1 - P2) 

1 1 1 1  + - + - + -  
a b c d ‘  

- - -  

This is Woolf s (1955) estimate of the variance of the log odds ratio. 
From Slutsky’s Theorem (A.47) it follows that asymptotically 

- d  
log(0R) = N [log(OR), up] 

and that 

This yields large sample confidence limits on 8 = log(OR) as 

and asymmetric confidence limits on the odds ratio 

h. - .  

(ZL, iZ.) = exp [C+ ~ ~ - ~ / ~ 5 ~ ]  = exp (e l ,  e,) 

(2.47) 

(2.48) 

(2.49) 

(2.50) 

that again are bounded by - 1 and + 1. 

ê  & N [So ,  a:] where the null variance reduces to 

Under the null hypothesis, Ho: XI = ~2 = T ,  then 0 = log(0R) = 00 = 0 and 

(2.5 1) 
1 N 

ui = .(l-T) [; + $1 = .(l-.)n1n2 

that can be consistently estimated by substituting p in the above for T .  

Example 2.5 Neuropathy Clinical Trial 
Again for the data in Example 2.2, the odds ratio is ô R = 1.691, and ê  = 
log(=) = log(1.691) = 0.526. The estimated large sample variance from (2.46) 
is $2 = V(log(OR)] = 3; = (1/53 + 1/47 f 1/40 + 1/60) = 0.0818. The 
estimated S.E. is 3~ = 0.286, whch yields a large sample 95% confidence interval 

A h 

e 
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for the log(0R) of (-0.035, 1.0862). Exponentiation yields the asymmetric 95% 
confidence limits for the OR of (0.9656, 2.963). 

Also, as was the case for the relative risk, the odds ratio herein is defined as 
ORl,2 = [7r1/(1 - n1)]/[7r2/(1 - 7r2)]. If we wished to describe the odds ratio as 
OR2,l = [7r2/(1 - 7r2)]/[nl/(l - TI)], then we would follow the same steps as 
described for the estimation of the inverse relative risk RR2,1 and its confidence 
limits. 

2.4 SAMPLING MODELS: - LIKELIHOODS 

In the preceding section, we derived the large sample distribution of measures of 
relative risk starting from basic principles. Now we consider the development of 
the underlying likelihood based on models of sampling from a population. 

2.4.1 Unconditional Product Binomial Likelihood 

We can view the table of frequencies in (2.24) as arising from two independent 
samples of sizes nl and n2 from two separate populations, of whom 5 1  and 5 2  are 
observed to have the positive characteristic of interest with probabilities 7r1 and ~ 2 .  

Using the shorthand notation a = 51 and b = 2 2 ,  the likelihood of the observations 
is a pmduct binomial likelihood 

This is also termed the unconditional likelihood. 
This likelihood applies to any study in which independent samples are drawn 

from two populations. In some cases, however, as in a cross-sectional study, one 
draws a single sample of sue N from the population, and the sample is then cross- 
classified with respect to a binary independent variable that forms the two groups, 
and with respect to a binary dependent variable that forms the positive or negative 
responses. In this case the likelihood is a multinomial (quadrinomial) with four 
cells. However, if we condition on the group margin totals (the n1 and nz), then 
the product binomial likelihood results. 

2.4.2 Conditional Hypergeometric Likelihood 

The unconditional likelihood (2.52) can also be expressed in terms of the total 
number of positive responses ml since 6 = ml - a. This yields 
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cp"( 1 - 7rl)"' A2"L (1 - 7r2)nz-m' 
=(:)(,::a) 

where cp = 

In general, a conditional distribution is obtained as f(zlv) = f ( z , y ) / f ( y )  = 
f(x, y)/ [s f(zl  y)dz]. Thus we can obtain the conditional likelihood, conditioning 
on ml  being fixed, as 

is the odds ratio. 

(2.54) 

where 

a=at 

is the summation over all possible values of the index frequency ae I a 5 a, given 
the row and column margins. 

It is clear that the maximum possible value of a given the fixed margins is 
a, = min(n1,ml). Likewise, the maximum value of b is b, = min(n2,ml). 
Since a = ml - b, then the minimum possible value of a is = rnl - b,. Thus 
the limits of the summation over a are: 

= max(0,ml - 712) 

a, = min(m1,nl). 

(2.56) 

Then, substituting (2.53) and (2.55) into (2.54) yields the conditional non-central 
hypergeometric likelihood 

which is a function only of the odds ratio p. 

2.4.3 Maximum Likelihood Estimates 

Because the product binomial likelihood (2.52) is the product of two independent 
binomial likelihoods it then follows that the maximum likelihood estimate (MLE) 
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of R = ( ~ 1 ~ ~ 2 )  is p = ( p l , p 2 ) ,  and that the covariance matrix is the diagonal 
matrix in (2.43). From the invariance principle (Section A.6.8 of the Appendix), 
the MLEs of the relative risk and the odds ratio, or the logs thereof, based on the 
unconditional likelihood are the corresponding functions of p l  and p2 with large 
sample variances as obtained above using the &method. 

Through the conditional hypergeometric distribution in (2.57), one can also de- 
rive the maximum likelihood estimating equation for p, the odds ratio. However, 
the equation does not provide a closed-form expression for the MLE @, and thus an 
iterative procedure such as Newton-Raphson is required; see Birch (1964). Because 
this estimate of the odds ratio is based on the conditional hypergeometric likelihood, 
it is sometimes called the conditional MLE of the odds ratio to distinguish it from 
the unconditional MLE = ad/bc. These estimators are described in Chapter 6. 

2.4.4 Asymptotically Unbiased Estimates 

Because of the discreteness of the binomial distribution from which the frequencies 
are sampled, the sample estimates of the risk difference, relative risk and odds ratio 
are biased. For example, consider the sample estimate of the odds ratio @ = OR. 
From (2.57) 

h 

which is undefined since is undefined for those tables where a = ae or a = a,, 
such that one of the cell frequencies is zero. Alternately, one could evaluate E ( a )  
from which one could obtain an unbiased moment estimate of 9. However, no 
closed-form solution exists. Similar results also apply to the expected value of 
the log odds ratio for which no simple bias corrected moment estimator exists. 
However, simple bias corrections have bEen suggested. 

The bias of various estimators, say 8(X), of the logit log[x/(l - n)] and of 
log(n) for a single binomial have been evaluated using 

n 

= B^(x)B(x; TI, n) 
x=o 

(2.59) 

for fixed value of n. Gart and Zweifel (1 967) present a review of the properties of 
various estimators. For estimation of the logit, or the odds ratio, the most common 
suggestion is to add 1/2 to each cell. The resulting bias-corrected estimate of the 
logit 9 = log[n/( 1 - n)] is 

A X + f  
(2.60) 

which is unbiased except for terms of O(TZ-~) ,  or of order l/n2. From the 6-method 
(see Section A.3 of the Appendix), the simple logit log[p/( 1 - p ) ]  is unbiased except 
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for the remainder that is O(n-') or of order l/n. Thus the estimator in (2.60) 
converges to the true value 9 = log[lr/( 1 - 7r)] at a faster rate than does the simple 
logit. The estimated large sample variance of this estimate is 

(2.61) 

which is unbiased for the true asymptotic variance to 0(n-3). For computations 
over a range-of values of the parameters, Gart and Zweifel(l967) also showed that 
the bias of 0 is < 1% when np > 2. 

These results suggest that the following estimate of 0 = the log odds ratio, widely 
known as the Haldane-Anscornbe estimate (Haldane, 1956; Anscombe, 1956), is 
nearly unbiased: 

h 5 1  + x2+ e^= log(0R) =log [ l ]  -log [ (2.62) 
n1 - XI + 5 nz - 22 + 5 

with a nearly unbiased estimate of the large sample variance most easily expressed 
as a modified Woolf s estimate: 

(2.63) 

Similarly, Walter (1975) showed that a nearly unbiased estimator of r9 = log(n) 

- A  1 1 1 1 v(e)='+m +---i+---. c + ~  d + i  
U + T  

is provided by 

9 - = log(?) = log [-] 
and Pettigrew, Gart and Thomas (1986) showed that the estimated large sample 
variance 

- A  1 1 
V(4) = - - - z + i  n + s  1 (2.65) 

is also nearly unbiased. Thus the following estimate of 8 = the log relative risk is 
nearly unbiased 

(2.66) 

with a nearly unbiased estimate of the large sample variance: 

(2.67) * A  1 1 +--- 1 1 
V ( 8 )  = - - - 

51 + $ n 1 + $  x 2 + 3  n z + $ '  

These estimates can then be used to compute less biased confidence interval 
estimates for the parameters on each scale. Clearly, their principal advantage is 
with small samples. In such cases, however, exact confidence limits are readily 
calculated using statistical software such as StatXact. 
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Example 2.6 Neuropathy Clinical nial 
For the simple data table in Example 2.2, the bias-corrected or Haldane-Anscombe 
estimate of the odds ratio is (53.5 x 60.5)/[(40.5 x 47.5)] = 1.68, yielding a log 
odds ratio of 0.520 with an estimated modified Woolf s variance of 0.08096. All 
three quantities are slightly less than those without the added 112 bias correction 
(1.69, 0.525 and 0.0818, respectively). Likewise, the bias-corrected estimate of the 
log relative risk is 0.278 with an estimated variance of 0.0235, nearly equivalent to 
the unadjusted values of 0.28 and 0.0239, respectively. Thus these adjustments are 
principally advantageous with small sample sizes. 

2.5 EXACT INFERENCE 

2.5.1 Confidence Limits 

From the non-central hypergeometric conditional likelihood (2.57), by recursive 
calculations one can determine the exact 1 - a level confidence limits (?pl @,) on 
the odds ratio cp. Using the limits of summation for the index cell (atla,), then 
the lower one-sided confidence limit at level a is that value ?p which satisfies the 
equation: 

a, 

a = C P ( ~  I r).i1mi,N,?p.). (2.68) 
x=a 

Likewise, the upper one-sided confidence limit at level cr satisfies the equation 
a 

a = c P(x I r).Ilml,N,?,) (2.69) 

(Cornfield, 1956). For two-sided limits, a/2 is employed in the above for each 
limit. These limits are exact in the sense that the coverage probability is at least 
1 - a. Either limit can be readily computed using the recursive secant method 
(cf: Thisted, 1988) with the usual asymmetric large sample confidence limits from 
(2.50) as the starting values. When a = a, there is no solution and the lower 
confidence limit is 0. Likewise, when a = ap. the upper limit is 00. An example is 
described below. 

Before the advent of modem computing, the calculation of these exact confidence 
limits was tedious. In an important paper, Cornfield (1956) derived a simple, 
recursive approximate solution for these exact limits. Gart (1971) presented a slight 
modification of Cornfield’s method that reduces the number of iterations required to 
reach the solution. Fleiss (1979), among others, has shown that Cornfield‘s method 
is often the most accurate procedure, relative to the exact limits, among the various 
approximations available, including the non-iterative large sample confidence limits 
presented earlier. However, with the widespread availability of StatXact and other 
programs that readily perform the exact computations, there is little use today of 
Cornfield’s procedure. 

x=at 
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Since the exact confidence limits for the odds ratio are obtained by conditioning 
on both margins as fixed, then these also yield exact confidence limits on the relative 
risk and the risk difference as described by Thomas and Gart (1977). For example, 
for a given odds ratio 'p and fixed values of nl, ml, and N, then it can be shown 
that the odds ratio of the expected frequencies is a quadratic function in TI. The 
solution for TI is the root bounded by (0, l), from which the value of 7rz is obtained 
by subtraction (see Problem 2.7). Thus given the upper exact confidence limit on 
the odds ratio @,,, there are corresponding probabilities ;iUl and ZUz for which the 
odds ratio of the expected frequencies equals &. Then the corresponding exact 
upper limit on the risk difference is RD, = ??,I -??uz, and that for the relative risk 
is R̂ R, = ?,1/?,,~. Likewise, exact lower confidence limits for the probabilities 

and Fez 2 obtaingfrom the lower limit on odds ratio @e from which the 
lower limits RDe and RRp are obtained. 

The Thomas-Gart approach, however, has been criticized and alternate ap- 
proaches proposed wherein the confidence limits for the risk difference or risk 
ratio are based on an exact distribution for which each is the corresponding non- 
centrality parameter. These limits can differ substantially from the Thomas-Gart 
limits because the corresponding exact test on which they are based is some vari- 
ation of an exact test based on the product binomial likelihood originally due to 
Barnard (1945) which is different from the Fisher-Irwin test described below. Since 
the product binomial likelihood involves a nuisance parameter (TZ) in addition to 
the risk difference or risk ratio, where TI = 0 + TZ or 711 = 0x2, respectively, 
then the exact test involves a maximization over the value of the nuisance para- 
meter, 7rz. Despite the fact that Barnard later retracted his test, exact confidence 
limits based on his procedure have been implemented in StatXact. The advantage 
of the Thomas-Gart confidence limits, however, is that they agree exactly with the 
Fisher-Irwin test, which is the most widely accepted exact test for 2 x 2  tables. 

h 

2.5.2 Fisher-Irwin Exact Test 

Fisher (1935) and Irwin (1935) independently described an exact statistical test of 
the hypothesis of no association between the treatment or exposure group and the 
probability of the positive characteristic or response. This is expressed by the null 
hypothesis Ha: T I  = TZ that is equivalent to Ho: cp = 90 = 1, where cpo represents 
the odds ratio under the null hypothesis. In this case, the conditional likelihood 
from (2.57) reduces to the central hypergeometric distribution: 

L C ( C p 0 )  = JYa I 721, m1, N ,  Po) = =au (:) (?> (M;::) (&"!) . (2.70) 

As shown in Problem 2.6, the denominator equals (,",) so that the conditional 
likelihood reduces to 

)=a( ml-a 
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Thus the probability of the observed table can be considered to arise from a col- 
lection of N subjects of whom ml have a positive response, with a of these being 
drawn from the n1 subjects in group 1 and b from among the 712 subjects in group 
2 (a + b = ml; n1 + n2 = N). The probability can also be considered to arise by 
selecting n1 of N subjects to be members of group 1, with a of these drawn from 
among the ml with a positive response and c from among the m2 with a negative 
response (a + c = nl; ml + m2 = N ) .  

For a test of HO against the one-sided left or lower-tailed alternative hypothesis 
HI<: x1 c ~ 2 ,  the exact one-sided left-tailed P-value is 

pe = C ~ ( z  I ni mi N ,  PO). 

Likewise, for a test of HO against the one-sided right or upper-tailed alternative 
HI>: x1 > x2, the exact one-sided right-tailed P-value is 

a 

(2.72) 
X=at  

(2.73) 

The computation 
alternative, HI&:  x1 

of the exact P-value for a test of HO against the two-sided 
# x2, requires that consideration be given to the sample space 

under such an alternative. Among the various approaches to this problem that have 
been suggested, the most widely accepted is based on consideration of the total 
probability of all tables with an individual probability no greater than that for the 
observed table. To simplify notation, let Pc(s) refer to the central hypergeometric 
probability in (2.70) for a 2 x 2  table with index cell frequency 2. Then, the two- 
sided P-value is computed as 

(2.74) 

where I ( . )  is the indicator function defined in Section 2.1.1. Note that this will 
not equal double the one-tailed upper P-value, or double the lower P-value, or the 
addition of the two. These and other exact calculations are readily performed by 
SAS PROC FREQ and by StatXact, among many available programs. 

The Fisher-Irwin exact test has been criticized as being too conservative because 
other unconditional tests such as that originally proposed by Barnard (1945) have 
been shown to yield a smaller P-value and thus are more powerful. The two-sided 
exact P-value for Barnard’s test is defined as 

x * = O x ~ = o  L’ 

where Pu [q, 22 I x ]  = L,(nl, x2 1x1 = x2 = a) is the unconditional probability 
of each 2 x 2  table in (2.52). This test deals with the nuisance parameter x by 
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computing the P-value using that value T for which the P-value is maximized. 
The principal reason that this test is more powerful than the Fisher-Irwin exact 
test is because the exact P-value includes the probability of the observed table. 
Because the conditional hypergeometric probability of the observed table in (2.7 1) 
is generally greater than the product binomial unconditional probability in (2.75) 
for the observed table, then the contribution to the Fisher-Irwin exact test P-value 
is greater than that to the unconditional P-value. 

Such tests, however, consider all possible 2x2 tables with nl and n2 individ- 
uals in each group, and with the total number of successes rnl ranging from 0 to 
min(n1, nz). Bamard (1949) later retracted his proposal because the set of all pos- 
sible 2 x 2 tables includes specific tables that are clearly irrelevant. Nevertheless, 
many have continued to advocate his approach and his approach has been general- 
ized, Many of these procedures are implemented in StatXact (see Mehta and Patel, 
1999). 

Example 2.1 Exact Inference 
For example, consider the following 2x2 table with a small total sample size 
N = 29 

Group 
2 

Response + 15 

19 10 29 
- 12 2 14 

(2.76) 

where pl  = 0.37 (7119) and pz = 0.8 (8/10). The sample odds ratio is ô R = 
0.1458. The iterative conditional MLE of the odds ratio is = 0.1566, as provided 
by StatXact (see Chapter 6). 

To compute the exact confidence limits, or conduct an exact test, we then consider 
the set of possible tables with values a E [ a e , ~ , ] ,  where from (2.56) the range of 
possible values for a is from at = 5 to a, = 15. A one-sided exact test of Ho 
versus the one-sided alternative H I < :  T I  < T Z  is conducted by evaluating the 
probability associated with all tables for which p1 5 0.37 (and p2 > 0.8). For this 
example, this corresponds to the probability of the set of tables for which the index 
frequency is a 5 7. These are the tables 

Wl:: or Wl ti. or Wl:: 
19 10 29 19 10 29 19 10 29 

(2.77) 

with corresponding probabilities 0.00015, 0.00350, and 0.02924. Note that the 
lower limit for the index cell is ae = 5 that is determined by the margins of the 
table. Thus the lower tailed P-value is pe = C:=, P ( s  I 19,15,29, 'po) = 0.03289. 
This would lead to rejection of Ho in favor of H I <  at the a = 0.05 level, one- 
sided. Evaluating (2.69) recursively at the one-sided 0.05 level yields an exact 95% 
one-sided confidence interval 0 < 'p < 0.862. 
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Conversely, a one-sided exact test against the one-sided alternative HI,: ?rl > 
7r2 in the opposite tail is based on the probability associated with all tables for 
which pl 2 0.37. For this example, this yields the upper tailed P-value p ,  = 
CE, P(z I 19,15,29,rpo) = 0.993. This would fail to lead to rejection of Ho in 
favor of HI> at the Q = 0.05 level, one-sided. Evaluating (2.68) recursively at the 
0.05 level (using 1 - a = 0.95) yields an exact 95% one-sided confidence interval 
0.0190 < cp < 00. 

A two-sided test against the two-sided alternative HI+: 7rl # 7r2 is based on 
the total probability of all tables with an individual probability no greater than that 
for the observed table, which in this example is P(7 I 19,15,29,cpo> = 0.02924. 
Examination of the table probabilities for possible values of the index cell in the 
opposite tail (upper in this case) yields 0.00005 for a = 15, 0.0015 for a = 14, 
0.01574 for a = 13, and 0.078 for a = 12, the last of which exceeds the probability 
for the observed table. Thus for this example, the two-sided P-value equals 

7 15 

p = XI'(" I 19,15,29,90) + X P(a I 19,15,29,cpo) = 0.0502 (2.78) 
a=5 x=13 

for which we would fail to reject HO at the 0.05 level. 
Evaluating (2.68) and (2.69) at Q = 0.025 yields exact 95% two-sided confidence 

limits for the odds ratio of (0.0127, 1.0952). From these values, the Thomas and 
Gart (1977) exact confidence limits (-0.6885, 0.0227) are obtained for the risk 
difference, and (0.2890, 1.0452) for the relative risk (see Problem 2.7). These 
limits agree with the two-sided P-value of p 5 0.0502. 

As described in Section 2.5.1, the program 'StatXact takes a different approach 
to constructing confidence limits for the risk difference and the relative risk, in 
each case using an unconditional exact test. For the risk difference, in this example 
StatXact provides an exact P-value based on Barnard's test of p 5 0.0353 with 95% 
exact confidence limits of (-0.7895, -0.0299). The P-value is smaller than that 
from Fisher's test and thus the Confidence limits test disagree with the Thomas-Gart 
limits derived from the Fisher-Irwin test. For the relative risk (risk ratio), StatXact 
computes an exact P-value of p 5 0.2299 with 95% exact confidence limits of 
(0.1 168, 1.4316) that differ substantially from the P-value and the confidence limits 
from the Fisher-Irwin test. The precise methods employed by StatXact are described 
in Mehta and Pate1 (1999). 

2.6 LARGE SAMPLE TESTS 

2.6.1 General Considerations 

With large samples, a variety of approaches can be employed to yield a test of 
the null hypothesis Ho: T I  = 7 ~ 2  based on the asymptotic distribution of a test 
criterion. Because Ho: ?r1 - 7r2 = 0 implies, and is implied by, the null hypothesis 
Ho: 8 = [g(T1) - ~(Tz)] = 0 for any smooth hnction g ( n ) ,  then a family of tests 



LARGE SAMPLE TESTS 37 

based on any family of such smooth functions will yield asymptotically equivalent 
results (see Problem 2.9). Note that such a family includes the log relative risk and 
log odds ratio, but not the relative risk and odds ratio themselves; the log relative 
risk and log odds ratio scales being preferred because the null distributions are then 
symmetric about 6' = 80 = 0. In this section, because all such tests can be shown 
to be asymptotically equivalent, we will only consider the test based on the risk 
difference R̂ o = p l  - p2,  which is the basis for the usual large sample test for two 
proportions. 

Under the Neyman-Pearson construction, one first determines a priori the sig- 
nificance level a to be employed, that is, the probability of a Type I false positive 
error of falsely rejecting the tested or null hypothesis Ho: 8 = 0 when, in fact, it 
is true. One then specifies the nature of the alternative hypothesis of interest. This 
can either be a one-sided left-tail alternative HI<:  8 < 0, a one-sided right-tail 
alternative H I > :  8 > 0, or a two-sided alternative HI+:  6' # 0. Each alternative 
then implies a different rejection region for the statistical test. For a one-sided 
left-tail alternative, the rejection region consists of the lower left area of size a 
under the probability distribution of the test statistic under the null hypothesis. For 
a one-sided right-tail alternative the rejection region consists of the upper area of 
size a under the null hypothesis distribution. For a two-sided test the rejection 
region consists of the upper and lower tail areas of size a/2 in each tail under 
the null hypothesis. Although one-sided tests may be justifiable in some situations, 
the two-sided test is more widely used. Also, some tests are inherently two-sided. 
If the observed value of the test statistic falls in the rejection region for the spec- 
ified alternative hypothesis, then the null hypothesis is rejected with type I error 
probability a. 

For example, consider that we wish to test Ho: 6' = 80 for some parameter 8. 
Let T be a test statistic that is asymptotically normally distributed and consistent 
for 0,  with large sample variance n;(8) that may depend on 8, which is the case 
for proportions. For a two-sided test of HO versus H I :  8 # 80, the rejection region 
consists of all values IT1 2 T, where T, = 21-,/2&(6'~). Thus the test can also 
be based on the standardized normal deviate, or the 2-test 

(2.79) 

where HO is rejected in favor of H I ,  two-sided, when 1 . ~ 1  1 Z1-,/2, z being the 
observed value of the test statistic. Alternately, HO is rejected when the P-value 
is p 5 a, where p = 2[1 - CP(Izl)] and @ ( z )  is the standard normal cumulative 
distribution function. To test HO against the one-sided lower or left-tailed alternative 
hypothesis H I < :  7r1 < 7r2 one rejects HO when z < 2, or the one sided f-value 
is p 5 a where p = @(.z). Likewise, to test HO against the one-sided upper or 
right-tailed alternative hypothesis HI,: 7r1 > 7r2 one rejects HO when z > ZI-, 
or the one sided f-value is p 5 a where p = 1 - CP (2). 

Tests of this form based on an efficient estimate are asymptotically most pow- 
erful, or fully efficient against H I .  It is important to note that such tests are con- 
structed using the estimated standard error 3,(80) under the null hypothesis and not 
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using an estimate under the alternative hypothesis such as &(el) or &($). As- 
ymptotically, a 2-test using these variance estimates obtained under the alternative 
also converges to N(0,l) because each of these variance estimates also converges 
to &Oo) under the null hypothesis Ho. However, with small sample sizes, the 
size of the test may be inflated (or deflated) depending on whether the null hypoth- 
esis variance is under- (or over-) estimated by these alternative variance estimates. 
Thus in general, for a fixed sample size, one would expect a test based on the null 
hypothesis variance to have a true size closer to the desired significance level a 
than one based on a variance estimate under the alternative hypothesis, although 
both are asymptotically N(0,l) under Ho. 

Thus to test Ho: ~1 = ~2 in a 2x2 table, the asymptotic distribution under 
the null hypothesis of the risk difference presented in (2.26) and (2.27) leads to 
the usual expression for the large sample Z-test for two proportions based on the 
standardized deviate 

(2.80) 

Since p l ,  p2 and p are asymptotically normally distributed, and since each has 
expectation A under Ho, then from Slutsky’s Theorem (A.49, $0 1: ~0 and as- 

ymptotically, Z M N(0, 1 )  under Ho. This Z-test is asymptotically hlly efficient 
because it is based on the large sample estimate of the variance of R̂ o under the null 
hypothesis Ho. In Problem 2.8 we show that Z2 in (2.80) equals the usual Pearson 
contingency chi-square statistic for a 2 x2 table presented in the next section. 

Another common approach to conducting a two-sided test of significa3ce is to 
evaluate the 1 - a level confidence limits, computed as T f Z1-a,2Z~(0) where 
T = ê  is consistent for 8. If these limits include 00, then the test fails to reject 
HO at level a, otherwise, one rejects HO at Type I error probability @el a. This 
approach is equivalent to a two-sided 2-test using the S.E. of T, i?T(O), estimated 
under the alternative hypothesis in the denominator of (2.79) rather than the S.E. 
estimated under the null hypothesis, ST(&). Since under the null hypothesis, 
3$($) 1: u$(Oo), then a test based on confidence intervals is asymptotically valid. 
However, the test based on the estimated S.E. under the null hypothesis, Z ~ ( 0 o )  is, 
in general, preferred because the Type I error probability more closely approximates 
the desired level a. Thus in cases where the variance of the test statistic depends 
on the expected value, as is the case for the test of proportions, there may be 
a discrepancy between the results of a significance test based on the 2-test of 
(2.80) and the corresponding two-sided confidence limits, in which case the test 
should be based on-the former, not the latter. For the test of two proportions, 
since 3T(Oo) > 8 ~ ( 0 )  (see Lachin, 1981), then it is possible that the 1 - a level 
confidence limits for the risk difference, or log(RR) or log(OR), would fail to 
include zero (implying significance) while the two-sided 2-test is not significant, 
In this case, one should use the Z-test and would fail to reject Ho. 

d 
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2.6.2 Unconditional Test 

The 2-test in (2.80) is one of many common representations for the test of asso- 
ciation in a 2 x 2  table, all of which are algebraically equivalent. Perhaps the most 
common is the usual Pearson contingency X ;  test for an R x C table with R rows 
and C columns 

(2.81) 

where Oij is the observed frequency in the ith row and j t h  column and k,j 
is the estimated expected frequency under the null hypothesis. This test arises 
as a test of the null hypothesis of statistical independence between the row and 
column classification factors, or Ho: qij = q,.q., where q,j = P ( i , j )  is the 
probability of falling in the ith row and j t h  column, the qi. = P( i )  is the ith 
row marginal probability and q.j = P ( j )  is the j th  column marginal probability, 
the "." representing summation over the respective index. Thus the alternative 
hypothesis H I :  qij # qi.rl., specifies that there is some degree of association 
between the row and column factors. Under Ho, the expected frequency in any 
cell is E ( O i j )  = Eij = N ~ i . q . ~  that is a function of the marginal probabilities 
associated with the ith row and j th  column. Substituting the sample estimates 
p i .  = ni, /N and p., = n,j/N of the marginal probabilities yields the estimated 

expected frequencies E,, = ni.n.,/N. Asymptotically, X; x x ~ R - l ) ~ c - l )  which 
designates the central chi-square distribution on (R - 1) (C - 1) degrees of freedom 

The expression for the degrees of freedom arises from the fact that under HO 
there are R - 1 row marginal parameters that must be estimated from the data, 
the last obtained by subtraction since the set must sum to 1. Likewise, C - 1 
column parameters must be estimated. Thus since there are RC cells, the degrees 
of freedom are RC - 1 - ( R  - 1) - (C - 1) = ( R  - 1)(C - 1). 

For the 2 x 2  table, since the margins are fixed, Oij - &j is a constant for all 

cells of the table. Thus the expression for X ;  reduces to 

A d 

(df 1. 

I I 
(2.82) 

which is asymptotically distributed as the central chi-square distribution on 1 df, 
designated simply as x2 .  In the above notation, Xj = qIj/q., where as shown in 
(2.24) the columns ( j  = 1,2)  represent the treatment or exposure groups. In this 
case, the null and alternative hypotheses are equivalent to Ho: T I  = x2 versus H I :  

the upper 1 - (Y percentile of the central x 2  distribution. 

(21-,/2)z it follows that the two-sided Z-test of Ho versus H I  using (2.80) is 
equivalent to the contingency chi-squared test that is inherently two-sided. 

n1 # ~2 two-sided. Thus one rejects HO in favor of H I  whenever X ;  2 xIda, 2 

As stated previously, it is readily shown that Z2 = X;. Because xl-, 2 = 
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2.6.3 Conditional Mantel-Haenszel Test 

Alternately, as was originally suggested by Mantel and Haenszel (1959) and ex- 
tended by Mantel (1 963), the test criterion could be based on the conditional central 
hypergeometric likelihood (2.70) rather than the product binomial. This likelihood 
involves a single random variable, the frequency a in the index cell of the 2 x 2  
table. Thus the Mantel-Haenszel test for the 2 x 2  table is most conveniently ex- 
pressed in terms of the deviation of the observed value of the index frequency a 
from its expectation as 

(2.83) 

Using the factorial moments, or by direct solution, the moments of the central 
hypergeometric distribution (not merely their estimates) are 

(2.84) n1m1 E(a)  = - 
N 

and 
n1 n2m1 m2 
N 2 ( N  - 1) K ( a )  = (2.85) 

(cf: Cornfield, 1956) where Vc(a) is termed the conditional variance. The corre- 
sponding 2-statistic is 

a - E(a)  
2, = m. (2.86) 

Since a is the sum of L i d .  Bernoulli variables, then asymptotically under Ho, 
2, M N(0,l) which can be used for a one or two-sided test. Thus, X," M x2 on 
1 df under Ho. 

d d 

2.6.4 Cochran's Test 

The unconditional contingency X: and Z-tests may also be expressed in terms of 
[a - E(a) ] .  Under the null hypothesis Ha: 7r1 = 7r2 = ?r, from the unconditional 
product binomial likelihood (2.52), E(a)  = n1x and V(a)  = nln(1 - T), each 
of which may be consistently estimated from (2.28) as &a) = nlp = n1mlfN 
and p ( a )  = nlp(1 - p )  = n1mlm2/N2. Likewise, V(b) = n z ~ ( 1  - T )  and 
p ( b )  = n2p(l - p ) .  Since ml = ( a  + b)  is not fixed, then 

A mlnl nza -n lb  
N '  

a - E(a)  = a - - = 
N 

Thus the unconditional variance is 

(2.87) 

! (2.88) 
n$V(u) + n?V(b) - n1n2n(l - 7r) - 

N2 N 
v, = V[a - @a)] = 
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which can be consistently estimated as 

(2.89) 

Therefore, the unconditional chi-square test for the 2x2  table, X,”, can be expressed 
as 

(2.90) 

where it is easily shown that X: = X; in (2.82). Likewise the unconditional 
2-test is 

a - E(a)  
2, = f i ’  (2.91) 

which is easily shown to equal the usual 2-test in (2.80). Thus under HO 2, is 
asymptotically distributed as standard normal and X: as x2 on 1 df. 

It is also instructive to demonstrate this result as follows. Asymptotically, assume 
that nl/N --t <, n2/N t (1 - S ) ,  E being the sample fraction for group 1. Also, 
since ml /N 3 A and mz/N 3 (1 -r) under Ho, then from Slutsky’s Convergence 
Theorem (A.45),8(u) 1: E(a)  and v ( u )  1: V(u).  Thus, fiom Slutsky’s Theorem 
(A.43) and (A.44), 2, is asymptotically distributed as standard normal. 

The unconditional test in this form is often called Cochran’s test. Cochran 
(1954a) described generalizations of the common chi-square test for the 2x2  table 
to various settings, most notably to the analysis of stratified 2x2  tables that is 
described in Chapter 4. Although Cochran’s developments were generalizations of 
the 2-test of the form (2.80), his results are often presented as in (2.90) to contrast 
his test with that of Mantel and Haenszel. 

Since 

- N - 1  v, = ----K(u) < K(a) 
N 

(2.92) 

then the conditional Mantel-Haenszel test tends to be slightly more conservative 
than the unconditional test. Clearly the difference vanishes asymptotically, and thus 
the test using either the unconditional or conditional variance is often referred to as 
the Cochran-Mantel-Haenszel, or CMH test. 

Example 2.8 
For the small sample size data in Example 2.7, a = 7, E(a)  = (19 x 15)/29 = 
9.8276, Vc(u) = ( 1 9 ~ 1 0 ~ 1 5 ~ 1 4 ) / ( 2 9 ~ ~ 2 8 )  = 1.6944andVu = (28/29)V,(u) = 
1.6360. Thus the contingency x2 test or Cochran’s test yields XF = X,” = 
(2.8276)2/1.6360 = 4.8871, with a corresponding 2, value of -2.211 and a one- 
sided left-tailed P-value of p < 0.0135. The Mantel-Haenszel test yields X,” = 

Exact Inference Data and Neuropathy Clinical Trial 
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(2.8276)2/1.6944 = 4.7186, with 2, of -2.172 and p 5 0.0149 (one-sided). Both 
tests yield f-values less than that of the exact test (p = 0.033), slightly less so for 
the Mantel test. 

For such small samples, with total N = 29 in this example, the large sample 
tests are not valid. They are computed only as a frame of reference to the exact test 
presented previously. In general, for a 2 x 2 table, the minimum expected frequency 
for all four cells of the table, the E i j  in (2.81) should be at least five (some suggest 
four) for the asymptotic distribution to apply with reasonable accuracy (Cochran, 
1954a). 

For the clinical trial data in Example 2.2, the c_onditions are clearly satisfied. 
Here a = 53, E ( a )  = 46.5, Vc(a) = 12.5013 and V, = 12.4388. Thus Cochran's 
test yields X: = 3.3966 with p 5 0.0653, inherently two-sided. The Mantel- 
Haenszel test yields X: = 3.3797 and p 5 0.066. The large sample 2-test in 
(2.80) yields a value z = 0.13/0.0699 = 1.843 that equals d m  from Cochran's 
test. These tests are not significant at the a = 0.05 significance level 2-sided. 

2.6.5 Likelihood Ratio Test 

Another test that is computed by many software packages, such as SAS, is the like- 
lihood ratio or G2-test. Like the Pearson test, this test arises from the consideration 
of the null hypothesis of statistical independence of the row and column factors. 
Using the notation of Section 2.6.2, under HI, the likelihood is a multinomial with 
a unique probability for each cell q i j  that can be estimated as i j i j  = p i j  = n i j / N .  
Under Ho, the likelihood is again a multinomial with cell probabilities that satisfy 
Ho: qijo = ~ i . 7 7 . ~ ~  where the joint probabilities can be estimated from the sample 
marginal proportions as i j i j o  =  pi,^,^ to yield the same estimated expected fre- 
quencies ,!$j as in (2.81). Using G2 = -2log[L(5jijo)/L(ijij)], for the 2x2 table 
yields 

(2.93) 

where O i j  and &j are the observed and expected frequencies as in (2.81). Since 
this is a likelihood ratio test (see Appendix Section A.7.2), then asymptotically 

G2 M x2 on 1 d f .  For the 2 x 2 table, this expression reduces to 
d 

1 aa bbccddN 
n;L1 n i a  my' m r a  

x2 = 210g (2.94) 

The principal application of this test is to the analysis of log-linear models 
for multi-dimensional contingency tables. Further, the G2 test has been shown 
to converge to the asymptotic chi-square distribution at a slower rate than the 
contingency chi-square (or Cochran's) test ( c f .  Agresti, 1990). The relative rates of 
convergence of Cochran's versus the Mantel-Haenszel test have not been explored. 
However, given that the exact test is the yardstick against which the other tests have 
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been compared, and given that the Mantel-Haenszel test is based on the normal 
approximation to the central hypergeometric distribution, one might expect that the 
Mantel test should be preferred. 

2.6.6 Test-Based Confidence Limits 

In some cases, we may wish to_construct a confidence interval for a parameter 8 
based on a cons$tste_nt estimator 8, but where no convenient estimator of the variance 
of the estimate V(8) = 5; exists. Extending the approach described in Section 2.1.3 
attributed to Miettinen (1976), suppose that a simple 1 df chi-square test, say _X2, is 
available to test Ho: 8 = 0 versus H1:8 # 0. Now, if we could estimate V(O), we 
could construct an estimate-based test of the form Q2 = @/t?;. Thus a test-based 
estimate of u$ can be obtained by equating Q2 = X 2  and solving for 5; to obtain 

(2.95) 

and S.E.($) = $/X. From this, the usual large sample confidence limits are 
obtained as $* Z I - ~ / ~ ; / X .  

Generalizations of this approach are widely used, for example, to compute the 
confidence limits for the Mantel-Haenszel estimate of the common log odds ratio 
for a set of 2x2  tables, as described in Chapter 4. However, the X2 test usually 
employs an estimate of the variance of the test statistic under the null hypothesis, in 
which case this approach provides an estimate of the variance of 8 under the null 
hypothesis as well. This leads to some inaccuracy in the coverage probabilities of 
the confidence limits. See Greenland (1984) for a review of the controversies re- 
garding this approach. In general, when appropriate alternatives exist, this approach 
should not be the first choice. However, it can be employed to obtain approximate 
confidence limits for parameters in other cases where the variance of the statistic 
under the alternative may not be tractable. 

Example 2.9 Neumpathy Clinical Trial 
Consider 8 = the log odds ratio for a 2x2  tcble. Suppose we wished to estimate 
the variance of the sample log odds ratio 8 using this approach. The Mantel- 
Haenszel test X: in (2.83) is an asymptotically filly efficient test for Ho: 8 = 0 
versus H I :  8 # 0 since it is based on the large sample approximation to the 
hypergeometric _distrib_ution for which the odds ratio is the non-centrality parameter. 
Thus the S.E.(B) = 6 / X , .  

For the data in Example 2.2, the sample log odds ratio is ê  = 0.52561, and the 
value of the Mantel-Haenszel test is X: = 3.37966. Thus the estimated S.E. = 

0 . 5 2 5 6 1 I d m  = 0.2859, which is nearly identical to the large sample estimated 
S.E. = i?g = 0.2860 obtained from (2.46). Thus in this case the resulting confidence 
limits are nearly identical to those presented previously. 
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2.6.7 Continuity Correction 

The large sample tests X;,  X:  and X z  presented in (2.82), (2.83), and (2.90), re- 
spectively, and their corresponding 2-tests, are based on the normal approximations 
to the binomial and the central hypergeometric distributions in which these discrete 
distributions are approximated by the smooth continuous normal distribution. For 
small sample sizes, the adequacy of the approximation is vastly improved through 
the use of the continuity correction. For example, the centraJ hypergeometric dis- 
tribution for a 2x2  table with the fixed margins of the example in (2.76) could be 
plotted as a histogram with masses of probability at discrete values 5 I a 5 15. 
For the observed table with a =7, the exact one-sided lower tail P-value is obtained 
as the sum of the histograms for 5 5 a 5 7. Clearly, to approximate this tail area 
under the smooth normal curve, we would use P(a _< 7.5) so as to capture the total 
probability associated with a = 7. 

Thus the continuity corrected conditional and unconditional tests X: in (2.83) 
and X,” in (2.90), and their corresponding 2-tests in (2.86) and (2.91), would 
employ 

la - E(a)I - 1/2 (2.96) 

in the numerator in place of simply [a - E(a) ] .  
There has been substantial debate over the utility of the continuity correction. 

Those interested are referred to Conover (1974), and the discussion thereto by 
Starmer, Grizzle and Sen (1974), Mantel (1974) and Miettinen (1974a); and the 
references therein. Mantel and Greenhouse (1968) and Mantel (1974) have argued 
that the exact test P-value from the conditional hypergeometric distribution should 
be used as the basis for the comparison of the continuity corrected and uncorrected 
tests. In their comparisons, the continuity corrected statistic is preferred. Conover 
(1974) points out that this advantage principally applies when either margin is 
balanced (nl = n2 or ml = m2), but not so otherwise. 

However, Grizzle (1967) and Conover (1974), among others, have shown that 
the uncorrected statistic more closely approximates the complete exact distribution, 
not only the tails. This is especially true if one considers the significance level 
obtained from the marginal expectation of the corrected and non-corrected test sta- 
tistics on sampling from two binomial distributions without the second margin (the 
ml and m2) fixed. Starmer, Grizzle and Sen (1974) argued that since the exact 
significance level is some value a* 5 a due to the discreteness of the binomial and 
hypergeometric distributions, then the basis for comparison should be the uniformly 
most powerful test under both product-binomial and hypergeometric sampling. This 
is the randomized exact test of Tocher (1950), wherein randomization is employed 
to yield an exact Type I error probability exactly equal to a. Compared to the ran- 
domized exact test tail areas, the continuity corrected tests are far too conservative. 

Tocher’s test, however, is not widely accepted. Thus the continuity correction is 
most useful with small sample sizes. As the sample size increases, and the central 
limit theorem takes hold, the uncorrected statistic is preferred, except perhaps in 
those cases where one of the margins of the table is perfectly balanced. Also, with 
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the advent of modem computer systems, exact computations are readily performed 
with small sample sizes where the continuity correction is most valuable. In general, 
therefore, the continuity correction should be considered with small sample sizes 
for cases where exact computations are not available. 

Example 2.10 
For the 2x2 table with small sample sizes in Example 2.7, the continuity cor- 
rected conditional &-test is [(-2.82761 - 0 . 5 ] / d m .  Retaining the sign of 
the difference, this yields Zc = -2.3276/1.3017 = -1.788 with a one-sided lower 
f-value of p 5 0.0369, which compares more favorably to the one-sided exact 
f-value of p 5 0.0329 (see Example 2.7). The uncorrected 2-test yields a f-value 
of p 5 0.0149, much smaller than the exact P-value. 

For the clinical trial data in Example 2.2 with much larger sample sizes, the two- 
sided f-values for the uncorrected and corrected conditional Xz are 0.06601 and 
0.0897. The corrected statistic P-value compares favorably with the exact two-sided 
P-value of 0.0886, principally because the group margin is balanced, n1 = n2 = 
100. 

Now consider the following slight modification of the data in Example 2.2 where 
the margins are unbalanced: 

Exact Inference Data and Neuropathy Clinical Trial 

Group 

113 90 203 

(2.97) 

The pivotal quantities are virtually unchanged (OR = 1.698, a -  E(a)  = 6.56, and 
%(a)  = 12.5497), so that the uncorrected and corrected Xz P-values are 0.064 
and 0.087, nearly the same as those for the example with the margins balanced. 
Nevertheless, the exact two-sided P-value changes to 0.0677, so that the corrected 
X," is too conservative. 

In general, therefore, with small sample sizes, the exact calculation is preferred. 
With large sample sizes, the continuity correction should not be used except in the 
cases where one of the two margins of the table is perfectly balanced, or nearly so. 

2.7 SAS PROC FREQ 

Many of the computations described in this section are provided by the Statistical 
Analysis System (SAS) procedure for the analysis of cross-tabulations of frequency 
data, PROC FREQ. To conduct an analysis of the data from a 2 x 2  table such 
as those presented herein, the simple SAS program presented in Table 2.2 could 
be employed. Each 2 x 2  table is input in terms of the frequencies in each cell 
as in (2.24). However, in order to analyze the 2x2 table in SAS, it is necessary 
to create a data set with four observations, one per cell of the 2x2 table, and 
three variables: one representing group and another response, each with distinct 



46 RELATIVE RISK ESTIMATES AN0 TESTS FOR TWO lNDEPENDENT GROUPS 

Table 2.2 SAS Program for Analysis of 2x2  Tables 

title1 ’SAS PROC FREQ Analysis of 2x2 tables’; 
data one; input a b c d; cards; 
63 40 47 60 

title2 ’Neuropathy Clinical Trial, Example 2.2’; 
data two; set one; 

1 

group=l; response=l; x=a; output; 
group=2; response=l; x=b; output; 
group=l; response=2; x=c; output; 
group=2; response=2; x=d; output; 

proc freq; tables group*response / all nopercent nocol riskdiff; 
exact or; weight x; 
run; 

numerical or categorical values, and one representing the frequency within that 
cell. Then PROC FREQ is called using this data set. Tables 2.3-2.5 present the 
results of the analysis. 

The 2 x 2  table is presented in Table 2.3. The SAS program uses the table state- 
ment for group*response so that Group forms the rows and Response the columns. 
This is necessary because SAS computes the relative risks across rows, rather than 
across columns as presented throughout this text. The nocol and nopercent 
options suppress printing of irrelevant percentages. 

The all option requests statistical tests, the measures of the strength of the 
association between group and response, the odds ratio and relative risks. These 
results are presented in Table 2.4. The test statistics include the contingency chi- 
square, with and without the correction for continuity, the likelihood ratio test, the 
Mantel-Haenszel test, the one-sided lower and upper-tailed exact test P-values, and 
the two-sided exact P-value. These are followed by various measures of the degree 
of association between group and response. Most have been deleted from the text 
in the table since they are not discussed herein. Some are like a R2 as a measure 
of explained variation in a linear regression model. In particular, the uncertainty 
coefficient for response given group, designated as (CIR) in the table, is equivalent 
to the entropy R2 from a logistic regression model that is described in Chapter 7. 

The riskdiff option generates the “column 1 risk estimates” that are the con- 
ditional proportions within the first column, in this case the conditional proportions 
of a positive response within each group (row). The output also contains the risk 
estimates (proportions) within column 2 (a negative response) that are not of inter- 
est and thus are not shown. In addition to the large sample confidence limits for 
each probability, the exact limits for each are also presented. The program then 
computes the difference in the proportions between the two rows (groups), its large 
sample (asymptotic) standard error (ASE) and confidence limits. 
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Table 2.3 2 x 2  Table for Neuropathy Clinical Trial 

SAS PROC FREQ Analysis of 2x2 tables 
Neuropathy C l in i ca l  T r i a l ,  Example 2 .2  

TABLE OF GROUP BY RESPONSE 

GROUP RESPONSE 

Frequency1 
Row Pct  I II 21 Tota l  
---------+--------+-------- + 

1 1  53 I 47 I 100 
I 53.00 I 47.00 I 

2 1  40 I 60 I 100 
I 40.00 I 60.00 I 

To ta l  93 107 200 

SAS then presents estimates of the relative risk for rowl/row2 (group 1 ver- 
sus group 2 in this instance) for three different study types. The first is for a 
case-control study. As will be shown in Chapter 5,  the relative risk in a case- 
control study may be approximated by the odds ratio so that this estimated relative 
risk is, in fact, the sample odds ratio. However, in other types of studies, such as 
this clinical trial, the odds ratio is a distinct measure of the nature of the association 
between group and response in its own right. 

This is followed by the cohort ( c o l l  r i s k )  that is the relative risk of the 
proportions in the first column. The other is the cohort  (c012 r i s k )  that is the 
ratio of the response proportions in the second column. Of the two, for this example 
the c o l i  relative risk is the preferred statistic because the first column represents 
the positive category of interest. For each measure, the asymmetric confidence 
limits based on the &method are presented, using the log of the odds ratio and the 
log of the relative risks. The exact o r  option also generates the exact confidence 
limits for the odds ratio. 

Thus it would be clearer if the SAS output were labeled as “Measures of Asso- 
ciation,” and the different measures were labeled as the odds ratio, the Col1 risk 
ratio and the C012 risk ratio, respectively, rather than “Type of Study”. 

The a l l  option also generates the Cochran-Mantel-Haenszel (CMH) statistics 
that are presented in Table 2.5. For a single 2x2  table such as this, the results are 
redundant. These computations are principally used for the stratified analysis of a 
set of 2x2  tables as described in Chapter 4. Three test statistics are presented, all 
equivalent to the Mantel-Haenszel test presented in Table 2.4. Then the measures 
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Table 2.4 2 x 2  Table Statistics 

STATISTICS FOR TABLE OF GROUP BY RESPONSE 
St at i st i c DF Value 
_______^___--___--__---------------------------- 

Chi-square 1 3.397 
Likelihood Ratio Chi-square 1 3.407 
Continuity Adj. Chi-square 1 2.894 
Mantel-Haenszel Chi-square 1 3.380 
Fisher’s Exact Test (Left) 

(Right) 
(2-Tail 1 

Prob 

0.065 
0.065 
0.089 
0.066 
0.977 
0.044 
0.089 

. - - - - - - 

Column 1 Risk Estimates 
95% Confidence Bounds 

Risk ASE (As ymp t o t i c 
................................................... 
Row 1 0.530 0.050 0.432 0.628 
Row 2 0.400 0.049 0.304 0.496 
Difference 0.130 0.070 -0.007 0.267 
(ROW 1 - ROW 2) 

Estimates of the Relative Risk (Rowl/Row2) 
95% 

Type of Study Value Confidence Bounds 

Case-Control 1.691 0.966 2.963 
Cohort ( C o l l  Risk) 1.325 0.979 1.794 
Cohort (C012 Risk) 0.783 0.602 1.019 

95% Confidence Bounds 
Type of Study Value (Exact) 

Case-Control 1.691 0.930 3.080 
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Table 2.5 Cochran-Mantel-Haenszel Statistics 

SAS PROC FREq Analysis of 2x2 tables 
Neuropathy Clinical Trial, Example 2.2 

SUMMARY STATISTICS FOR GROUP BY RESPONSE 

Cochran-Mantel-Haenszel Statistics (Based on Table Scores) 

Statistic Alternative Hypothesis DF Value Prob 

1 Nonzero Correlation 1 3.380 0.066 
2 Row Mean Scores Differ 1 3.380 0.066 
3 General Association 1 3.380 0.066 

Estimates of the Common Relative Risk (Rowl/Row2) 

Type of Study Method Value Confidence Bounds 
95% 

Case-Control Mantel-Haenszel 1.691 0.966 2.962 
(Odds Ratio) Logit 1.691 0.966 2.963 

Cohort Mant el-Haenszel I. 325 0.982 1.789 
(Coll Risk) Logit I. 325 0.979 1.794 

Cohort Mant el-Haenszel 0.783 0.604 1.016 
(C012 Risk) Logit 0.783 0.602 1.019 

The confidence bounds f o r  the M-H estimates are test-based. 

of relative risk for a case-control study (actually the odds ratio) and the coll and 
c012 relative risks are presented. In each case the Mantel-Haenszel and logit 
estimates are presented with 95% confidence limits. For a single 2 x 2  table, the 
Mantel-Haenszel and logit point estimates are the same as the simple estimates 
described herein. For the Mantel-Haenszel estimates, the confidence limits are 
the test-based confidence limits described in (2.95). For the logit estimates, 
the confidence limits are the asymmetric limits based on the 6-method estimated 
variance. Note that SAS refers to these as “logit” estimates although the logit only 
applies to the odds ratio. 

Exact limits for the odds ratio, risk difference and the relative risk (risk ratio) 
are provided by StatXact. 
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2.8 OTHER MEASURES OF DIFFERENTIAL RISK 

There are many other possible measures of the difference in risk between two groups 
of subjects. Three in particular are becoming more widely used in the presentation 
of research results: the attributable risk, the population attributable risk, and the 
number needed to treat. The large sample distribution of each, and a large sample 
estimate of the variance of each, is readily obtained from the results presented in 
this chapter. Details are left to Problems. 

2.8.1 Attributable Risk Fraction 

Consider an observational study comparing the risk of an adverse outcome, say, the 
incidence of a disease, in a sample of individuals exposed to a putative risk factor 
(E or group 1) to that in a sample of non-exposed individuals (B or group 2). In 
this setting the risk difference 7r1 - 7r2 is at times referred to as the attributable 
risk since it is a measure of the absolute excess risk of the outcome that can be 
attributed to the exposure in the population. However, a more usefil measure is the 
attributable risk fraction 

-RR-1, A R = - -  Tl -7r2 

7r2 
(2.98) 

(MacMahon and Pugh, 1970), where RR = 7 r 1 / 7 r ~  is the relative risk of the disease 
among exposed versus non-exposed individuals, and where it is assumed that expo- 
sure leads to an increase in the risk of the disease, ?rl > 7 ~ ~ .  This is a measure of 
the fractional or proportionate increase in the risk of the disease caused by exposure 
to the risk factor. Since this is a simple function of the RR, asymmetric confidence 
limits on the AR are readily obtained from the asymmetric limits on RR computed 
using the log transformation as described in Section 2.3.2. 

2.8.2 Population Attributable Risk 

The attributable risk fraction is the proportionate excess risk associated with the 
exposure. However, it does not account for the prevalence of the exposure in the 
population, and thus is lacking from the perspective of the overall effects upon the 
public health. Thus Levin (1953) proposed the population attributable risk fraction 
(PAR), which is the proportion of all cases of the disease in the population that 
are attributable to exposure to the risk factor. Equivalently, it is the proportion 
of all cases of the disease in the population that would be avoided if the adverse 
exposure could be eliminated in the population. For example, it addresses a question 
such as ‘What fraction of lung cancer deaths could be eliminated if smoking were 
completely eliminated in the population?” Such questions can be answered when 
we have a random sample of N individuals from the general population such that 
the fraction exposed in the sample is expected to reflect the fraction exposed in 
the population. This quantity was also termed the etiologic fraction by Miettinen 
(1974b), and was studied by Walter (1975, 1976). 
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The PAR can be derived as follows: In the general population, let a1 = P ( E )  be 
the fraction exposed to the risk factor, and the complement a 2  = 1 - a1 = P ( F )  
the proportion not exposed. Among those exposed, the fraction who develop the 
disease, say D, is x1 = P( D 1 E ) ;  and among those not exposed, the proportion who 
do so is x2 = P ( D  I F ) .  From these quantities we can then describe the probability 
of cases of the disease associated with exposure versus not in the following table: 

Group 

E E 

The total probability of the disease in the population is x ,  = ( ~ 1 x 1  + ( ~ 2 x 2 .  Of 
these, a l x l  is the fraction associated with exposure to the risk factor and ( ~ 2 x 2  that 
associated with non-exposure. However, if the exposure to the risk factor could be 
eliminated in the population, then the fraction that previously was exposed ( 0 1 )  

would have the same probability of developing the disease as those not exposed 
(x2), so that the fraction with the disease would be ( ~ 1 7 ~ 2 .  Thus the population 
attributable risk is the fraction of all cases of the disease that would be prevented 
if the exposure to the risk factor were eliminated in the population: 

(2.99) a1x1 - 01x2 - Ql("1 - .2) - =. - *2 PAR = - 
a1711 + a2x2 

a l (RR - 1 )  - 
a1RR + 02 

al(RR - 1) - - - 
1 + ( Y ~ ( R R  - 1) ' 

Under Ho, RR = 1 and PAR = 0. 
For example, consider that we have a random sample of N individuals from 

the general population of whom n1 have been exposed to the risk factor. Of these 
n1w1 are expected to develop the disease. However, if these n1 individuals were 
not exposed to the risk factor, then only nlxz of these would be expected to develop 
the disease. Thus the expected number of disease cases saved or eliminated if the 
exposure could be eliminated is nlxl - 721x2. Since x,N is the total expected 
number of cases, then given nl of N exposed individuals, the proportion of cases 
eliminated or saved by complete eradication of the exposure is 

(2.100) 

In such a random sample, 81 = n l / N ,  P I  = p l ,  ?2 = p z ,  and P, = m l / N .  
Substituting into (2.99), then the PAR can be consistently estimated as 

(2.101) - 1) - a - nlpz PTR = - 
1 +S,(fZzR- 1 )  ml 
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Implicit in this expression is the requirement that the sample fraction of exposed 
individuals prcvides an unbiased estimate of the fraction exposed in the population, 
that is, 61 = P(E) = nl /N  is unbiased for a1 = P(E) .  

Walter (1976) described the computation of confidence limits for the PAR based 
on a large sample estimate of the variance of the PAR. However, because the PAR 
is a probability bounded by (0,l) when TI  2 7r2, it is preferable that confidence 
limits be based on the asymptotic distribution of the logit of PAR. If we assume 
that a1 is known (or fixed), using the &method (see Problem 2.10) it is readily 
shown that the logit of PAR is asymptotically normally distributed with expectation 
logit(PAR) and with a large sample variance 

This quantity does not involve the population exposure probability a1 . Using Slut- 
sky's theorem the variance can be consistently estimated as 

From this expression, the large sample 1 - cy level confidence limits for the logit 
and the asymmetric confidence limits on PAR are readily obtained. 

Leung and Kupper (1981) derived a similar estimate of V[logit(PAR)] based 
on the estimate in (2.101) which also involves the sample estimate of a1. 

While the PAR is frequently used in the presentation of epidemiologic research, 
it may not be applicable in many instances. As cited by Walter (1976), among 
others, the interpretation of the PAR as a fraction of disease cases attributable to 
exposure to a risk factor requires the assumption that the risk factor is in fact a 
cause of the disease, and that its removal alters neither the distribution of other risk 
factors in the population, nor their effects on the prevalence of the disease. Rarely 
can it be asserted that these conditions apply exactly. 

Example 2.11 
Walter (1978) described the attributable risk using data from Cornfield (1962). In 
an early analysis of the Framingham study, Cornfield (1962) showed that the risk 
of coronary heart disease (CHD) during six years of observation among those with 
and without an initial serum cholesterol level 2 220 mg/dL were 

Coronary Heart Disease in the Framingham Study 

Serum Cholesterol 
L 220 < 220 

(2.104) -1 l& 
Response CHD 

CHD free 
756 573 1329 

(reproduced with permission). Among those with elevated cholesterol (2 220 
mg/dL), 9.52% of subjects (PI) developed CHD versus 3.49% (p2) among those 
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without an elevated cholesterol ( ~ 2 2 0  mg/dL), with a relative risk of 2.729 and 
95% C.I. (1.683, 4.424) that is highly significant at p < 0.001, Thus the attribut- 
able risk in (2.98) is 1.729 with a 95% C.I. of (0.683, 3.424), which indicates that 
the incidence of CHD is 173% greater among those with elevated cholesterol values 
(95% C.I. 68, 342%). 

The estimated population attributable risk is PAR = 0.4958, which indicates 
that nearly 50% of the CHD events in the population may be attributable to elevated 
serum cholesterol levels. Using the equations provided by Walter (1978) based on an 
estimate of the S.E. of the PAR, the 95% confidence limits are (0.3047, 0.6869). 
The logit of the PAR is -0.01685 with estimated variance from (2.103) of 0.15155. 
This yields 95% confidence limits on logit(PAR) = (-0.7798, 0.7462). Taking 
the inverse logits or applying the logistic function yields asymmetric confidence 
limits on the PAR of (0.3144, 0.6783). In this example, since the P A R  is close to 
0.5, the two sets of limits agree closely; however, with values approaching 0 or 1, 
the logit limits are expected to be more accurate and remain bounded by (0,l). 

- 

2.8.3 Number Needed to Treat 

The attributable risk and the population attributable risk are principally intended to 
aid in the interpretation of observational epidemiologic studies. For a randomized 
clinical trial of a new therapy, the number needed to treat ( N N T )  has been suggested 
as a summary of the effectiveness of the therapy with the aim of preventing an 
adverse outcome or promoting a favorable outcome (Laupacis, Sackett and Roberts, 
1988; Cook and Sackett, 1995). The question is how many patients must be treated 
with the new therapy in order to prevent a single adverse outcome, or to promote a 
single favorable outcome. First, consider the case where the probability of a positive 
favorable outcome with the experimental treatment x1 is greater than that with the 
control treatment, 7r2. Then the N N T  satisfies the expression NNT(n1 - "2) = 1, 
so that 

(2.105) 
1 -- 1 

  IT^ RD 
N N T = - -  

is the number needed to treat to yield a positive outcome in a single patient. Con- 
versely, in the case where the probability of a negative outcome with the exper- 
imental treatment x1 is less than that with the control treatment, x2, the N N T  
satisfies NNT(n2 - T I )  = 1, so that N N T  = -1/RD. Thus confidence limits 
on N N T  are readily obtained from confidence limits on the risk difference RD. 
In other settings, such as survival analysis, this concept may still be applied using 
the difference in cumulative incidence probabilities as of a fixed point in time. 

Example 2.12 Cholesterol and CHD 
Assume now that we could treat elevated cholesterol values effectively with a drug 
so that among the drug treated patients the six-year incidence of CHD is x1 = 0.040 
whereas that among the controls, whose cholesterol remains elevated, is 7rz = 0.095. 
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Then the number needed to treat with the new drug in order to prevent a single 
case of CHD is 1/0.055 = 18.18 or 19 patients. 

2.9 PROBLEMS 

2.1 In Section 2.1.3 the logit was introduced as a way of constructing confidence 
limits for a proportion that are contained in the unit interval (0,l). Another con- 
venient function, widely used in survival analysis, is the complimentary log-log 
transformation 6' = g(r) = log(- logr).  

2.1.1. Use the &method in_conjunction with Slutsky's Theorem to show that 
the asymptotic distribution of 6' = g ( p )  = log(- logp) is 

where 

V[log(- logp)] (1 - K) 
NK (log n)' ' 

that can be consistently estimated as 

(2.106) 

(2.1 07) 

(2.108) 

2.1.2. From this result, derive the expression in (2.18) for the asymmetric 1 - a 
level confidence limits for K based on taking the inverse function of the confidence 
limits for 0 = log( - log n). 

2.1.3. For the case where x = 2 and n = 46, compute these asymmetric con- 
fidence limits and compare them to the values presented in Example 2.1 using the 
exact computation and those based on the inverse logit transformation. 

2.2 Derive the expression for the test-based confidence limits for a single pro- 
portion presented in (2.20). Also apply this expression to compute the confidence 
limits for K for the sample with 2/46 positive outcomes. 

2.3 Consider the case of zero events in a sample of size N described in Section 
2.4. 

2.3.1. Show that the upper one-sided confidence limit equals (2.23). 
2.3.2. Show that the sample size required to have an upper confidence limit of 

xu at level of confidence level 1 - CY is provided by 

(2.109) 

2.3.3. For some new drugs, the total number of patients exposed to the agent 
may be only N = 500 patients. With this sample size, if there were no drug 
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related deaths, show that the 95% confidence interval for the probability of drug 
related deaths is (0, 0.00597) or as high as 6 per 1000 patients treated. Given that 
some drugs are adnunistered to hundreds of thousands of patients each year, is this 
reassuring? 

2.3.4. What is the upper 80% confidence limit'? 
2.3.5. What sample size would be required to provide an upper 95% confidence 

Show that the cell probabilities ( 7 r 1 , 7 r 2 )  in the 2x2  table are a function of 

2.4.1. For a given value of 1r2 and a given value of the odds ratio OR, show 

limit of 1 in lOOOO? 

2.4 
the odds ratio and relative risk as follows: 

that the corresponding value of 7r1 is 

2.4.2. Show that the estimated O R  and RR are related as follows: 

(2.110) 

(2.111) 

2.4.3. Show that ô R approximates R̂ R when either the positive or negative 
outcome is rare in the population sampled, assuming E ( n l / N )  = E for some 
constant ( bounded away from 0 and 1. 

2.5 Starting from the asymptotic bivariate normal distribution of ( p 1 , p z )  with 
covariance matrix as in (2.43), 

A 2.5.1. Use the &method to derive the expression for the large sample variance 
of 0, say u$ and a consistent estimator of this variance, S;, for: 

1 The risk difference presented in (2.26), 
2. Log relative risk in (2.36), and 
3. The log odds ratio in (2.45). 
2.5.2. For the log relative risk scale show that the estimated variance 2: can be 

expressed as shown in (2.37). 
2.5.3. For the log odds scale, show that the estimated variance 8; is Woolf s 

estimated variance in (2.46). 
2.5.4. In practice, the estimated variance of the relative risk and of the odds ratio 

(without the log transformation) should not be used for computations of confidence 
limits. In the following, they are derived principally as an exercise, although similar 
results are employed later in Chapter 9. Apply the &method, starting from the 
results in Problem 2.5.1, to show that the variance of the relative risk (without the 
log transformation) is asymptotically: 

V ( s )  S ( R R ) 2 V [ l o g ( G ) ]  (2.112) 

and of the odds ratio is 

V ( G )  2 (OR)2V[log(o^R)) . (2.113) 
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2.5.5. Under the null hypothesis it is assumed that Ha: 7rl = 7r2 = 7r, which 
is equivalent to Ho: 8 = 80, where 80 is the null value, 80 = 0 for the risk 
difference, the log relative risk and log odds ratio, Under the null hypothesis derive 
the corresponding expression for the variance of 8 and a consistent estimator thereof 
for each of these measures. 

2.5.6. Redefining the relative risk herein as RR2,1 = 7r2/7r1, show that 

V [ l o g ( ~ 2 : 1 ) ]  = V [ l o g ( ~ 1 : 2 ) 1  * (2.114) 

2.5.7. Also show that the confidence limits for log( RR2:1) are the negatives of 
those for log(RR1:2), and that the confidence limits for RR2,1 are the reciprocals 
of those for RR1,2. 

2.6 Starting from the product-binomial likelihood in (2.52), under the null hy- 
pothesis Ho: 7r1 = 7 ~ 2  = 7r, show the following: 

2.6.1. The probability of the 2 x 2  table is 

2.6.2. In group 1, show that 

and that 

(2.1 15) 

(2.116) 

(2.11 7) 

where 2 means “estimated as”. 

in (2.88) and its estimate in (2.89). 

hypergeometric likelihood in (2.57). 

reduces to the expression in (2.70). 

2.6.3. For Cochran’s unconditional test, then derive the variance V [ a  - ,!?(a)] 

2.6.4. Use the conditioning arguments in Section 2.4.2 to derive the conditional 

2.6.5. Under the null hypothesis with odds ratio cp = 1, show that this likelihood 

2.6.6. Using basic probability theory, show that the probability 

P(aln1, ml,  N )  = (3 (3 (2.118) 

can be derived as the probability of choosing ml  of N elements that includes a of 
nl positive elements, for fixed N and nl. 

C1) 

2.6.7. Since Ca P(aln1, rnl N) = 1, then show that 

m1--2 
(2.119) 
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2.6.8. Then derive the simplifications in (2.71). 
2.6.9. Using these results, show that E(a)  = mlnl/N as presented in (2.84). 

Hint: Note that for total sample size N - 1, the sum of the possible hypergeometric 
probabilities equals 1. 

2.6.10. Show that 

(2.120) 

Given that E(a2) = E [a(a - l)] + E(a )  then show that the conditional hypergeo- 
metric variance is Vc(u) in (2.85). 

2.7 

terms of the probability of the outcome in group 1, 7 ~ 1 ,  as 

Given a sample of N observations with fixed margins (nl,  722, ml,  m2): 

2.7.1. Show that the expected value of the odds ratio, say F, can be defined in 

(2.121) 

where E(a)  = n1r1 and E(b) = ml - nlrl ,  etc. 
2.7.2. Show that the quadratic equation in r1 as a function of + is 

b l (F  - I)] .: - [an1 + m1) + (722 - ml)] 7T1 + gm, = 0 . (2.122) 

2.7.3. Then show that the value of r1 which satisfies this equation equals 

with 

(2.123) 

(2.124) 

Thomas and Gart (1977). 

that satisfies this relationship is 
2.7.4. Also show that given the fixed margins, the corresponding value of 7r2 

(2.125) 

Thus one can determine the probabilities %I, and corresponding to the exact 
confidence limits on the odds ratio, from which the values of ?2,, and 5?2;;ze can be 
obtained. These then provide exact limits on the risk difference and relative risk, 
such as R^Re = Ple/?2e. 

2.7.5. For the data in Example 2.7, given the exact 95% confidence limits for 
the odds ratio of (0.0127, 1.0952), use the above expressions to determine the 
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corresponding probabilities. Then show that the exact confidence limits for the risk 
difference are (-0.6885, 0.0227) and for the relative risk are (0.2890, 1.0452). 

2.8 Consider the large sample tests for the 2x2 table. 
2.8.1. Show that the Pearson X ;  in (2.81) equals Cochran's test X z  in (2.90). 
2.8.2. Also show that X: equals Z 2  where 2 is the usual 2-test for two pro- 

portions in (2.80). 

2.9 Now consider a test based on some smooth function g(p ) ,  such as a test for 
the log relative risk or log odds ratio with Ho: g(n1) = g ( m ) ,  or equivalently Ho: 
xl = x2. The corresponding 2-test then is of the form 

(2.126) d P 1 )  - d P 2 )  2, = 
J" [ d P d  - d P 2 )  1 Hol 

Using the &method, show that 2, is asymptotically equal to the usual Z-test in 
(2.80). 

2.10 Consider the Population Attributable Risk (PAR) in (2.100) and the consis- 
tent estimate in (2.101). Note that the PAR is a proportion. 

2.10.1. For a1 specified (fixed) show that the PAR estimated odds are 

(2.127) 

2.10.2. Using the &-method, show that V log is as expressed in (2.102) [ m 1  
and that this variance can be estimated consistently as shown in (2.103). 

2.11 Hypothetically, in a clinical trial of ursodiol (a bile acid drug) versus a 
placebo for the treatment of patients with gallstones, the following 2x2 table was 
obtained giving the frequencies of a positive response (disappearance of gallstones) 
versus no response after 12 months of treatment: 

Group 
Urso Placebo 

(2.128) 

I 

110 100 210 

2.11.1. For this table, compute the estimates of the risk difference, relative risk 
and its logarithm, and the odds ratio and its logarithm. Also compute the estimated 
variance and standard error, and the 95% confidence intervals for the risk difference, 
log relative risk and the log odds ratio. 

2.11.2. From the log odds ratio and log relative risk, also compute the asym- 
metric 95% confidence limits on the odds ratio and relative risk, respectively. 

2.11.3. Also compute the asymmetric confidence limits for the relative risk and 
odds ratio for the placebo group to the Ursodiol group, e.g. RR2,1. 
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2.11.4. Then compute the Pearson contingency Chi-square test (Cochran’s test) 
and the Mantel-Haenszel test, with and without the continuity correction. 

2.11.5. Now use the results from the Mantel-Haenszel conditional test without 
the continuity correction to compute test-based confidence limits on the log odds 
ratio and the log relative risk. From these compute the asymmetric confidence limits 
on the odds ratio and the relative risk. Compare these to the asymmetric confidence 
limits obtained above. 

2.11.6. Now use PROC FREQ in SAS with the CMH CHISQ options to perform 
an analysis of the above 2 x 2  table. This will require that you input the data as 
shown in Table 2.2. Alternately, use a program such as StatXact to compute the 
exact P-values. Compare the respective large sample tests to the exact two-sided 
P-value. 

2.11.7. Compute the number needed to treat with ursodiol ( N N T )  so as to 
yield one treatment success. Use the 95% confidence limits on the risk difference 
to compute the confidence limits on the N N T .  
2.12 Mogensen (1984) examined the influence of early diabetic nephropathy on 
the premature mortality associated with type 2 or adult onset diabetes mellitus in 
a sample of 204 men 50-75 years of age with onset of diabetes after 45 years of 
age. At the time of entry into the cohort, each subject was characterized as having 
normal levels of albumin excretion defined as AER <30 pg/min (micrograms per 
minute) versus those with microalbuminuria (301 AER < 140 pg/min). See Section 
1.5 for a description of these terms. The cohort was then followed for 10 years. 
The following results were obtained (reproduced with permission): 

Albuminuria Group 
Micro Normal 

(2.1 29) -1 ”0” Died 
Survived 

128 76 204 

2.12.1. Use the relative risk (risk ratio) for mortality, with an appropriate con- 
fidence interval, and the Mantel-Haenszel test to describe the relationship between 
the presence of microalbuminuria versus not and the 10 year mortality. 

2.12.2. Compute the population attributable risk and its 95% confidence limits. 
Describe these results in terms of the impact of diabetic nephropathy on 10 year 
mortality among those with type 2 diabetes mellitus. 

2.13 Starting from the unconditional product-binomial likelihood (2.52) we now 
use a logit (logistic) model to derive the conditional hypergeometric distribution for 
a 2 x 2  table. Conditional on n1 and 712 (or 711, N ) ,  under the logistic model we 
can express the logit of x1 and 7 ~ 2  as 

l o g ( A )  1 - x1 = a + p  log (-=) 1 - x2 = a (2.130) 
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2.13.1. Show that the inverse logits are provided by logistic functions of the 
form 

eu+P e" 
7r1 = lr2 = - 

1 + ea 1 -I- ea+P 

and 

1 
1 -7r2=-  

1 + ea+P 1 + e a  
1 

1--7r1= 

2.13.2. Then show that 

(2.131) 

(2.132) 

(2.133) 

2.13.3. Substituting this logistic model representation into (2.52) show that the 
probability of the 2 x 2  table can be expressed as 

where a and ml  are random. 
2.13.4. Conditioning on ml ,  show that 

(2.134) 

(2.135) 

where (all a,,) are the limits for the possible values for the index frequency a. 

2.14 Consider a set of Bernoulli variables (xill xizl zi3) that denotes whether the 
ith element in a sample of N observations falls in category 1, 2 or 3 of some 
characteristic. Using basic principles, derive the covariance matrix of the vector 
(xi1 xi2 xi3) as shown in Example A.2 of the Appendix. 

2.13.5. Show that this expression is equivalent to (2.57). 



3 
Sample Size, Power, and 

In the previous chapter we described the large sample distribution of estimates of 
the differential in risk between two groups, and tests of the significance of these 
differences. In this chapter we consider the evaluation of the sample size required 
for a study based on either the desired precision of an estimate of the risk difference, 
or based on the power function of the Z-test for two proportions. Since this test 
is a special case of a normal deviate Z-test, we begin with the derivation of the 
power function for the general family of Z-tests, which will also be employed in 
subsequent chapters to evaluate the power of other normal deviate Z-tests. This 
is followed by an introduction of the concepts of asymptotic efficiency under local 
alternatives that is used in subsequent chapters to derive asymptotically efficient, 
or most powerful, tests. 

There is a large literature on methods for evaluation of the precision of esti- 
mates of parameters and the power of specific statistical tests. Since estimation 
precision and the power of a test largely depend on sample size, consideration of 
these properties allows the determination of an adequate, if not optimal, sample 
size when a study is designed. Interested readers are referred to the following 
references for additional materials. McHugh and Le (1984) present a review of 
procedures for determination of sample size from the perspective of the precision 
of an estimator. Lachin (1981), Donner (1 984), and Lachin (1 998), among others, 
likewise review methods for sample size determination from the perspective of the 
power of commonly used statistical tests. General reference texts on the topic in- 
clude Machin and Campbell (1987), Cohen (1988), Desu and Raghavarao (1990), 
Schuster (1990), and Odeh and Fox (1991), among others. 
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3.1 ESTIMATION PRECISION 

Consider that we wish to estimate a parameter 8 in a population, such akthe log 
odds ratio, based on a simple random sample tJhat yields an estimator 8 that is 
normally distributed, at least asymptotically, as 0 N N(8, c2). In most instances, 
the large sample variance u2 can be expressed as a function of the sample size N, 
such as c2 = q52/N where q52 is a variance component. Then the 1 - a confidence 
interval (C.1.) for 0 is of the form gzt e,, where the precision of the estimate at 
level 1 - cr is 

e, = Zl-a/26 (3.1) 

and Z1-,/2 is the upper two-sided standard normal deviate at level 1 - a/2. Since 
c is a function of the sample size N, then so also is the precision of the estimate 
e ,  at confidence level 1 - a. The smaller the value of e,, the greater the precision 
of the estimate. 

This relationship also can be inverted to describe the level of confidence 1 - a 
corresponding to any stated degree of precision e of the estimate. The confidence 
level 1 - a is provided by the standardized deviate Z1-,/2 = e / a  = fie/d. 
This allows one to evaluate the relationship between the level of confidence and 
the degree of precision of the estimate for different sample sizes. 

Often the sample size is under the control of the investigator when a study is 
designed or planned. In this case, the above relationship can be inverted to solve for 
the sample size N required to provide a confidence interval estimate with precision 
f e  at confidence level 1 - a for a given variance component 4. The required 
sample size is given by 

One can likewise consider the estimation precision and sample size for a study 
comparing two populations (groups) with respect to the risk difference, the log 
relative risk or the log odds ratio, using the large sample variance and the asymptotic 
normal distribution for each derived in the preceding chapter. These specific cases, 
however, will be left to a Problem. Those interested in other common instances are 
referred to the article by McHugh and Le (1984), or to texts on sampling. 

Such computations, however, assume that the variance is known a priori. In the 
case of functions of probabilities, such as the log odds ratio, this requires that the 
probabilities in each population are known or are specified because the variance is 
a function of the probabilities. This approach can be further generalized to allow 
for sampling variation in the estimated variance, and thus in the precision of the 
estimate, by determining the sample size needed to provide probability 1 - p that 
the realized 1 - a confidence interval will have precision no greater than e (cf. 
Kupper and Hafner, 1989). 
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Example 3.1 Simple proportion 
For example, the simple proportion with a characteristic of interest, say p ,  from a 

sample of N observations is asymptotically distributed as p = N[n, ~ ( 1  - n) /N] ,  
where n is the probability of the characteristic in the population and the large sample 
variance of p is c2 = a( 1 - n ) / N  with = n( 1 - n). To estimate a probability ?I 
that is assumed to be 5 0.3 (or ?r 2 0.7) with precision e = 0.02 at 90% confidence, 
then the required sample size is N = (1.645/0.02)2(0.3 x 0.7) = 1421 (rounded 
up to the next whole integer), If this sample size is too large but a sample size 
of 1000 is feasible, then one can determine that a 90% confidence interval with 
N = 1000 provides a degree of precision of e = 1.645J(0.3 x 0.7)/1000 = 0.024. 
Alternately, a sample size of N = 1000 provides 83% confidence of estimating n 
with a precision of e = 0.02, where the corresponding normal deviate is Z1-rr/2 = 

m ( O . O 2 ) / J m  = 1.38. 

d 

3.2 POWER OF 2-TESTS 

When the object of an investigation is to compare two populations then the required 
sample size, or the adequacy of the available sample size, is usually determined on 
the basis of a test of significance. In reaching an inference as to the difference 
between two populations, we usually first conduct a statistical test of significance, 
and then present the large sample confidence interval. The test statistic assesses 
the probability that the observed results could have occurred by chance, whereas 
the confidence limits provide a description of the precision of the sample estimate. 
In this setting, it is usually important to determine the sample size so as to provide 
a suitably high probability of obtaining a statistically significant result when a true 
difference of some magnitude exists between the populations being compared. This 
probability is termed the power of the test. 

In this section we first define the relationship between the Type I and Type I1 
error probabilities and power. We then derive the general expressions for the power 
of any normal deviate 2-test that can be applied to specific tests, such as the large 
sample 2-test for two proportions. From this we derive equations that provide the 
sample size necessary to achieve a desired level of power. 

3.2.1 

Consider a 2-test based on a statistic T that is a consistent estimator of the mean 
p of a normal distribution. Using T we wish to test the null hypothesis 

Type I and I I  Errors and Power 

Ho: p = p o ,  (3.3) 

where usually PO = 0. For now consider an upper-tail one-sided test of HO versus 
the one-sided alternative hypothesis 

H1: p = PI > Po. (3 *4) 
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Fk. 3.1 Distribution of a test statistic under the null and alternative hypotheses, with the 
rejection region of size cy and a type I1 error probability of size p .  

This implies Ho: A = p1 - po = 0 versus H I :  A > 0. To allow for cases where 
the variance of T is a function of p, V ( T )  is expressed as 

V ( T )  = 0 2 ( p ) .  (3.5) 

Therefore, we have two possible distributions of T, that under the null hypothesis 
HO and that under the alternative hypothesis H I ,  designated as: 

Null: T(H,,) N ( P o ,  g g ) ,  0; = g2(Po) (3.6) 

Alternative: T(H,)  N N ( p l ,  of), cr? = 02(p1) , (3.7) 

where 
To conduct the test of significance, we determine whether the observed value 

of the statistic t falls within the upper-tail rejection region of size a. Thus HO is 
rejected when 

> po. An example is depicted in Figure 3.1. 

t 2 T, = po + Zi-crco. (3.8) 

When the null hypothesis is true, the probability of rejection is only a and the 
probability of failing to reject it is 1 - a. Both quantities are determined by the 
investigator through the specification of the size a of the rejection region. However, 
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when the alternative hypothesis HI is true, the probabilities of rejecting or failing 
to reject HO are not fixed by the investigator uniquely, but rather are determined by 
other factors that include the magnitude of the true difference A. 

Thus for any fixed A = p1 - po, two types of errors can occur, a false positive 
Type I error with probability a and a false negative Type II error with probability 
p as presented by the following: 

H i :  ~1 - PO = A 

Reject: + 1 - P ( 4  N ,  a> 
Fail to  Reject: - 

1 .o 1 .o 

Because a is fixed arbitrarily, it does not depend on either the value of A or on 
the value of N. Conversely, the probability of a false negative error, designated as 
p (A, N, a) depends explicitly upon A and on the total sample size N, as well as 
the size of the test a. The complement of the Type II error, 1 - P(A, N, a), is the 
power of the test to detect a difference A with total sample size N. 

The relationship between a and p is illustrated in Figure 3.1. It is clear that 
one cannot fix the levels of both the type I and type I1 error probabilities ct and p. 
Rather, a and p are inversely related. As the critical value T, is shifted toward 
po, then ct increases and p decreases, and vice versa. Also, as the magnitude 
of the differenee under the alternative A increases, then the distribution under the 
alternative is shifted to the right and P decreases, even though (Y remains a constant. 
Finally, for fixed A, as the variance of the statistic g2 decreases, the curves shrink. 
This is readily accomplished by increasing the sample size. This has two effects. 
First, in order to retain the upper tail area of size a under the null hypothesis 
distribution, the value T, shnnks toward the mean po as the variance 02(po)  
becomes smaller. Second, as the variance a2(pl) decreases under the alternative 
hypothesis, the curve under H1 also shrinks.  Each factor contributes to a decrease 
in the value of p. Thus while the value of the Type I error probability is specified 
a priori, the value for the Type II error probability P(A, N, a) is determined by 
other factors. 

We now describe these relationships algebraically. Under the null hypothesis, 
the significance test leads to rejection of HO if the standardized 2-test satisfies: 

Therefore, the Type 11 error probability is 

and its complement, power, is 

(3.10) 

(3.11) 

(3.12) 
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where each is evaluated under the alternative hypothesis distribution. These quan- 
tities are identical to the areas depicted in Figure 3.1 noting the change of scale 
from T to 2. 

Under T ( H ~ )  in (3.7), where A = p1 - PO # 0, then 

and 

(3.13) 

(3.14) 

Therefore, 

Thus 

(3.16) 

However, p is the area to the left of T, in Figure 3.1, and we desire the expression 
for 1 - p that is the area to the right. Since 21-p  = -Zp, then 

(3.17) 

- - (PI - Po) - ZI-aUO 

6 1  

- A - Z~-,(TO 
- 

*I 

Thus (21-p > 0) + (1 - /3 > 0.5). 
For a one-sided left tail alternative hypothesis, HI: pi < ,uo with p1 - PO = 

A < 0, a similar derivation again leads to this result but with the terms - ( P I  - P O )  
and -A (see Problem 3.1). In general, therefore, for a one-sided test in either tail, 
the basic equation relating A, a ,  and p is of the form 

(A[  = Zi--ago + Z i - p ~ i  (3.18) 

for values of A that are in the specified direction under the one-sided alternative 
hypothesis. 

This expression can also be derived heuristically as shown in Figure 3.1. The 
line segment distance A = p1 - PO is partitioned into the s u m  of two line segment 
distances. The first is the distance IT, - pol = Z 1 - , ~ ~  under the null distribution 
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given Ho. The second is the distance IT, - pll = Z I - ~ L T I  under the alternative 
distribution given HI. 

For a two-sided test, Figure 3.1 would be modified as follows. The distribution 
under the null hypothesis would have a two-sided rejection region with an area of 
size a/2 in each tail. Then, for a fixed alternative, in this case a positive value for 
A, there would be a contribution to the type I1 probability /3 from the corresponding 
rejection area in the far left tail under the alternative hypothesis distribution H I .  
For an alternative such as that shown in the figure, where p1 is a modest distance 
from pol then this additional contribution to the probability p is negligible and can 
be ignored. In this case, the general expression (3.18) is obtained with the value 
2 1 - 4 2 .  

3.2.2 Power and Sample Size 

The general expression (3.18) provides an explicit equation relating A, N and 1-0 
that forms the basis for the evaluation of power and the determination of sample 
size for any test statistic that is asymptotically normally distributed. If we can 
decompose the variance expressions such that L T ~  = 4$ /N and C T ~  = q5f/iV, then 
the basic equation becomes 

Therefore, 

(3.19) 

(3.20) 

and 

(3.21) 
A 

Equation (3.20) is used to compute the power function for given N and A, while 
(3.21) allows the a priori determination of the N needed to provide power 1 - p to 
detect a difference A with an cr level test. For a two-sided test, Z1-a/2 is employed 
in these expressions. 

Lachin (1981) presented a simplification of these general expressions for cases 
where the variances are approximately equal, that is, ni = 6: = c? = @ / N .  
Substituting into (3.18) yields the simplified general expression 

(3.22) 

or 
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as a function of the non-centrality factor 

This yields a somewhat simpler expression for power 

21-p = K d E  - Zi-, 
and sample size 

= ("'- K + > 2 a  

(3.24) 

(3.25) 

(3.26) 

Lachin (1981) used these expressions to derive equations for the power functions 
of many commonly used tests, such as the test for mean values, proportions, paired 
mean differences, paired proportions, exponential hazard ratios and correlations, 
among others. 

As will be shown in Section 3.4, these latter expressions also arise from a 
consideration of the non-centrality parameter that is the expected value of the 2 
statistic under the alternative hypothesis, or $ = E ( Z  1 HI). When the variances 
are approximately equal, from (3.14), 

(3.27) 

where K is the non-central factor. Then the basic equation (3.18) is based on the 
relationship 

IN = 214 + 21-0 (3.28) 

which relates the non-centrality parameter of the test to the levels of a! and p. 
In general, these relationships can be expressed using a set of power curves 

as in Figure 3.2. Such curves depict the increase in power as the value of A (or 
K) increases, and also as N increases. For a 2-sided test, the power curves are 
symmetric about A = 0. Such power functions are computed using (3.20) over a 
range of values for A and N, given the type I error probability a and values for the 
other parameters involved, such as the variance components 40 and 41. This figure 
presents the power function for a one-sided test at level a = 0.05 of the differences 
between two means with unit variance (4 = 1). Equation (3.21), therefore, simply 
determines the sample size N that provides a power function (curve) that passes 
through the point (A, 1 - p). The essential consideration is that there is a power 
function associated with any given sample size N that describes the level of power 
1 - p with which any difference A can be detected. 

3.3 TEST FOR TWO PROPORTIONS 

The 2-test for two proportions described in Section 2.6.1 falls into the class of 
tests employed in the previous section. Thus the above general expressions can 
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Fig, 3.2 Power as a function of the non-central factor (4 and the total sample size (N) for 
Q = 0.05, two-sided. 
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be used to derive the specific expressions required to evaluate the power of this 
test and to determine the required sample size. Because the square of the 2-test is 
algebraically equal to the contingency chi-square test (see Problem 2.8), the power 
of the latter is also provided by the power of the two-sided Z-test. 

3.3.1 Power of the 2-Test 

The 2-test for two proportions in (2.80) is based on the test statistic T = pl  - p2, 

where E ( T )  = X I  - 7r2. Under HI: n1 # 7r2, from (3.7), T x Af [p1,uf] with 
p1 = X I  - 7 ~ 2  and 

d 

(3.29) 

d 
Under Ho: ~1 = 7 ~ 2  = A, then from (3.6), T x N [ p o ,  IY;] with po = 0 and 

uo” = n ( 1 -  A )  ($ + ;) . (3.30) 

To allow for unequal sample sizes, denote the expected sample fraction in the ith 
group as ti where ti = E(ni /N) (i = 1,2) and 61 + (2 = 1. Then, the variances 
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can be factored as 

and 

(3.31) 

(3.32) 

Therefore, A = p1 - po = ~1 - x 2  and from (3.18) the basic equation relating the 
size of the test a, the power 1 - p, and sample size N is 

(3.33) 

= Zl-IY40 + Z1-p41 1 

where Z1-a/2 is employed for a two-sided test. Since the 2-test in (2.80) employs 
the variance estimated under the null hypothesis, where p = t l p l  + 5 p 2 ,  then for 
the evaluation of the above equations, u$ and 4: are computed using 

= t1 Xl + E2.2 * (3.34) 

Thus only the values ~1 and   IT^ need be specified. 
Solving for Zl-p, the level of power provided by a given sample size N to 

detect the difference between proportions with specified probabilities n1 and 7r2 is 
obtained from 

(3.35) n 1.1 - 7F2l - Zl-,40 
21-p = 

41 
Likewise, the sample size required to provide power 1 - p to detect a difference 
A = 7r1 - 7r2 is provided by 

(3.36) 

With equal sample sizes 5 1  = <2 = 1/2, these expressions simplify slightly using 

4: =474 - T )  (3.37) 

4: = 2n1(1- n1) + 27r2 (1 - n 2 ) .  

Finally, for this test, Lachin (1981) shows that ri > o:, in which case we can 
use the conservative simplifications presented in (3.22 - 3.24) that yield the non- 
centrality factor 

- 1.1 - .rrzl - la1 - .21 K =  (3.38) 
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While (3.35) and (3.36) are preferred for the assessment of power or sample size, 
the non-central factor (3.38) will be used below to explore other relationships. 

Example 3.2 Planning a Study 
For example, suppose that we wish to plan a study with two equal sized groups 
(nl = n2) to detect a 30% reduction in mortality associated with congestive heart 
failure, where the 1-year mortality in the control group is assumed to be no greater 
than 0.40. Thus 772 = 0.40 and T I  = 0.28 (= 0.70 x 0.40). Under the null 
hypothesis we assume 7r1 = ~2 = T = 0.34. We desire 90% power for a two-sided 
test for two proportions at a = 0.05. Using (3.36) the required total N is obtained 
as 

= 652 l 2  1.96[4(0.34 x 0.66)); + 1.282[2(0.28 x 0.72) + 2(0.4 x 0.6)]4 
N = [  0.40 - 0.28 

rounded up to the nearest even integer. 
Alternately one could solve for 21 + to determine the power to detect a difference 

with a specified sample size, or the magnitude of the difference that could be 
detected with a given power for a specific sample size. For example, the power to 
detect this same difference with a smaller sample size of N = 500 using (3.35) is 
provided by 

= 0.879 
m ( 0 . 4 0  - 0.28) - 1.96[4(0.34 x 0.66)]4 

[2(0.28 x 0.72) + 2(0.40 x 0.60)]3 
21-p = 

yielding 8 1 % power. 
Note that for a fixed N and a fixed value of ~ 2 ,  such computations could be 

used to generate the power curve as a function of increasing values of x1 (or A). 
However, as x1 changes, so do the values of 7r from (3.34). 

3.3.2 Relative Risk and Odds Ratio 

Since the test statistic is T = p l  -p2 ,  then the power function is naturally expressed 
in terms of the risk difference. However, in many cases, it is more desirable to 
express power as a function of the odds ratio or relative risk. To do so, one specifies 
the probability in the control group 7r2, and then determines the value of 7r1 in the 
exposed or treated group which corresponds to the specified relative risk or odds 
ratio. 

Since the relative risk is RR = T ~ / T Z ,  then for any value of 7r2 

7r1 = TZ(RR). (3.39) 

Likewise, since the odds ratio is OR = H, then solving for T I  yields 

(3.40) 
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Table 3.1 Non-Centrality Factors for a Test of the Difference Between ' h o  Proportions 
with Probabilities TI and nz 

7r2\7rl 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 

0.2 0.3 0.4 0.5 0.6 0.7 0.8 
0.140 0.250 0.346 0.436 0.524 0.612 0.704 
- 0.115 0.218 0.314 0.408 0.503 0.600 

- 0.105 0.204 0.302 0.40 0.503 
- 0.101 0.20 0.302 0.408 

- 0.101 0.204 0.314 
- 0.105 0.218 

- 0.115 
- 

0.9 
0.800 
0.704 
0.612 
0.524 
0.436 
0.346 
0.250 
0.140 

(see Problem 2.4.1). Therefore, the power function for the test of two proportions, 
or the 2x2 table for two independent groups, is readily expressed in terms of relative 
risks or odds ratios. 

It is then of interest to describe the factors that affect the power of a test to 
detect a given risk difference, relative risk or odds ratio. This is easily done by 
considering the non-centrality factor (KI in (3.38) as a function of the probabilities 
a1 and 7r2 in the two groups, as presented in Table 3.1 for the case of equal sample 
sizes. 

Examination of this table shows that for a fixed value of the risk difference 
A = w1 - w2, as 7r = (wl + 7r2)/2 approaches 0.5, then K decreases, power 1 - p 
decreases and thus the N required to achieve a given level of power increases. For 
example, consider any diagonal of the table corresponding to a fixed risk difference, 
such as the entries one step off the main diagonal that correspond to differences of 
A = 0.1 with 7r2 ranging from 0.1 to 0.8. Therefore, the power to detect a fixed 
difference is greater when one of the outcomes (positive or negative) is rare than 
when the two outcomes occur with equal probability (0.5). The reason is that the 
fixed difference becomes proportionately smaller, and the variance larger, as the 
probability of either outcome approaches 0.5. 

Even though the expressions for the non-centrality factor, sample size and power 
are stated in terms of the risk difference, it is common to describe the change 
in power as a function of the relative risk, or odds ratio. For a fixed value of the 
relative risk ?rl /AZ, the table shows that as 7r2 increases the total number of positive 
outcomes also increases, K increases, power 1 - p increases and the N required 
to provide a fixed level of power decreases. For example, compare the value of 
K for 7rl/7~2 = 2 and values of 7r2 ranging from 0.1 to 0.4. Thus the power to 
detect a given relative risk appears to depend directly on the expected number of 
outcomes. However, the reason is that the magnitude of the difference is growing 
as 7r2 increases, and thus 7r1 approaches 1 faster than 7r2 approaches 0.5. 
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When the non-centrality parameters are examined in terms of odds ratios, a 
pattern similar to that for the risk difference is observed. For example, OR = 6 
for values of ( T I ,  x ~ )  = (0.4,0.1), (0.6,0.2), (0.8,0.4) and (0.9,0.6). The respective 
values of the non-centrality parameter are 0.346, 0.408, 0.408 and 0.346. 

Thus when using power functions such as those in Figure 3.2 to evaluate the 
power over a range of parameters, the power curves using the risk difference, the 
relative risk or the odds ratio all depend on the value of T Z .  In each case, the actual 
values of the probabilities T I  and xz determine power. 

3.4 POWER OF CHI-SQUARE TESTS 

For test statistics that are distributed as chi-square on p 2 1 df, and also as t or 
F, among others, the power of the test is likewise a function of the non-centrality 
parameter, $J', of the non-central distribution of the test statistic. The non-centrality 
parameter is the expected value of the chi-square statistic Xg on p df under the 
alternative hypothesis, or $J2 = E(X: 1 H I ) .  For a test at level a on p df, the 
power of the test 1 - P is a monotonically increasing function of $J'. As for a 
2-test, the non-centrality parameter can be factored as dJ' = NK', where K 2  is 
the non-centrality factor. For a x2 test on p df, the value of the non-centrality 
parameter that provides power 1 - p for a test at level a is denoted as $'(p, a, 

For example, for a I df x' test statistic, from (3.25) the value of the non-centrality 
parameter that provides power 1 -/3 for a 1 df two-sided test at level a, designated as 
@(1,  a, p) = NK(1,  a, @)' = (21-,/2+Z1-p)2. For example, the non-centrality 
parameter that provides Type I1 error probability P = 0.1 and power 1 - P = 0.9 
for a 1 df x2 test at a = 0.05 is $J2(1, 0.05, 0.10) = (1.96 + 1.645)' = 10.507. 

Values of the non-centrality parameter $~'(p, a, p)  providing various levels of 
power for the non-central chi-square distribution on p df are widely tabulated. 
Programs are also available, such as the SAS functions PROBCHI for the cumu- 
lative probabilities and CINV for quantiles of the chi-square distribution, both of 
which provide computations under the non-central distribution. The SAS function 
CNONCT then provides the value of the non-centrality parameter dJ' for specific 
levels of a and @ (Hardison, Quade and Langston, 1986). 

To determine sample size using this approach, one first obtains the value $J'(p, 
a, 0) of the non-centrality parameter that will provide the desired level of power 
for the non-central chi-square distribution. The value of the non-centrality factor K 
under the alternative hypothesis is then specified or evaluated under an appropriate 
model. The non-centrality factor is usually defined using the variance under the 
null hypothesis, often because the expected value of the statistic (the non-centrality 
parameter) is derived under a sequence of local alternatives (defined subsequently). 
Given the value of K ,  the N required to provide power 1 - p is that value for 

P )  = N W p ,  a, PI2.  
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which $ ~ ~ ( p ,  a, p) = N K 2 ,  yielding 

(3.41) 

For a 1 df x2 or a two-sided 2-test, this is equivalent to the simplifications presented 
in (3.22H3.27). 

For any specific test statistic, the expression for the non-centrality parameter is 
obtained as the expected value of the test under the alternative hypothesis. In some 
cases, these expressions are obtained under a local alternative in which case the 
calculations describe the limiting power function of the test. These concepts are 
described in Section 3.5. 

Example 3.3 Test for Proportions 
The non-centrality parameter of the 1 df Pearson contingency chi-square test for 
the 2 x 2 table may also be used to evaluate the power h c t i o n  for the two-sided 
test for two proportions since X 2  = Z2 as shown in Problem 2.8. Meng and 
Chapman (1966) described the limiting power function of chi-square tests for R x C 
contingency tables. These results were employed by Lachin (1977) and Guenther 
(1977) to describe the power function and to determine the sample size needed to 
provide a desired level of power for the contingency chi-square test for an R x C 
table. The simplest case is the non-centrality parameter for the Pearson chi-square 
test for the 2 x 2  table. 

Using (2.81) for the 2 x 2  table, then the expected value of the observed fre- 
quency in cell ij is E(Oij) = Nqij where qij refers to the probability of an ob- 
servation falling in that cell under the alternative hypothesis, c:=, &, q i j  = 1. 
As described in Section 2.6.2, the expected frequency under the null hypothesis is 
E(Oij (Ho) = Nqoij where qoij is the probability for the ijth cell under the null 
hypothesis that is determined from the marginal probabilities as qoij = ~ i . 7 . ~ .  Then 
the expected value of the chi-square test statistic under the alternative hypothesis is 

2 

(3.42) 

Since the sum of the two sets of probabilities within rows or columns is one, then 
for all four cells of the table, [qij - q0ijI2 = b2 for some value 6 # 0. Thus 

(3.43) 

Now adopt the notation for the test for two proportions as in (2.24), where 
columns (j) represent treatment group and rows the response (2 )  such that <I = q.', 
<2 = Q . ~ ,  T = 71. and 1 - 7r = qz.. Then is readily shown that E ( X 2 )  = N K 2  
for K as shown in (3.38). 

Example 3.4 
In a homoscedastic normal errors regression model with p covariates, a variety of 
different tests may be conducted, such as an overall model test on p df and tests of 

Multiple Regression Model Test 
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each of the individual regression coefficients, each of which will have a different 
power function. The power for these tests depends on the total N ,  the error variance 
CT," and on the joint distribution of the p covariates. 

To illustrate this, consider the Wald test of Ho: p = 0 (including the intercept). 
As shown in Section A.5.l:f the Appendix, the coefficie_nt estimates (including the 
intercept) are obtained as p = (X'X)-'X'Y and V ( p )  = CB = (X'X)-'u,". 
Then, assuming u," is known, or relying on a large sample consistent estimate, the 

Wald test is the T2-like quadratic form X 2  = p'CZ1p described in Section A.7.1 

of the Appendix. Under H I :  0 # 0, X 2  is distributed as non-central x2 on p + 1. 
df with non-centrality parameter 

P 

(3.44) 

E (PI( x 'X ) E[  (X 'X ) - 1 x ' yl ) - P'E( x ' Y) - - - 
g," 4 

where the expectation is with respect to the joint distribution of X and Y. Thus 
to evaluate power or sample size a priori for a test given a true parameter vector 
p, it is necessary to specify the covariance matrix of X or E(X'Y) in order to 
determine the non-centrality parameter for this test. 

The same developments would also apply to the model test that the p coefficients 
( P I , .  . . , p p )  = 0, or to the test of an individual coefficient or a subset of the 
coefficient vector since all are special cases of a linear contrast of the elements of 
the vector p. 

3.5 EFFICIENCY 

3.5.1 Pitman Efficiency 

Generalizations of the expression for the power function of a test may also be 
used to describe the asymptotic efficiency of a test statistic under a family of local 
alternatives, an approach originally due to Pitman (1948) and elaborated by Noether 
(1955). This approach is important when a variety of competing statistics could 
be used to test a particular null versus alternative hypothesis, in which case it is 
desirable to employ whichever test is most powerful. However, many such families 
of tests are based on asymptotic distribution theory, and asymptotically any test in 
the family will provide a level of power approaching 1.0 against any alternative 
hypothesis away from the null hypothesis. Thus Pitman introduced the concept of 
the asymptotic power (efficiency) against a family of local alternatives that remain 
"close" to the null hypothesis value for large values of N so that the power remains 
below 1.0 except in the limiting case (n  + m). 

Let T be a test statistic for Ho: 6' = 6'0 versus H I :  6' # 6'0, where the power 
function of T increases in 8, so that T is an unbiased test, and where the power 
also increases in the total sample size n so that T is also consistent (cf: Lehman, 
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1986). Let a, (00) designate the Type I error probability of the test for a given 
sample size n, and let 7, (0) = 1 - /3, (0) designate the power of the test to detect 
a specific value 0 # 00 for a given n as n increases indefinitely. Asymptotically, 
for any such test, lim 7,  (0) ---t 1 for any 0 # 00 and thus the limiting power in a 
broad sense is not useful for evaluating any particular test, nor for the comparison 
of different tests at the same value of 0 under H I .  Therefore, we use the concept 
of local power defined under a sequence of local alternatives as n increases of the 
form 

n+m 

6 e, = e, + - 
fi 

(3.45) 

such that lim 0, = O0 for any finite 6. Since Zl-p = Z,,, increases in fi then 

Z,,, approaches a constant at the same rate that 0, -+ 00 so that a < ~ ~ ( 0 , )  < 1. 
For such a sequence of local alternatives, the efficiency of the test is a function 

of the limiting power 

n- 00 

lim 7n (0,) = lim 1 - pn (0,). (3.46) 
n-+m n-oo 

or 

(3.47) 

where Tn,o: is the a level critical value. If we restrict consideration to test statistics 
that are asymptotically normally distributed, under the alternative hypothesis the 
asymptotic distribution can be described as: 

d 
~ n J 0 n  M N [P  (0,) 1 $2 ( e n )  /n]  (3.48) 

with mean E (TnlOn) = p (0,) and variance V (TnlO,) = o2 (0,) that may depend 
on the value of 0, with variance component 4* (8,). Then under Ho: 0 = 00, 
asymptotically 

(3.49) 

Therefore, for an upper tailed 1 - a level test, 

7,  (0,) = P [Zn 2 &-a I en1 ' (3.50) 

From the description of the power function of such a test (3.20), where 1-P, (0,) = 
"I, (0,) = [zY,,(e,,)], yields 

(3.51) 

Now assume that p(0,) and @(en) are continuous and differentiable at 0 = 00. 
Evaluating -yn under a sequence of local alternatives, the limiting power is provided 
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by lim Z,,,(e,). For the second term on the r.h.s., evaluating $(en) under the local 
alternative yields 

n-too 

(3.52) 

Therefore, the limiting value of the non-centrality parameter for the test is 

Multiplying the numerator and denominator by 6 then, 

Now let E = 6/&, so that lim H (6/fi) 3 limH(&) for any function IT(.). 
Then 

n-oo E - t O  

Since 6 is a constant by construction, then the efficiency of any test at level CY will 
be proportional to 

(3.56) 

Therefore, the efficiency of any given statistic T as a test of Ho versus HI is usually 
defined as 

(3.57) 

The numerator is the derivative of the expectation of T evaluated at the null 
hypothesis value. When p’ (8) = 1, such as when T is unbiased or consistent for 
B itself such that E (2’) = p (8) = 8, then 

(3.58) 

which is the reciprocal of the large sample variance of T under the null hypothesis 
(the null variance). 
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3.5.2 Asymptotic Relative Efficiency 

If there are two alternative tests for Ho: d = do, say Ti and T2, then the locally 
more powerful test of the two will be that for which the efficiency is greatest. The 
difference in efficiency is reflected by the asymptotic relative efficiency (ARE) of 
Ti to T2 

(3.59) 

A value of ARE(T1, T2) > 1 indicates that 2'1 is the more powerfhl test asymptot- 
ically, whereas ARE(T1, T2) e 1 indicates that T2 is more powerful. 

I f  TI and T2 are both unbiased such that E (Ti) = 0 for i = 1,2,  then 

where Ti is the more powerful test when o$, < o+2, and vice versa. From (3.21), 
assuming = o: = u2, the sample size required to provide power 1 - p to detect 
a difference A using a test at level a is of the form 

(3.60) 
L J 

which is directly proportional to the variance of the statistic. Thus for such tests, 
the ARE(T1,Tz) can be interpreted in terms of the relative sample sizes required 
to provide a given level of power against a sequence of local alternatives: 

(3.61) 

where N (T,) is the sample size required to achieve power 1 -/3 for a fixed A with 
test T,. 

Example 3.5 
Consider sampling from a normal distribution, X - N ( p ,  $2), where we wish to 
test Ho: p = 0 versus HI: p # 0. Two consistent estimators of p are 

Ti = z N N ( p ,  @ 2 / n )  (3.62) 

T2 = E(0 .5n)  = median - N [p,  ( ~ 4 ~ )  / (2n) ]  (3.63) 

ARE of Normal Median: Mean 

where 7r/2 = 1.57. Thus 

Therefore, in order to provide the same level of power against a sequence of local 
alternatives, the test using the median would require a 57% greater sample size than 
the test using the mean. Thus the test based on the mean is 57% more efficient 
than the test using the median. 
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3.5.3 Estimation Efficiency 

An equivalent expression for the efficiency of a statistic may also be obtained from 
the perspective of the estimation eficiency of that statistic as an Ftimate of the 
parameter of interest. Let 8 be a consjstent estimator of 8, where 8 is a function 
of a sample statistic T of the form 0 = f (T). Then, from the Law of Large 
Numbers and Slutsky’s Theorem (A.47), as n -+ 00, then T 3 T = E ( T )  and 
ê  5 0 = f (T) .  Therefore, by a Taylor’s expansion of f  (T) about T ,  asymptotically 

and 

T--7 
( 6 - 8 )  2 

(9). 

(3.65) 

(3.66) 

Therefore, asymptotically 

Thus V(e^)-’ is equivalent to the Pitman efficiency of the test statistic T in (3.56) 
evaluated at the true value of 8. 

In some cases these concepts are used to evaluate the properties of a set of tests 
within a specific family that may not be all inclusive. For example, if the estimator 
T is defined as a linear combination of other random variables, then we refer to the 
efficiency of the family of linear estimators. In this case, another test that is not a 
member of this family, such as a non-linear combination of the random variables, 
may have greater efficiency. The minimum variance, and thus maximum efficiency, 
for any estimation-based test then is provided by the Cramer-Rao lower bound for 
the variance of the estimate as given in (A.109) 

(3.68) 

where E(T(8)  = p ~ ( 0 )  is some function of 0 and I (8 )  is the Information function 
derived from the likelihood function for 8 (see Section A.6.4 of the Appendix). For 
an unbiased estimator of 0, then the maximum possible efficiency of the estimator 
or test is I ( 0 ) .  

These concepts of efficiency and asymptotic relative efficiency, in general, are 
widely used in the study of distribution-free statistics. Hiijek and Sidak (1967) 
have developed general results that provide the asymptotically most powerhl test 
for location or scale alternatives from any specified distribution. Another important 
application is in the development of asymptotically fully efficient tests for multiple 
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or stratified 2x2 tables under various “scales” or measures of association. This 
application is addressed in Chapter 4. The following section presents an illustration 
of these concepts. Additional problems involving evaluation of the power and 
sample size for specific tests, and the evaluation of the Pitman efficiency, are 
presented in hture chapters. 

3.5.4 Stratified Versus Unstratified Analysis of Risk Differences 

To illustrate these concepts, consider a study where we wish to assess the differences 
in proportions between two treatment or exposure groups where we may also be 
interested in adjusting for the differences in risk between subgroups or strata. Such 
analyses are the subject of the next chapter. Here, we consider the simplest case 
of two strata, such as men and women, within which the underlying probabilities 
or risks of the outcome may differ. We then wish to test the null hypothesis of 
no difference within both strata Ho: ~ 1 j  = 7rzj = nj for j = 1,2, versus the 
alternative HI: 8 = x 1 j  - 7r2j # 0 of a constant difference across strata, where 
the probability of the positive outcome in the control group differs between strata, 
~ 2 1  # ~ 2 2 .  Under this model we then wish to evaluate the ARE of an unstratified 
Z-test based on the pooled 2 x 2 table versus a stratified-adjusted test. 

Under this model, the exposed or treated group probability in the j th  stratum 
is x 1 j  = 8 + 7r2j for j = 1,2. Let Cj denote the expected sample fraction in 
the j th  stratum, E ( N j / N )  = ( j ,  where Nj is the total sample size in the j th  
stratum ( j  = 1,2) and N is the overall total sample size. Within the j th  stratum 
we assume that there are equal sample sizes within each group by design such that 
n i j  = N j / 2  and E(nij) = ( j  N / 2  (i = 1,2; j = 1,2). The underlying model can 
then be summarized as follows: 

Stratum Probability + 
Stratum Fraction Exposed Control 

1 Cl 9 + T 2 l  7r2 1 

2 i 2  8 + = 2 2  x 2 2  

where ( 1  + (2  = 1. 
Within each stratum let p i j  refer to the proportions positive in the ith group in 

the j t h  stratum, where E ( p , j )  = x,j (i = 1,2; j = 1 , 2 ) .  Then the unstratified 
Z-test simply employs (2.80) using the { p i . }  and { n i . }  from the pooled 2x2 table 
where n i ,  = N / 2  by design and 

(3.69) 

since nij = Nj/2 and N1 + N 2  = N .  Thus the test statistic in the marginal 
unadjusted analysis is 

2 N j  
T. = P l .  - P2.  = c, - ( p l j  - P Z j ) .  

~ = 1  N 
(3.70) 



EFFICIENCY 81 

Under this model, the underlying parameters are the probabilities within each 
stratum, the {7rij}. Thus E(pi.)  is a function of the {nij} and the sampling 
fractions of the two strata: 

Thus 

and the statistic is asymptotically unbiased. 

nlj = n2j = T,, then 
The variance of this pooled statistic is V(T.) = V(p1.) + V(p2,). Under Ho: 

Thus 

and 

where 

(3.73) 

(3.74) 

(3.76) 

is the variance of the difference within the j t h  stratum under the null hypothesis 
with variance component $ij = 47rj (1 - 7 r j ) / C j .  

Now consider the stratified adjusted test where the test statistic is an optimally 
weighted average of the differences within each of the two strata of the form 

(3.77) 

where w1 + w2 = 1. First, the weights must be determined that provide maximum 
efficiency (power) under the specified model that there is a constant difference 
within the two strata. Then, given the optimal weights, we obtain the asymptotic 
efficiency of the test and the asymptotic relative efficiency versus that of another 
test, such as the pooled unstratified test above. 
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Since E(p1j - p z j )  = 0 within each stratum (j = 1,2), then asymptotically 
E ( T )  = 8 for any set of weights that sum to 1. The variance of the statistic, 
however, depends explicitly on the chosen weights through 

Since the statistic provides a consistent estimate of 8, then the asymptotic effkiency 
of the test is 

1 -  1 

= V(T(H0) - w:uO", + w37f * 
(3.79) 

To obtain the test with greatest power asymptotically, we desire that value of w1 
(and w2) for which the asymptotic efficiency is maximized. Using the calculus of 
maximalminima, it is readily shown (see Problem 3.6) that the optimal weights are 
defined as 

(3.80) 

which are inversely proportional to the variance of the difference within the j t h  
stratum. With these weights, it follows that 

(3.81) 

which is the minimum variance for any linear combination over the two strata. 
These results generalize to the case of more than two strata. Such weights that 
are inversely proportional to the variance play a central role in optimally weighted 
estimates and tests. 

We can now assess the asymptotic relative efficiency of the stratified-adjusted 
test with optimal weights versus the pooled test. From (3.71)-(3.72), the weights in 
the pooled test asymptotically are simply the sample fractions (0). Since both test 
statistics are based on a consistent estimator of 8, then asymptotically dE(T,)/dO = 
dE(T)/d8 = 1 when evaluated at any value of 8. Then 

Because the total sample size N cancels from each variance expression, the ARE 
is not a function of the sample size. 

By construction, the optimal weights minimize the variance of a linear combi- 
nation over strata, so that ARE(T.,T) 5 1 and the stratified adjusted test will 
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always provide greater power when there is a constant difference over strata. How- 
ever, when the difference between groups is not constant over strata and the model 
assumptions do not apply, then the stratified-adjusted test may be less powerfhl 
than the pooled test. In the next chapter we consider these issues in greater detail. 
There we generalize the analysis to allow for any number of strata and we consider 
hypotheses that there is a constant difference on other scales, such as a constant 
relative risk or constant odds ratio over multiple 2x2 tables. 

Example 3.6 Two Srrara 
Consider the case of two strata with the following parameters: 

Stratum ( j )  cj 7rlj 7r2j 4ij w j  

1 0.3 0.35 0.2 2.6583 0.65102 
2 0.7 0.55 0.4 1.4250 0.34898 

where q5ij is the variance component from (3.76) that does not depend on the total 
sample size. In this case, ARE(T, ,T)  = 0.98955, indicating a slight loss of 
efficiency when using the pooled test versus the stratified adjusted test. Note that 
the optimal weights are close to the fractions within each stratum, W j  = c j  so that 
there is similar efficiency of the two tests. 

In Section 4.4.3 of Chapter 4, however, we show that the marginal unadjusted 
statistic T. = p l .  - p ~ .  is biased when there are differences in the sample fractions 
within each treatment group among strata, that is, nil/N1 # n , ~ / N z  for the i th 
treatment group with the two strata. In this case, the marginal unadjusted analysis 
would use a bias-corrected statistic, and the relative efficiency of the stratified 
adjusted test would be much greater. 

3.6 PROBLEMS 

3.1 Consider a one-sided Z-test against a left tail alternative hypothesis. Derive 
the basic equation (3.18) that describes the power for this test. 

3.2 Show that non-central factor for the X 2  test in a 2 x 2  table presented in (3.43) 
is equivalent to 'p2 = NK', where K is provided by the simplification in (3.38). 

3.3 Consider the case of two simple proportions with expectations ?rl and 7r2. We 
wish to plan a study to assess the incidence of improvement (healing) among those 
treated with a drug versus placebo, where prior studies suggest that the placebo 
control group probability of improvement is on the order of x2 = 0.20. We then 
wish to detect an increase in the probability of healing with drug treatment where 
the investigators feel that it is important to detect a minimal risk difference on the 
order of 0.10; that is, a probability of TI  = 0.30. Perform the following calculations 
needed to design the trial. 
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3.3.1. For a two-sided test at the LY = 0.05 level with 20.975 = 1.96, what 
total sample size N would be needed (with equal sized groups) to provide power 
1 - p = 0.90 (Z0.90 = 1.282) to detect this difference? 

3.3.2. Now suppose that a total sample size of only N = 400 is feasible. With 
7r2 = 0.2, what level of power is there to detect 

1. A difference of 0.10? 
2. A relative risk of 1.5? 
3. An odds ratio of 2.0? 
When doing this, note that as x1 changes, so also does 7r. 

3.3.3. Now suppose that the control healing rate is actually higher than originally 
expected, say 7r2 = 0.30 rather than the initial projection of 0.20. For a total sample 
size of N = 400 with equal sized groups, recompute the power to detect a difference 
of 0.10, a relative risk of 1.5 and an odds ratio of 2.0. 

3.3.4. Also, suppose that the new treatment is very expensive to administer. To 
reduce costs the sponsor requires that only 113 of the total N be assigned to the 
experimental treatment (Q1 = 1/3). Recompute the power for the conditions in 
Problems 3.1.2 and 3.1.3. What effect does the unbalanced design have on the 
power of the test? 

3.4 Consider the case of the large sample Z-test for the difference between the 
means of two populations based on the difference between two sample means 51 
and 3?2 that are based on samples drawn from some distribution with equal variances 
q2 in each population. Then asymptotically 

- z1 - z 2  
Z =  4 N(o, 1) (3.83) iP4- 

under the null hypothesis Ho: E(Z1)  = E(T2). Let E(5i)  = zli for i = 1,2. 
3.4.1. Show the asymptotic distribution of Z under H I :  211 # 2/2 

3.4.2. Derive the equation to compute the sample size N required to detect a 
difference p1 = 'u1 - u2 # 0 expressed as 

(3.84) 

with sample fractions { t i } .  
3.4.3. Derive the equation to compute the power of the test expressed as 

- ZI-, = 2/1 -2/2 -z1-, . (3.85) 
d m 1  - 2/21 

21 -p  = 

ql- J- 
3.4.4. What sample size is required to detect a difference p1 = 0.20 with power 

= 0.9 where (p2 = 1 with two equal sized groups using a two-sided test at level 
a = 0.05 two-sided? 
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3.4.5. What power would be provided to detect this difference with N = 120? 

3.5 Consider the case of the large sample Z-test of the difference between the 
rate or intensity parameters for two populations based on samples drawn from 
populations with a homogeneous Poisson distribution with rate parameters A1 and 
Az, where there is an equal period of exposure per observation (see Section 8.1.2). 
For a sample_of ni observations in the ith group (i = 1,2), the sample estimate 
of the rate is A, = di/ni where di is the number of events observed among the ni 
observations in the ith greup. Under Ho: X1 = XZ = A, the sample estimate of the 
assumed common rate is X = (dl + dz)/(nl + nz). 

3.5.1. Within the ith group, from the normal approximation to the Poisson, 

d, M N(niAi, niAi), show that under Ho the large sample Z-test is 
d 

(3.86) 

3.5.2. Show the asymptotic distribution of 
3.5.3. Derive the equation to compute the sample size N required to detect a 

- 52 under H I :  A1 # Az. 

difference p1 = A1 - A2 # 0 expressed as 

N =  

3.5.4. Derive the equation to compute the power of the test expressed as 

(3.87) 

3.5.5. What sample size is required to detect a difference A1 = 0.20 versus 
A2 = 0.35 with 90% power in a study with two equal sized groups using a two- 
sided test at level a = 0.05? 

3.5.6. What power would be provided to detect this difference with N = ZOO? 

3.6 Consider the ARE of the stratified versus the marginal analysis described in 
Section 3.5.4. 

3.6.1. Show that for the stratified adjusted test, the efficiency of the test is 
maximized and the variance in (3.79) is minimized using the optimal weights in 
(3.80). 

3.6.2. Then show that V(T(H0) equals the expression in (3.81). 
3.6.3. Now consider three strata where the variance of the stratified adjusted 

statistic is as in (3.78) with summation over the three strata. Then we desire the 
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weights w1 and w2 that minimize the function 

V(TIH0) = W l U &  -t- w2& + (1 - w 1  - W2)U&. (3.89) 

Differentiating with respect to w 1  and 202 yields two simultaneous equations. Solve 
these and then simplify to show that the optimal weights are 

(3.90) 

for j  = 1 ,2 ,3 .  



4 
Stratified-Adjusted 

Analvsis for Two 
Indepekdeni Groups 

4.1 INTRODUCTION 

In many studies, it is important to account for or adjust for the potential influence 
of other covariates on the observed association between the treatment or exposure 
groups and the response. This observed association may be biased when there 
is an imbalance in the distributions of an important covariate between the two 
groups. One approach to adjust for such imbalances is to conduct a stratified 
analysis, stratifying on the other covariates of importance. Another, introduced in 
later chapters, is to employ an appropriate regression model. When the regression 
model is equivalent to the model adopted in the stratified analysis, then the two 
approaches are equivalent, at least asymptotically. 

In a stratified analysis the original samples of n1 and n2 observations are divided 
into strata, each an independent subdivision of the study, for example, males and 
females, and for each a separate 2x2 table is constructed. The stratified-adjusted 
analysis then aggregates the measures of association across all strata to provide a 
stratified-adjusted measure of association. The analysis also provides an aggregate 
overall stratified-adjusted test of significance. The stratified-adjusted analysis is 
also called an analysis of partial association because it assesses the influence of 
the treatment or exposure group on the response, after allowing for or adjusting for 
the association between the stratifying covariate with both group membership and 
with the response. 

In the previous chapter we explored a stratified test of significance of risk differ- 
ences over two strata to illustrate the concept of the asymptotic relative efficiency 
of two possible tests for the same hypothesis. We now extend this concept to 
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include estimators of an assumed common or average parameter over strata and 
asymptotically efficient tests of significance. In addition to the risk difference, we 
also consider the log relative risk and the log odds ratio. We do so first from the 
perspective of a fixed effects model and then generalize these developments to a 
random effects model. 

A stratified analysis may be performed for various reasons. The most common is 
to adjust for the potential influence of an important covariate that may be associated 
with group membership. In observational studies, it is possible that such a covariate 
may explain some of the observed association between group and response, or the 
lack thereof. This can occur when there is an imbalance between groups with 
respect to the distribution of a covariate, such as when there is a larger fraction 
of males in one group than in the other. However, in a stratified analysis this 
imbalance can be accounted for by comparing the groups separately within each 
stratum, such as separately among males and separately among females. In this 
manner the influence of the covariate on the observed association, if any, between 
group and response is accounted for or adjusted for. 

Another common application of a stratified analysis is a ntetu-analysis. This 
refers to the combination of the results of separate studies or sub-studies, each con- 
stituting a separate stratum in the analysis. The analysis then provides a stratified- 
adjusted combined estimate of an overall group effect, and assesses its statistical 
significance. For example, in a multicenter clinical trial, it may be desirable to 
conduct a combined assessment of the overall treatment effect adjusting for center- 
to-center differences in the nature of the patient populations or other center-specific 
differences. In this case, the results within each clinical center form an indepen- 
dent stratum and the adjusted analysis combines the results over strata. Similarly, 
a meta-analysis of a specific treatment effect may be obtained by conducting a 
stratified-adjusted analysis in which the results of several published studies of the 
same treatment versus control are combined. For example, the Early Breast Cancer 
Trialist’s Collaborative Group ( 1998) presented a meta-analysis of 37,000 women 
from 55 studies of the effects of adjuvant tamoxifen on the risk of recurrence of 
breast cancer following surgical treatment. The majority of these studies had pro- 
duced inconclusive (not statistically significant) results. However, combining all 
of these studies into a single analysis greatly increased the power to detect an im- 
portant therapeutic effect. Among all women, the risk of cancer recurrence was 
reduced by 26%, and among those treated for three or more years it was reduced 
by 42%, each p I 0.0001. 

The most commonly used and well-known method for conducting a stratified 
analysis of multiple independent 2 x 2 tables is the procedure of Mantel and Haenszel 
(1959). The Mantel-Haenszel procedure yields an aggregate or combined test of 
partial association that is optimal under the alternative hypothesis of a common 
odds ratio. An asymptotically equivalent test for a common odds ratio is the test 
of Cochran (1954a). Cochran’s test is also a member of a family of tests described 
by Radhakrishna (1965), which also includes tests of a common relative risk or a 
common risk difference, among others. Mantel and Haenszel (1959) also describe 
an estimate of the assumed common odds ratio. Other estimators are the maximum 
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likelihood estimates, and a family of efficient estimates described by Gart (1971) 
that can be derived using weighted least squares. These and other related procedures 
are the subject of this chapter. 

First we consider the analyses within strata and the unadjusted marginal analy- 
sis. We then consider the asymptotically equivalent Mantel-Haenszel and Cochran 
stratified-adjusted tests of significance. 

4.2 MANTEL-HAENSZEL TEST AND COCHRAN'S TEST 

4.2.1 Conditional Within-Strata Analysis 

The analysis begins with a conditional within-strata analysis in which a separate 
2 x 2  table is constructed from the observations within each strata. Let K refer to 
the total number of strata, indexed by j = 1, . . . , K .  The strata may be defined by 
the categories of a single covariate, for example, gender, or by the intersection of the 
categories of two or more covariates considered jointly, such as by four categories 
defined by gender and the presence versus absence of a family history of diabetes. 
Conditionally within the j t h  strata, the observed frequencies in the 2 x 2  table and 
the corresponding probabilities of a positive response with each group are denoted 
as 

j t h  s t ra tum (4.1) 
Frequencies Probabilities 

Group GTOUP 
1 2  1 2 

-I- mlj [TI. Response 

- d j  m2j 1 - ~ l j  1 - ~ z j  

nlj n 2 j  N j  1 1 

Within the j t h  stratum any of the measures of group-response association described 
previously may be computed: the risk difference R D j  = plj  - pzj,  relative risk 
RRj = plj /pzj  = ( a j / n ~ j ) / ( b j / n z j )  = ajnzj /bjnl j ,  and the odds ratio ORj = 
p l , / ( l  - p l j ) / b z j / ( l  - pzj)]  = a jd j /b jc j .  One could also conduct a test of 
association using the contingency chi-square test (Cochran's test), Mantel-Haenszel 
test, or an exact test, separately for each of the K tables. However, this leads to 
the problem of multiple tests of significance, with pursuant inflation of the Trpe I 
error probability of the set of tests. Thus it is preferable to obtain a single overall 
test of significance for the adjusted association between group and response, and a 
single overall estimate of the degree of association. 

h 

h h 
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4.2.2 Marginal Unadjusted Analysis 

In Chapter 2 we considered the case of a single 2 x 2  table. This is also called a 
marginal or unadjusted analysis because it is based on the pooled data for all strata 
combined. Using the "." notation to refer to summation over the K strata, the 
observed frequencies and the underlying probabilities for the marginal 2 x 2  table 
are 

Frequencies Probabilities 
Group Group 
1 2  1 2 

(4.2) 

m2. 
711. 722. N .  1 1 

This provides the basis for the unadjusted conditional Mantel-Haenszel test statis- 
tic Xz. in (2.83) and the unconditional Cochran test statistic X:. in (2.90), the "." designating the marginal test. The measures of association computed for this 
table are likewise designated as RD., RR., and z.. These tests and estimates, 
however, ignore the possible influence of the stratifying covariate. 

Example 4.1 Clinical Trial in Duodenal Ulcers 
Blum (1982) describes a hypothetical clinical trial of the effectiveness of a new 
drug versus placebo. Through randomization, any randomized study is expected 
to provide an unbiased assessment of the difference between treatments, so that 
the marginal unadjusted analysis is expected to be unbiased. Even in this case, 
however, it is sometimes instructive to assess the treatment effect adjusting for an 
important covariate that may have a strong influence on the risk of the outcome, 
or the effectiveness of the treatment. In this example we assess the effectiveness 
of a new drug for the treatment of duodenal ulcers where the drug is expected to 
promote healing of the ulcers by retarding the excretion of gastric juices that leads 
to ulceration of the duodenum. 

Ulcers typically have three classes of etiology. Acid-dependent ulcers are princi- 
pally caused by gastric secretion and it is expected that these ulcers will be highly 
responsive to treatment if the drug is effective. Drug-dependent ulcers are usually 
formed by excessive use of drugs, such as aspirin, that may irritate the lining of 
the duodenum. Since gastric secretion plays a minor role in drug-induced ulcer 
formation, it is expected that these ulcers will be resistant to treatment. The third 
category consists of ulcers of intermediate origin where it is difficult to determine 
whether the ulcer is principally caused by a defect in acid secretion or excessive 
use of a drug irritant. 

Initially 100 patients were assigned to each treatment (drug versus placebo). 
When stratified by ulcer type, the following 2 x 2 tables for drug (0) versus placebo 
(P) and healing (t) versus not (-) are formed. 

h h  
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1. Acid-Dependent 2 .  Drug-Dependent 3. Intermediate 
D P  

42 47 89 12 9 21 46 44 90 

(reproduced with permission). The unadjusted analysis is based on the marginal 
2 x 2 table obtained as the sum of the stratum-specific tables to yield 

Marginal 
D P  

I 

100 100 200 

Within each stratum, and in the marginal unadjusted analysis among all strata 
combined, the proportions that healed in each group are 

Group Stratum Marginal 
Proportion 1 2 3 Unadjusted 

Drug (pi) 0.381 0.750 0.609 0.530 
Placebo (PZ, 0.426 0.444 0.364 0.400 

The estimates of the three principal summary measures and the 95% confidence 
limits are presented in Table 4.1. For the relative risk and odds ratios, the asymmet- 
ric confidence limits are presented. The Cochran and Mantel-Haenszel test statistics 
within each stratum and marginally (unadjusted) are 

Stratum Marginal 
Test I 2 3 Unadjusted 

Mantel-Haenszel X," 0.181 1.939 5.345 3.380 
P S  0.671 0.164 0.021 0.067 

Cochran X: 0.183 2.036 5.405 3.397 
PI 0.669 0.154 0.021 0.066 

Among those treated with the drug, the highest healing rates (proportions) were 
observed in the drug dependent (2) and intermediate (3) ulcer strata. The beneficial 
effect of drug treatment was greatest among those with drug dependent ulcers, 
whether measured as the risk difference, relative risk or odds ratio. Although the 
tests of significance within strata are presented, these are not usually employed 
because of the problem of multiple tests of significance and the pursuant increase 
in the Type I error probability. 
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Table 4.1 Measures of Association Within Each Stratum and in the Marginal Unadjusted 
Analysis 

Stratum 
Measure 1 2 3 Marginal 

Risk dflerence (E) 
V ( S )  

95% C.I. for RD 

Relative risk (%?I 
log relative risk 

95% C.1. for RR 
?[log %?I 

Odds ratio (GI 
log odds ratio 

95% C.I. for OR 
V"l0g G] 

-0.045 0.306 
0.01 1 0.043 

-0.25,0.16 -0.10,0.71 

0.895 1.688 
-0.111 0.523 

0.067 0.167 
0.54,1.49 0.76,3.76 

0.83 1 3.750 
-0.185 1.322 

0.188 0.894 
0.36,1.94 0.59,23.9 

0.245 
0.010 

0.04,0.45 

1.674 
0.515 
0.054 

1.06,2.64 

2.722 
1.001 
0.189 

1.16,6.39 

0.130 
0.0049 

-0.007,0.27 

1.325 
0.281 
0.0239 

0.98,1.79 

1.691 
0.526 
0.0818 

0.97,2.96 

Marginally, the differences between groups is not statistically significant. This 
test, however, ignores the imbalances between groups in the numbers of subjects 
within each of the three ulcer-type strata. One might ask whether the nature or 
significance of the treatment group effect is altered in any way after adjusting for 
these imbalances within strata. 

4.2.3 Mantel-Haenszel Test 

Mantel and Haenszel (1959) advanced the following test for a common odds ratio 
among the set of K tables that adjusts for the influence of the stratifying covariate(s). 
This provides a test of the global null hypothesis Ho: 7r1j = 7r2j (ORj = 1) for 
all j versus the alternative that the probabilities within strata differ such that there 
is a common odds ratio. That is, H I :  ORj = OR # 1 for all j = 1, ..., K. As 
shown in Section 2.6.3, from the conditional hypergeometric likelihood for a single 
2x2 table under the null hypothesis within the j t h  stratum, the expected frequency 
for the index cell, E(a j ) ,  is simply 

(4.4) Ej = E(a j )  = n1jmljfNj 

and central hypergeometric variance of aj under HO is 
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Within the j t h  stratum, these provide a within-stratum test. However, we are 
principally interested in the aggregate stratified-adjusted test. The Mantel-Haenszel 
test and its asymptotic distribution are obtained as follows. 

Within the j t h  stratum, under HO asymptotically for large Nj and for fixed K, 

(4.6) 
d 

aj - Ej M N (0, V,]. 

Since the strata are independent 

Therefore, the stratified-adjusted Mantel-Haenszel test, conditional on all margins 
fixed, is 

(4.8) 
K where a+ = C j = i a j ,  E+ = C j  Ej and Vc+ = C j  V, .  Since (a+ - E+) 

is the sum of asymptotically normally distributed stratum-specific variates, then 

asymptotically (a+ - E+) M N [0, Vc+] and asymptotically X:(Mql x x2  on 1 
df. Note that while a+ = a, is also the index frequency in the marginal 2x2  table 
in (4.2), the other components E+ and I(-+ are not based on the marginal table at 
all. 

The asymptotic distribution can also be demonstrated for the case where the sam- 
ple size within each stratum is small but the number of strata increases indefinitely 
(Breslow, 1981). 

d d 

4.2.4 Cochran’s Test 

An asymptotically equivalent test was also suggested by Cochran (1954a) using 
a linear combination of the differences between the proportions p l j  - p2j over 
the K strata. The representation of this and other tests in this form is described 
subsequently. Algebraically, Cochran’s stratified adjusted test can also be expressed 
in terms of (a+ - E+). 

Starting from the unconditional product binomial likelihood, as shown in Section 
2.6.4 for a single 2x2  table, then under the null hypothesis, E(a j )  = nljnj within 
the j t h  stratum that can be estimated consistently as - 

Ej = nljmlj/Nj.  (4.9) 

As shown in (2.88), the unconditional variance of aj is 

(4.10) 
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which can be consistently estimated as 

(4.11) 

Therefore, when aggregated over strata, the stratified-adjusted unconditional test is 
provided by 

(4.12) 

Analogously to (4.6) and (4.7), asymptotically (aj - E j )  - N [0, V:j] within the 

j t h  stratum and (a+ - E+) M N [0, V2 1. Extending the approach used in Section 
(2.6.4), asymptotically ,!?+ 3 E+ and Vu+ -% Vu+, and from Slutsky's Theorem 

(Appendix, Section A.4.3) Xi(,) 2 x2 on 1 df. 
Since the only difference between the conditional Mantel-Haenszel test X;lMH, 

and the unconditional Cochran test Xi(,) is in the denominators, and since Vuj = 
Vcj(Nj - l) /Nj,  then the two tests are asymptotically equivalent. Thus the two 
are often referred to interchangeably as the Cochran-Mantel-Haenszel Test. 

Formally, as will be shown in Section 4.7 to follow, these tests address the 
following null hypothesis: 

d 

"+, 

d 

Ho: OR = 1 assuming E(O^R,.) = ORj = OR,'dj (4.13) 

versus the alternative 

H ~ :  OR $; 1 assuming E(OR,.) =  OR^ = O R , V ~ .  

Thus these tests are described explicitly in terms of odds ratios. This also implies 
that different test statistics could be used to detect an adjusted difference in relative 
risks or risk differences. Such tests are also described in Section 4.7. 

Example 4.2 
For the above example, the Mantel-Haenszel test statistic is X&,,,,H) = 3.0045 
with p 5 0.083. Cochran's test is X&,) = 3.0501 with p I 0.081. Compared 
to the marginal unadjusted analysis, the stratified adjusted analysis yields a slightly 
less significant test statistic value, p 5 0.083 versus p 5 0.067 (using the Mantel- 
Haenszel tests). These results suggest that some of the association between treatment 
and response is now accounted for through the stratification adjustment. Stratified- 
adjusted estimates of the degree of association are then required to further describe 
the nature of the stratification adjustment. 

Clinical Trial in Duodenal Ulcers (continued) 
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4.3 STRATIFIED-ADJUSTED ESTIMATORS 

4.3.1 Mantel-Haenszel Estimates 

Mantel and Haenszel (1 959) presented a “heuristic” estimate of the assumed com- 
mon odds ratio, and also of the assumed relative risks when a common relative risk 
is assumed to exist rather than a common odds ratio. There was no formal proof of 
the asymptotic properties of these estimators, nor were they derived so as to provide 
any particular statistical properties. Rather, Mantel and Haenszel simply stated that 
these estimators seemed to work well compared to other possible estimators. In 
fact, it was not until recently that the asymptotic variances of the estimates were 
actually derived. 

The Mantel-Haenszel estimate of the common odds ratio is 

(4.14) 

which can be expressed as a weighted combination of the stratum-specific estimates 
of the form 

with weights 

(4.16) 

that sum to unity, 

of the common relative risk is 
Likewise, when a constant relative risk is assumed, the Mantel-Haenszel estimate 

(4.17) 

This estimate can also be expressed as a weighted average of the stratum-specific 
relative risks: 

with weights 

(4.18) 

(4.19) 

Because these estimators were derived heuristically, their large sample properties 
were not derived; nor did Mantel and Haenszel describe an estimate of the large 
sample variance, or the computation of confidence limits. 
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4.3.2 Test-Based Confidence Limits 

One of the first approaches to constructing confidence limits for the assumed com- 
mon odds ratio, which may also be applied to the Mantel-Haenszel estimate of 
the common relative risk, is the suggestion by Miettinen (1976) that the aggregate 
Mantel-Haenszel test be inverted to yield so-called test-based confidence limits. 
These are a simple generalization of the test-based limits described in Section 2.6.6. 

Let ê  denote the log of the Mantel-Haenszel estimate, either ê  = log ORMH (- 1 
(- 1 A 

or B = log RRMH . Then assume that the Mantel-Haenszel test could also be 

expressed as an estimator-based test. If the variance of the estimate 0; were known, 
then the test statistic would be constructed using the variance estimated under the 
null hypothesis of no partial association, that is, using the variance estimate i$, H o .  

This would yield a test of the form 

(4.20) 

4 

Given the observed values Z C ( ~ H )  and 8, the test statistic can be inverted to yield 
a test-based estimate of the variance of 5 as 

(4.21) 

This test-based variance could then be used to coxtruct confidence limits for the 
parameter of interest. For example, for 8 = log ( ORMH), the resulting test-based 

1 - a level confidence limits on log (OR) are provided by 

g* Z I - a / Z $ / Z C ( M H )  (4.22) 

and those on OR as 
h h  

(ORo, OR,) = exP [$* Z l - a / Z e ^ / % ( M H ) ]  (4.23) 

These test-inverted confidence limits are inherently incorrect because they are 
based on an estimate of the variance derived under the null hypothesis, whereas 
the proper limits are defined under the alternative hypothesis. However, they often 
work well in practice. See Halperin (1977) and Greenland (1984), among others, 
for a firther discussion of the properties of these confidence limits. 

4.3.3 

In general, it is preferable to obtain asymmetric confidence limits on an odds ratio 
or relative risk as the exponentiation of the symmetric confidence limits from the 

Large Sample Variance of Log Odds Ratio 
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log odds ratio or log relative risk. Since the Mantel-Haenszel estimates are weighted 
averages of the odds ratios and relative risks, not the logs thereof, a large sample 
variance of the log odds ratio, and also the log relative risk, can be obtained as 
follows using the &method (Hauck, 1979). 

Consider the estimate of the common odds ratio ORMH in (4.14), where 8 = 
log ( O R M H ) .  As shown in Problem 2.5.4, given an estimate of the variance of the 
log odds ratio, V(@,  then asymptotically 

2 ,  n v ( Z M H )  2 ( o R M H ) ~  v(ii)A ( o ^ R M H )  v(e) , (4.24) 

where ‘&’ means “estimated as.” However, the Mantel-Haenszel estimate is a 
weighted average of the stratum-specific odds ratios. If we treat the weights { v j }  as 

from (4.15) as 
known (fixed), then the asymptotic variance V can be obtained directly 

Substituting into (4.24) yields 

(4.26) 

from which the estimate p($) can then be computed. This then yields cofidence 
limits on the log odds ratio, and asymmetric confidence limits on the odds ratio. 
The expressions for the relative risk and log thereof are similar. 

Guilbaud (1983) presents a precise derivation of this result also taking into 
account the fact that the estimated odds ratio is computed using estimated weights 
{ G j }  rather than the true weights. However, from Slutsky’s Convergence Theorem 
(A.45), since the estimated weights in (4.16) and (4.19) can be shown to converge 
to constants, the above simple derivation applies. 

Various authors have derived other approximations to the variance of the Mantel- 
Haenszel estimate of the common log odds ratio ê  = log ORMH . The most 
accurate of these is the expression given by Robins, Breslow and Greenland (1986) 
and Robins, Greenland and Breslow (1986). The derivation is omitted. The estimate 
is based on the following five sums: 

(- 1 

K K K 

S 1  = C U j d j / N j ;  5’2 = C b j ~ j / N j i  S3 = C (Uj + d j )  Ujdj /N:;  (4.27) 
j = 1  j=l j=1 

K K 

S, = C (bj  + c j )  bjcj/N:; ~5 = C [ ( ~ j  + d j )  bjcj + (bj + ~ j )  ajdjl /N: 
j = 1  j= l  
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Table 4.2 Relative Risks and Odds Ratios Within Strata and the Mantel-Haenszel Adjusted 
Estimates. 

Association Stratum Mantel-Haenszel 
Measure 1 2 3 Estimate 95% C.I. 

Odds Ratio 0.831 3.750 2.722 1.634 0.90, 2.97 

V(0RMMH) 0.248 
Gj 0.608 0.059 0.333 

A h  

Relative Risk 0.895 1.688 1.674 1.306 0.95, 1.79 
Gj 0.474 0.115 0.411 

A h  

~ ( R R M H )  0.044 

The estimate of the large sample variance is then calculated in terms of these five 
sums as follows: 

(4.28) 

Example 4.3 
For this example, Table 4.2 presents a summary of the calculation of the Mantel- 
Haenszel estimate of the stratified-adjusted odds ratio, and the adjusted relative 
risk, along with the Hawk estimate of the variance and the corresponding 95% 
confidence limits. The Mantel-Haenszel estimate of the common odds ratio is 
O R ~ H  = 1.634, and its log is 0.491. The Robins, Breslow and Greenland es- 

timate of the variance of log ORMH is 0.0813, which yields asymmetric 95% 
confidence limits for the common odds ratio of (0.934, 2.857). The terms entering 
into this computation are 5‘1 = 15.708, S 2  = 9.614, S3 = 9.194, S, = 4.419 and 
5’5 = 11.709. For comparison, the test-based confidence limits for the common 
odds ratio are (0.938, 2.846). Hauck’s method yields e ( O ^ R M H )  = 0.24792 

with V l o g 6 & ~  = 0.09287, somewhat larger than the Robins, Breslow and 
Greenland estimate. The resulting confidence limits for OR are (0.899, 2.97) that 
are somewhat wider. 

Compared to the marginal unadjusted analysis, the stratified adjusted analysis 
yields a slightly smaller odds ratio in favor of the new drug treatment (1.63 versus 
1.69). Thus a small part of the original unadjusted estimate of the difference in 
effectiveness of drug versus placebo was caused by the imbalances in the numbers 
of subjects from each stratum within each group. 

The weights {Gj} show that Mantel-Haenszel estimates give greatest weight to 
stratum 1, the least to stratum 2, more so for the odds ratios than the relative risks. 

Clinical Trial in Duodenal Ulcers (continued) 

(- 1 

- (  1 
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4.3.4 Maximum Likelihood Estimates of the Common Odds Ratio 

An adjusted estimate of the assumed common odds ratio can also be obtained 
through maximum likelihood estimation. Under the hypothesis that E(%j) = 
OR = cp for all K strata, then the total likelihood is the product of the K stratum- 
specific conditional hypergeometric likelihoods presented in (2.57) 

(4.29) 

where aej and a,j are the limits on the sample space for aj given the margins in 
the j th  stratum as described in Section 2.4.2. Taking the derivative with respect to 
cp, the estimating equation for the MLE for cp cannot be expressed in a closed-form 
expression. This approach is described by Birch (1964) and is often called the 
conditional maximum likelihood estimate of the common odds ratio. Example 6.7 
of Chapter 6 describes Newton-Raphson iteration to obtain the MLE for cp. 

Then in Chapter 7 we also show that the MLE of the common log odds ratio 
can be obtained through a logistic regression model. This latter estimate is often 
termed the unconditional MLE of the common odds ratio. 

4.3.5 

A third family of estimators is described by Gart (1971) using the principle of 
weighting inversely proportional to the variances (Meier, 1953), which is derived 
from weighted least squares estimation. This approach provides an adjusted es- 
timator that is a minimum variance linear estimator (MVLE) of 6' for measures 
of association on any "scale" 6' = G(n1, nz) for some smooth function G(.,.). 
Therefore, these are asymptotically efficient within the class of linear estimators. 
However, since the estimates within each table are consistent, then the MVLE is 
also a consistent estimator and is asymptotically hlly efficient, and its asymptotic 
variance is easy to derive. 

Using the framework of weighted least squares (Section A.5.3 of the Appendix) 

we have a vector of random variables 8 = $1 . . . g ~ ) ~ ,  where the assumed 

model specifies that a common 0 applies to all strata such that E(&) = 0 for 
j 5 1,. . . , $. Further, the variance of the estimate within the j t h  stratum is 
V(Oj) = E(Oj - 6')2 = ggj, which will be designated simply as 0;. For each 
measure of association, these variances are presented in Section 2.3. For now, 
assume that the {c;} are known (fixed). Therefore, under this model, asymptotically 

Minimum Variance Linear Estimators (MVLE) 

( 

(4.30) 
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where J is a K x 1 unit vector of ones, E is a K x 1 vector, and where 

E ( E )  = 0, and V ( E )  = diag (u: . . . u:) = &. (4.3 1) 

We express the relationship only asymptotically because ej 3 0, = 6 for all j. 
Also V ( E ~ )  = 0; represents the random sampling variation of the estimate e?, in 
the j t h  stratum about the assumed common parameter 8.  

h 

Then from (A.70), the WLS estimate of the common parameter is 

(4.32) 

Since X;' = diag (01~. . . ai2) ,  this estimator can be expressed as a weighted 
average of the stratum-specific estimates 

where 

(4.33) 

(4.34) 

rj = u,T2 and wj = 1. Also, from (A.721, the variance of the estimate is 

(4.35) 

In practice, the estimate is computed using estimated weights {Zj} obtained 
by substituting the large sample estimate of the strahun-specific variances {Z!} in 
(4.33) so that 

(4.36) 

Since 3; 4 u;, 6 3 rj, and Gj 3 wj, then from Slutsky's Convergence Theorem 

(A.45) the resulting estimate 3 0, and asymptotically 6 
is distributed as 

is consistent for 0, or 

(iT- e)  & N (0, u; ) .  (4.37) 

Likewise, it follows from Slutsky's theorem that a consistent estimate of the variance 
is obtained by substituting the stratum-specific variance estimates {Z?} into (4.35) 
so that 

(4.38) 
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This is another derivation of the principle that weighting inversely proportional 
to the variances provides a minimum variance estimate under an appropriate model. 
Also, this is a fixed efects model because we assume a common value of the 
parEmeter for all strata, or that = 82 = . . . = 8K = 8 for all K strata, that is, 
E(8,) = 8 for all j. Therefore, the model assumes that all of the variation between 
the values of the observed { $ j }  is caused by random sampling variation about a 
common value 8. 

The explicit expressions for ê  and ?($) for the risk difference, log odds ratio 
and log relative risk are derived in Problem 4.2.3. The following is an example of 
the required computations. 

Example 4.4 
For the data in Example 4.1, the following is a summary of the computation of 
the MVLE for the stratified-adjusted log odds ratio, where $j = log (zj). The 
estimates, variances and estimated weights within each stratum are 

Clinical Trial in Duodenal Ulcers (continued) 

Stratum i& q q - 2  i2j 

I -0.185 0.188 5.319 0.454 
2 1.322 0.894 1.118 0.095 
3 1.001 0.189 5.277 0.451 

Total 11.715 1.0 

so that the MVLE is $ = log(=) = (-0.185 x 0.454) + (1.322 x 0.095) + 
(1.001 x 0.451) = 0.493 and = 1.637. The estimated variance of the log 
odds ratio is ?($) = 1/11.715 = 0.0854, which yields an asymmetric 95% C.I. 
on OR of exp ($& 1.963g) = exp (0.493 f ( 1 . 9 6 ) d m )  = (0.924,2.903). 
Note that the MVLE estimate and the asymmetric confidence limits are very close 
to the Mantel-Haenszel estimate and its confidence limits. 

Table 4.3 presents a summary of the computations of the MVLE of the common 
parameter 8 and its estimated large sample variance for the risk difference, relative 
risk and odds ratio. Note that each of the adjusted estimates is based on a slightly 
different set of weights. All three estimates, however, give less weight to the second 
stratum because of its smaller sample size. 

4.3.6 

The Mantel-Haenszel estimate of the common odds ratio O^RMH can be expressed 
as a linear combination of the stratum-specific odds ratios using weights Gj as 
shown in (4.15). However, the weights are not proportional to the inverse of the 
variance of the estimate within each stratum, that is, 

MVLE versus Mantel Haenszel Estimates 

s-2 

(4.39) 
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Table 4.3 MVLE of the Common Parameter 0 and Its Estimated Large Sample Variance 
for Each Measure 

Stratum Adjusted 
Measure 1 2 3  ê  95% C.I. 

e?, = Risk DIfSerence -0.045 0.306 0.245 
V ( & )  0.011 0.043 0.010 
Gj 0.437 0.110 0.453 

6 = log Relative Risk -0.111 0.523 0.515 
V(&)  0.067 0.167 0.054 
Gj 0.376 0.152 0.472 

Relative Risk 

4 = log Odds Ratio -0.185 1.322 1.000 
V @ j )  0.188 0.894 0.189 
i3j 0.454 0.095 0.451 

Odds Ratio 

0.125 -0.01,0.26 
0.0047 

0.281 
0.0254 

1.324 0.97,1.81 

0.493 
0.0854 

1.637 0.92,2.90 

where in this context D; = V(6&). Thus the Mantel-Haenszel estimate is not 
a minimum variance linear estimator of the common odds ratio, and will have a 
larger variance of the estimate than the MVLE of the common odds ratio. Note that 
in the preceding section we described the MVLE of the common log odds ratio, 
which is preferable for the purpose of constructing confidence intervals. However, 
the MVLE of the common odds ratio, without the log transformation, may also be 
readily obtained. 

Nevertheless, the Mantel-Haenszel estimate still has a favorable total mean square 
error (MSE) when compared to the MVLE and the MLE because the individual 
odds ratios are not unbiased with finite samples, and thus the adjusted estimators 
are also not unbiased. From the principle of partitioning of variation in Section 
A.1.3 of the Appendix, (AS), the total MSE of an estimator can be partitioned as 
MSE(e^) = V (g) +Bias2.  Gart (1971), McKinlay (1978), Breslow (1981) and 
Hauck (1989), among others, have shown that the MSE of the Mantel-Haenszel 
estimate is close to that of the MLE in various settings. Thus there is a trade-off 
between the slightly larger variance of the Mantel-Haenszel estimate and its slightly 
smaller bias with finite samples than is the case with the MVLE estimates. 
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Table 4.4 SAS PROC FREQ Analysis of Example 4. I 

data one; 
input  k a b c d ;  
cards  ; 
i 16 20 26 27 
2 9 4 3 5  
3 28 16 18 28 

T i t l e 1  ’Example 4 .1 :  Ulcer  C l i n i c a l  Trial’;  
d a t a  two; s e t  one; 
keep i j k f ;  
*K=Stratum, I=Group, J=Response, F=Frequency; 

I 

i = I ;  j = i ;  f = a ;  ou tput ;  
i = 2 ;  j = i ;  f =b; output ;  
i = 1 ;  j = 2;  f =c ;  ou tput ;  
i = 2 ;  j = 2 ;  f =d; ou tput ;  

proc f r e q ;  t a b l e  k * ( i  j >  / c h i s q  nocol nopercent ;  weight f ;  
T i t l e 2  
’Associat ion Of Stratum By Group (k*i )  And By Response ( k * j ) ’ ;  
proc f r e q ;  table k*i*j / cmh; weight f ;  
T i t l e 2  ’SAS Mantel-Haenszel Analysis’ ;  
run; 

4.3.7 SAS PROC FREQ 

Some, but not all, of the preceding methods are provided by the SAS procedure 
PROC FREQ for the analysis of cross-classified frequency data. Section 2.7 de- 
scribes the SAS output and computations for a single 2 x 2  table. This procedure 
also conducts a Cochran-Mantel-Haenszel analysis of multiple 2 x 2 tables. For 
illustration, Table 4.4 presents SAS statements to conduct an analysis of the data 
from Example 4.1. The results are presented in Table 4.5. Note that a data set 
is required that includes the level of stratum (k), group (i) and response (j) along 
with the frequency ( f )  within each cell of each 2 x 2  table. 

The first call of PROC FREQ generates the tables that assess the association 
of the strata with group membership and with the response. These analyses are 
discussed in the following section. Thus these pages of SAS output are not dis- 
played. The second call of PROC FREQ conducts the analysis of the association 
between group and response within each stratum, and the Mantel-Haenszel analy- 
sis over strata. The 2 x 2  tables of group by response within each stratum also 
are not displayed because this information is presented in Section 4.2 above. The- 
Mantel-Haenszel stratified adjusted analysis is shown in Table 4.5. 

The Mantel-Haenszel analysis first presents three stratified-adjusted tests; the 
test of non-zero correlation, the test that the row mean scores differ and the test of 
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Table 4.5 SAS PROC FREQ Mantel-Haenszel Analysis of Example 4.1 

SUMMARY STATISTICS FOR I BY J 
CONTROLLING FOR K 

Cochran-Mantel-Haenszel Statistics (Based on Table Scores) 

Statistic Alternative Hypothesis DF Value Prob 

1 Nonzero Correlation 1 3.005 0.083 
2 Row Mean Scores Differ I 3.005 0.083 
3 General Association 1 3.005 0.083 

Estimates of the Common Relative Risk (Rowl/Row2) 

Type of Study Method Value Confidence Bounds 

Case-Control Mant el-Haenszel 1.634 0.938 2.846 
(Odds Ratio) Logit 1.637 0.924 2.903 

95% 

.............................................................. 

Cohort Mantel-Haenszel 1.306 0.966 1.767 
(Coll Risk) Logit 1.324 0.969 1.810 

Cohort Mantel-Haenszel 0.796 0.615 1.030 
((2012 Risk) Logit 0.835 0.645 1.083 

The confidence bounds for the M-H estimates are test-based. 

Breslow-Day Test for Homogeneity of the Odds Ratios 

Chi-square = 4.626 DF = 2 Prob = 0.099 

general association. For multiple 2 x 2  tables, all three tests are equivalent to the 
Mantel-Haenszel test described herein. For R x C tables with R > 2 or C > 2, 
the three tests differ (see Stokes, Davis and Koch, 1995). 

This analysis is followed by measures of association. SAS labels these as mea- 
sures of relative risk. Three measures are computed: “Case-control”, “Cohort 
(Column 1 risk)” and “Cohort (Column 2 risk)”. As described in Section 2.7, 
these refer to the odds ratio, column 1 relative risk and the column 2 relative risk, 
respectively. For each, the Mantel-Haenszel estimate and a “logit” estimate are 
computed. For the odds ratio (Case-control relative risk) the logit estimate refers to 
the MYLE, actually the exponentiation of the MVLE of the common log odds ratio. 
The logit confidence limits are the asymmetric confidence limits for the odds ratio 
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obtained from the MVLE confidence limits for the common log odds ratio. For the 
‘‘Column 1” and the “Column 2” relative risks, the Mantel-Haenszel estimate of 
the stratified-adjusted relative risk and the test-inverted confidence limits are pre- 
sented. The MVLE of the common relative risk and the corresponding asymmetric 
confidence limits are also presented. These are also labeled as the “logit” estimates, 
although they are based on the log transformation, not the logit. 

4.4 NATURE OF COVARIATE ADJUSTMENT 

For whichever measure is chosen to describe the association between the treatment 
or expo_sure group and the response, the marginal unadjusted es t ip te  of the para- 
meter 8, is often different from the stratified-adjusted estimate 8. Also the value 
of the marginal unadjusted chi-square test, and its level of significance, are often 
different from those in the stratified-adjusted analysis. Part of this phenomenon 
may be explained by simple sampling variation, but a more important considera- 
tion is that the parameters in the conditional within-stratum analysis (the { e j } ) ,  

the marginal unadjusted analysis (O.), and the stratified-adjusted analysis (8) are all 
distinct. Thus, in general, one expects that the marginal parameter in the population 
will differ conceptually, and thus in value, from the assumed common value among 
a defined set of strata, that is, 8. # 8. 

The marginal parameter O,, such as the odds ratio, is the expected value of 
the sample estimate on sampling nl and n2 observations from a large (infinite) 
population. Within the j t h  of K strata, for K fixed, the stratum-specific value 

8, is the expectation E 8, on sampling nlj and n 2 j  observations from the large 
population defined by stratum j. In the stratified-adjusted model, it is assumed 
that the stratum-specific parameters share a common value 8 that is distinct from 
8.. Thus if one changes the nature of the strata then the meaning of 8 changes. 
In general, one should expect some difference between the marginal unadjusted 
analysis and the stratified-adjusted analysis. 

Thus there is no unique adjusted estimate of the parameter of interest nor a 
unique P-value for a statistical test that may be considered “correct”, or “the truth”. 
The results obtained depend on the model employed, which, in this case, refers 
to the scale used to measure the effect (RD, RR, OR, etc.), and on the set of 
covariates used to define the strata. Therefore, the conclusion of the analysis may 
depend on the measure chosen to reflect the difference between groups and the 
covariate(s) chosen to adjust for. In fact, this is true of all models. 

( A  1 

4.4.1 Confounding and Effect Modification 

When epidemiologists contrast the marginal unadjusted estimate versus the stratum 
specific estimates versus the stratified-adjusted estimate, usually in terms of the 
odds ratio or relative risk, they ofien draw a distinction between the influence of a 
confounding variable versus eflect modification. See Schlesselman ( 1982), Klein- 
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baum, Kupper and Morgenstern (1982), Rothman (1986) and Kelsey, Whittemore, 
Evans and Thompson (1996), among many, for further discussion. 

Confounding usually refers to the situation where the stratification variable is the 
true causal agent and the treatment or exposure group (the independent variable) is 
indirectly related to the outcome through its association with the causal stratification 
variable. For example, individuals who drink large amounts of coffee have a much 
higher prevalence of smoking than is found in the general population. Thus any 
association between the amount of coffee drunk per day and the risk of heart disease 
or cancer will likely be confounded with the association between smoking and 
coffee drinking. In this case, one expects that the unadjusted association between 
coffee drinking and heart disease is different from the adjusted association after 
stratification by smoking versus not. In fact, one expects the adjusted odds ratio 
to be substantially smaller. Therefore, it is now common to refer to “confounding” 
whenever an adjustment for another variable (the covariate) leads to a change in the 
nature of the association between the independent variable and the response. Such 
informal usage, however, is not precise unless the covariate can in fact be viewed 
as a true causal agent. 

In some cases the stratification adjustment may result in an increase in the 
strength of association between the independent and dependent variables. In extreme 
cases this is referred to as Simpson’s paradox. However, this is a misnomer. 
In multiple regression, for example, it is well known that adjustment for other 
covariates may result in a substantial increase in the strength of the association 
between the independent variable and the response. 

Confounding is an example of an antagonistic effect of adjustment where some 
of the association of the independent variable with the response is explained by 
the association between the independent variable and the covariate and between the 
covariate and the response. However, it is also possible that the adjustment may 
introduce a synergistic effect between the independent variable and the covariate 
such that the covariate-adjusted association between the independent variable and 
the response is greater than the marginal unadjusted association. 

Basically this can be viewed as follows: Consider the multiple regression case 
where all variates are quantitative. Let X be the independent variable, Y the 
dependent variable (response), and Z the covariate. If 2 has a strong association 
with X but a weak association with Y, then including 2 in the model will help 
explain some of the residual error or noise in the measurements of X, thus allowing 
the signal in X to better “predict” or be more strongly correlated with the values of 
Y. In the social sciences, the covariate 2 in this case would be called a suppressor 
variable. 

Effect modijkation, on the other hand, refers the observation that the stratum- 
specific estimates, the {Oj}, differ among the specific strata. Subsequently this 
is referred to as heterogeneity among strata, or an interaction between the group 
and strata effects. For example, assume that the association between body weight 
and the risk of developing diabetes were found to differ significantly between men 
and women, such as odds ratios of 1.7 per 5 kg greater weight for women and 
2.8 for men, where the difference between men versus women (between strata) is 
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Fk. 4.1 Covariance adjustment of the mean value in each group (gi) by removing the bias 
&(Hi- f) caused by the imbalance in the covariate means (Fi), i = 1,2. 

statistically significant. In this case we would say that gender modifies or interacts 
with the effect of body weight on the risk of developing diabetes. 

4.4.2 

Insight into the nature of covariate adjustment is also provided by the Analysis 
of Covariance (ANCOVA). Consider that we have two groups represented by the 
independent variable X = 1 or 2, and we wish to estimate the difference between 
groups in the means of a quantitative dependent variable Y. However, we also 
wish to adjust this estimate for any differences between groups with respect to a 
quantitative covariate 2 based on the regression of Y on 2. The elements of an 
analysis of covariance are depicted in Figure 4.1. Assume that the slope of the 
relationship of the response (Y) with the covariate (2) is the same in both groups 
so that the regression lines are parallel. By chance, or because of confounding, the 
mean value of the covariate may differ between the two groups, that is, F1 < Z2. 
TJus some of the difference between the unadjusted Y means in the two groups 
(0, = & - j j2)  is attributable to a bias introduced by the difference in the covariate 
means (Z, - 22) between the groups. 

Based on the estimated slope of the regression of Y on 2, that is assumed to 
be the same in the two groups, the bias introduced into the estimate of each Y 
mean can be estimated and then removed. Usually this is expressed by assessing 
the expected difference between groups had both groups had the same mean for 2, 

Stratification Adjustment and Regression Adjustment 



108 STRATIFIEDADJUSTED ANALYSIS FOR TWO INDEPENDENT GROUPS 

h 

that is, when tl = Z2 = F. This adjusted difference is provided by Oa = Qla - jj2a 
where the adjusted Y means pla and 82a are the values along the regression lines 
for which t = F. Thus in the i th  group 

y .  aa = p. z - ( y .  I -- Z I P ^  (4.40) 

and the difference between each unadjusted mean (pi) and the adjusted mean ( j j i i , )  
is the magnitude of the estimated bias introduced by the difference_ in the covariate 
mean from its overall mean (Zi - F) based on the estimated slope that is assumed 
to be the same in both groups. 

The assumption of a common slope between groups implies that the difference 
between the conditional expectations 0, = E(YI( .Z)  - E(y2It)  is constant for all 
values of the covariate Z. This is also called the assumption of parallelism, or of 
homogeneity of the group difference for all values of the covariate. This is directly 
equivalent to the assumption of a common difference between groups on some scale 
when t takes on discrete values rather than being continuous. Thus for a discrete 
covariate, an adjustment using a regression model is conceptually equivalent to 
an adjustment using direct stratification, although the methods of estimation may 
differ, for example, iterative maximum likelihood for a logistic regression model, 
and one-step weighted least squares for the MVLE estimates of a common odds ratio. 
Later in Chapter 7, we show more directly the asymptotic equivalence between a 
stratification-adjusted Mantel-Haenszel analysis and an adjustment for the same 
covariate using a logistic regression model. 

It should be noted that the above covariate adjustment may also be obtained from 
an analysis of the residuals of the relationshig of Y on 2. Assuming a quantitative 
covariate 2 with estimated common slope ,f3 in each group, then the residual for 
the j th  observation in the ith group is 

eij = yij - t i j p .  (4.41) 

Thus the adjusted difference betwe5n groups is also provided by the difference ig 
the group means of the residuals Ba = pIa - yaa = E l  - F2,  the constant ZP 
cancelling. 

- 

A 

- 

4.4.3 When Does Adjustment Matter? 

Further insight into the nature of covariate adjustment is provided by contrasting 
a simple versus a partial correlation coefficient for quantitative observations, as in 
multiple regression. Again consider three quantitative variates X, Y and 2, analo- 
gous to group, response and the stratifying covariate, respectively. The unadjusted 
correlation ply is a measure of the marginal association between the independent 
(X) and dependent (Y) variables, without consideration of the association between 
either variable with the possible mediating covariate (2). The partial or adjusted 
correlation, however, examines the association between X and Y after removing 
the association of each with 2. The partial correlation can be expressed as 

P+y,+ = C m T -  [e (4.) I e(Yl4l ! (4.42) 
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where e ( ~ 1 % )  = x - E (.I%) is the residual of x from its conditional expectation 
given the value z for each observation, and e(y1.z) = y-E(ylz) is the corresponding 
residual of y given the value z. Algebraically the partial correlation reduces to 

(4.43) P X Y  - P X Z P Y Z  

J i l  P X Y , Z  = 

where pvZ is the correlation between the mediating or stratification variable 2 and 
the response Y, and where psZ the correlation between the independent variable X 
and 2. Thus pxy,z = pxv if and only if both pzz = 0 and pYz = 0. If pxz # 0 then 
there is some association between the covariate and the independent variable, and 
if pYz # 0 then there is some association between the covariate and the response. 

Cochran (1983) illustrated an equivalent relationship in a stratified analysis of 
2x2 tables with only two strata. As in Section 3.5.4, assume that there is a constant 
risk difference 8 within each stratum, but the probability of the positive outcome 
in the control group differs between strata, "21 # "22. Thus the exposed or treated 
group probability in the j t h  stratum is = 0 + 7r2j for j = 1,2.  Also assume that 
the expected sample fraction in the j th  stratum is cj = E ( N j / N )  for j = 1,2.  We 
also generalize the model beyond that in Section 3.5.4 to allow unequal treatment 
group sample fractions among strata such that within the j t h  stratum the expected 
sample fractions within each group are tij = E ( n i j / N j )  (i = 1,2;  j = 1,2) .  It is 
instructive to summarize the model as follows: 

Stratum Group Sample Fractions Probability + 
Stratum Fraction Exposed Control Exposed Control 

1 I1 51 1 t 2  1 e + "21 T~~ 

t22  e +  "22 "22 2 c2 (12 

Now let K* refer to the fraction of all subjects in the ith group who are from 
the first stratum ( j  = l ) ,  where 

(4.44) 

for i = 1 ,2 .  Then the expected difference in the marginal unadjusted analysis is 

(e + rITz1) tl1c1 + ( e  + "22) t12e2 - 7 ~ ~ ~ t ~ ~ c ~  + ~22t22c2 
t11c1  + t 1 2 c 2  t21 c1 + E22l2 

E (Pl. - P2.) = 

(4.45) 

= (6  + "21) K1 + (8 + "22) (1 - K l )  - "21.2 - "22 (1 - .2) 

= 6 + (4 - K2) ("21 - "22). 

Therefore, the marginal unadjusted estimate of the risk difference is biased by the 
quantity ( ~ 1  - 62) ("21 - 7 4 ,  where ( K I  - ~ 2 )  reflects the degree of exposure or 
treatment group imbalance between the strata, and where ("21 - "22) reflects the 
differential in risk between strata. Conversely, a stratified analysis using a weighted 
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average of the differences between groups is unbiased since within each stratum 
E (prj - pZj) = 0 for j = 1,2. 

For example, consider a study with the following design elements: 

Stratum Group Sample Fractions Probability + 
Stratum Fraction Exposed Control Exposed Control 

1 0.30 0.75 0.25 0.35 0.20 
2 0.70 0.40 0.60 0.55 0.40 

where )cl = (0.3 x 0.75)/ l(0.3 x 0.75) + (0.7 x 0.4)] = 0.4455 and 1c2 = 0.1515. 
Because of the imbalance in the treatment group sample fractions and the difference 
in risk between strata, the difference in the marginal proportions from the unadjusted 
analysis will be biased. In this case, the bias of the marginal test statistic is 
(0.4455 - 0.1515) x (0.2 - 0.4) = -0.059, which is substantial relative to the true 
difference of 0.15 within each stratum. 

Beach and Meier (1989), Canner (1991) and Lachin and Bautista (1995), among 
others, have demonstrated that the same relationships apply to other marginal unad- 
justed measures of association, such as the log odds ratio. Therefore the difference 
between the unadjusted measure of association between group and response, equiv- 
alent to ply, and the stratified-adjusted measure of association, equivalent to ply,z, 
is a function of the degree of association between the covariate with group member- 
ship and with the outcome. In a stratified analysis, these associations are reflected 
by the K x 2 contingency table for strata by group and the K x 2 table for stratum 
by response. 

Example 4.5 
The following tables describe the association between the stratification covariate 
ulcer type and treatment group (Drug vs. Placebo) and the association between the 
covariate and the likelihood of healing (+) versus not (-): 

Clinical Trial in Duodenal Ulcers (continued) 

Stratum by Group Stratum by Response 

Stratum D P D P  + -  + -  
# % # % 

1 
2 
3 

These tables would be provided by the SAS statements in Table 4.4. 
In the table of stratum by group, if there are no group imbalances, then the same 

proportion of subjects should be from each group within each stratum. However, 
proportionately fewer patients from the drug treated group fall in the first stratum 
(47.2%) and more in the second stratum (57%). The contingency test of association 
for this table is X2 = 0.754 on 2 df, p 5 0.686. Similarly, in the table of stratum 
by response, if the covariate was not associated with the likelihood of healing, that 
is, were not a risk factor for healing, the same proportion of patients would have a 
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Table 4.6 Stratified-Adjusted Analysis of the Data from Example 4.6 

Measure Stratum Marginal Adjusted 
& I 2 3 4 5. ê  

log RR 
F(&) 
RR 

-0.0048 -0.2288 -0.0098 -0.0904 
0.0054 0.0152 0.0008 0.0049 

-0.0408 -0.7892 -0.3615 -0.6016 
0.3976 0.2471 0.9726 0.2002 
0.9600 0.4542 0.6966 0.5480 

-0.0462 -1.1215 -0.3716 -0.7087 
0.5093 0.4413 1.0282 0.2793 
0.9548 0.3258 0.6897 0.4923 

-0.0785 -0.0265 
0.0011 0.0006 

-0.6685 -0.5303 
0.0799 0.0795 
0.5125 0.5885 

-0.7580 -0.6297 
0.1017 0.1139 
0.4686 0.5327 

"+" response within each stratum. However, there is proportionately less healing in 
the first stratum (40.5%) and more in the second stratum (61.9%). For this table, 
X2 = 3.519 on 2 df, p 50.172. 

Neither table shows a significant association with the stratification covariate, 
although in this regard statistical significance is less important than the degree 
of proportionate differences because significance will largely be a function of the 
sample size. These proportionate differences are relatively minor, so the covariate 
adjusted analysis differs only slightly from the unadjusted analysis. This should 
be expected in a randomized study because, through randomization, it is unlikely 
that a substantial imbalance in the treatment group proportions among strata will 
occur. The following are additional examples of non-randomized studies in which 
the adjustment does make a difference. 

Example 4.6 Religion and Mortaliry 
Zuckerman, Kasl and Ostfeld (1984) present the following stratified analysis of a 
prospective cohort study of the association between having religious beliefs versus 
not on mortality over a period of two years among an elderly population that was 
forced to relocate to nursing homes. The four strata comprised 1) healthy males, 
2) ill males, 3) healthy females and 4) ill females. Note that the strata are simul- 
taneously adjusting for gender and healthy versus ill. The 2 x 2  tables for the four 
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Table 4.7 Mantel-Haenszel Analysis of Odds Ratios for Data in Example 4.6 

Mantel-Haenszel Analysis 
Marginal Stratfled- 

Unadjusted Adjusted 

63 0.4686 0.5287 

[Iop6%] 
0.1017 0.1116 

log ô R -0.758 -0.637 

95% C.1. for OR 0.251,0.875 0.275,1.018 

xhi 5.825 3.689 
P l  0.0158 0.0548 

strata, in abbreviated notation, are 

Religious Non- Religious 

Stratum aj nlj p l j  bj n2j ~ 2 j  

1: Healthy females 4 35 0.114 5 42 0.119 
2: I11 females 4 21 0.190 13 31 0.419 
3: Healthy males 2 89 0.022 2 62 0.032 
4: I11 males 8 73 0.110 9 45 0.200 

Marginal 18 218 0.083 29 180 0.161 

where aj and b j ,  respectively, are the numbers of patients who died in the religious 
and non-religious groups (reproduced with permission). The measures of association 
within each stratum, for the pooled data marginally with no stratification adjustment, 
and the MVLE stratified-adjusted estimates and their variances are presented in 
Table 4.6. For all measures of association, the magnitude of the group effect in the 
marginal un_adjusted analysis is greater than that in the stratified-adjusted analysis; 
that is, the 6 is cIoser to zero than is the 8,. 

Likewise, the Mantel-Haenszel analysis of the odds ratios, compared to the mar- 
ginal unadjusted analysis, is presented in Table 4.7. The stratified-adjusted Mantel- 
Haenszel estimate is close to that provided by the MVLE and also shows less degree 
of association between religious versus not with mortality. The net result is that 
whereas the unadjusted Mantel-Haenszel test is significant at p 5 0.02, the adjusted 
statistic is not significant at the usual 0.05 significance level. 

To determine why the stratified-adjusted analysis provides a somewhat different 
conclusion from the unadjusted analysis, it is necessary to examine the degree of 
association of the stratification variables with group membership, and that with 
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mortality. The corresponding 4 x 2 tables are 

By Group By Response 
# # 

Stratum R %R Died Alive %Died 
1: Healthy females 35 42 45.5 9 68 11.7 
2: 111 females 21 31 40.4 17 35 32.7 
3: Healthy males 89 62 58.9 4 147 2.7 
4: Ill males 73 45 61.9 17 101 14.4 

The chi-square test of association between stratum and group membership is X 2  = 
10.499 on 3 df with p 5 0.015. The proportion of religious subjects within strata 3 
and 4 (all males) is higher than that in strata 1 and 2 (all females), so that the effect 
of religion versus not is somewhat associated with the effect of gender. The test of 
association between stratum and mortality is also highly significant ( X 2  = 334.706, 
p 5 0.001). The mortality among ill patients of both genders (strata 2 and 4) is 
much higher than that among healthy patients (strata 1 and 3), and the mortality 
among females is less than that among males. 

Thus some of the association between religious versus not in the marginal analy- 
sis is explained by the imbalances in the proportions of religious subjects among 
the four strata, and the corresponding differences in mortality between strata. The 
stratified-adjusted analysis eliminates this “confounding” by comparing the religious 
versus non-religious subjects within strata and then averaging these differences over 
strata. Mantel and Haenszel (1 959) refer to this as the principle of comparing like- 
to-like in the stratified analysis. 

Example 4.7 Simpson s Paradox 
In some cases the stratification adjustment yields not only an adjustment in the 
magnitude of the association between the independent variable and the response 
(the quantity of the effect), but also in the quality or direction of the association 
(the quality of the effect). Simpson’s Paradox refers to cases where marginally 
there is no group effect but after adjustment there is a big group effect. This is 
illustrated by the following hypothetical data from Stokes, Davis and Koch (1995) 
of a health policy opinion survey of the association between stress (NoTYes) and 
the risk (probability) of favoring a proposed new health policy among residents of 
urban and rural communities. 

The 2 x 2 tables for the two strata and marginally are 

Not-Stressed Stressed 
Stratum aj nlj p l j  bj n2j p 2 j  

1: Urban 48 60 0.800 96 190 0.505 
2: Rural 55 190 0.289 7 60 0.117 
Marginal 103 250 0.412 103 250 0.412 

where aj and bj are the numbers favoring the new health policy in each stress 
group. The marginal unadjusted analysis shows equal proportions favoring the new 
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policy so that the unadjusted odds ratio is 1.0. However, when stratified by urban 
versus-rural residence the following odds ratios and MVLE of the common odds 
ratio 8 are obtained. 

Stratum 
Measure 1 2 ê  

A 

d j  = log Odds ratio 1.365 1.126 1.270 

P(gj) 0.125 0.187 0.075 
Odds ratio 3.917 3.085 3.559 

Note that the nlj and n2j are reversed in the two strata so that there is a large 
group imbalance between strata. Among the urban subjects, 76% are stressed versus 
only 24% among the rural subjects, Xz = 135.2 on 1 df, p 5 0.001, Also, 57.6% 
of the urban subjects favored the new health policy versus 24.8% among rural 
subjects, X2 = 55.5 on 1 df, p 5 0.001. Comparing like-to-like within strata, the 
resulting odds ratios within the two strata are 3.917 and 3.085 so that the stratified- 
adjusted MVLE of the odds ratio is 3.559. The Mantel-Haenszel test statistic is also 
highly significant, X&,, = 23.05, p 5 0.0001. 

Thus we observe a strong positive association within strata, which yields a 
significant association when adjusted over strata, whereas marginally absolutely no 
association is seen. This is an illustration of a synergistic effect where the covariate 
adjustment enhances the estimate of the association between the independent and 
dependent variables. 

4.5 MULTIVARIATE TESTS OF HYPOTHESES 

4.5.1 Multivariate Null Hypothesis 

The Mantel-Haenszel test is in fact a multivariate test of the joint multivariate null 
hypothesis of no association in any of the K strata versus a restricted alternative 
hypothesis that a non-zero common log odds ratio applies to all strata. However, 
there are other multivariate tests that could be constructed that would provide greater 
power against other alternative hypotheses. 

In a stratified analysis with K strata, we wish to conduct a test for a vector of K 
association parameters 8 = (8, . . . The (8,) can be measured on any scale 
of our choosing such as 6) = G(nlj, n2j) for some differentiable function G(-,  a ) .  

The vector of sample estimates is assumed to be asymptotically distributed as 
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or 

(4.47) 

with a known (or consistently estimable) covariance matrix Ea = V ( 5 ) .  For the 
case of K 2 x 2  tables, Ez = diag(a2 . . . d ), which is by definition positive 
definite. Under the null hypothesis Ho: rIj = 7r2j = nj, let 80 designate the null 
value Sj = So = G(nj, nj) for all j. The equivalent null hypothesis in terms of the 
values of { e j }  is 

(4.48) 

which is a joint multivariate null hypothesis for the vector 8, where J is the unit 
vector as in (4.30). A variety of statistical tests can be employed to test Ho, each 
of which will be optimal against a specific type of alternative hypothesis. 

81 OK 

H ~ :  el = e2 = . . . = eK = eo, or H ~ :  e = Jeo , 

4.5.2 Omnibus Test 

The omnibus alternative hypothesis specifies that at least one of the elements of 8 
differs from the null value, or 

Hlo :  Sj # Bo for some j ,  1 5 j 5 K ,  or Hlo :  8 # Jeo. (4.49) 

Thus HO specifies that there is no association between group and response in any 
table versus H I  that there is some association in either direction in at least one 
table, that is, perhaps favoring either group 1 or group 2 for any table. 

The asymptotically most powerfil test of HO versus Hlo  is the T2-like test 
statistic attributed to Wald (1943) 

(4.50) 

which uses the covariance matrix defined under the null hypothesis, E ( 0 0 )  = Eo, 
and is asymptotically distributed as x; under Ho. In practice, a consistent estimate 
of the covariance matrix XO is employed. 

To illustrate the nature of this test, consider the case of a bivariate statistic 
(K = 2), or the case of two strata, where we wish to test Ho: 81 = 02 = 00 = 0. 
Figure 4.2.A describes the null and alternative hypotheses (Ho and H l o )  for this 
test. The alternative parameter space is omnibus or all-inclusive and consists of all 
points in the two-dimensional space other than the origin. 

To describe the rejection region for the test, consider the case of a bivariate 
statistic vector with correlated elements where the elements of Co are 

h 

E0 = [ 0.9428 0-9428 2 1 
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Fig. 4.2 The null (Ho) and alternative ( H I )  hypotheses for the omnibus test with two 
parameters 0 = (01, 02) (A) and the corresponding rejection region (B). 

A 

A 02 B 02 

suc.  that the correlation between $1 and $2 is 213, and the variance of $1 is half that 
of 82. In a stratified analysis, the estimates are independent, and thus uncorrelated. 
However, it is instructive to consider the more general case of correlated estimates 
as may apply to the analysis of repeated measures, as one example. 

The rejection region for the omnibus test in this instance is shown in Figure 
4.2.B for a sample of N = 100 and a ?Lpe I error probability of a = 0.05. The 
rejection region for this test is defined by an ellipse that specifies all values of 

$1 and $2 such that the test statistic X$ = 0 Z0 0 = x&o,9s) = 5.991. The 

rejection ellipse is defined along the 45" axis of values for $1 and $2 such that the 
longevity of the ellipse is determined by the relative variances %f $1 a@ $2 and the 
direction of their correlation (positive in this case). All points 81 and 82 interior to 
the ellipse lead to failure to reject the null hypothesis; those on or exterior to the 
ellipse lead to rejection of HO in favor of H l o  that a difference from zero of some 
magnitude in either direction exists for at least one of the values 81 or 82. Thus 
the siatistic can lead to rejection of HO when $1 is positive, say favoring group 2, 
and 82 is negative, favoring group 1. 

In the case of K stratified 2 x 2 tables, since CO is a diagonal matrix then the 
computation of the omnibus test Xi in (4.50) simplifies to 

- I - - l -  

(4.5 1) 
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where CT& = V(e^jjlHo>. In this setting, 80 = 0 for O defined as the risk difference, 
the log relative risk or the log odds ratio. 

When expressed in terms of the risk difference 19, = x l j  - xz j ,  then under Ho: 
eo = 0, 

(4.52) 

h 

Based on the consistent estimate Oj = p l j  - p z j ,  then the variance is consistently 
estimated as 

(4.53) 

h 

with p j  = m l j / N j  (see Section 2.3.1). Using the simpler notation Voj to refer to 
z:j, 

(4.54) 

where X;  is the Pearson contingency (Cochran) X2 value for the j t h  stratum, 
which is asymptotically distributed as & on K dtf: 

In Problem 2.9 we showed that the 2-test (and thus the chi-square test) for a 
single 2 x 2 table is asymptotically invariant to the choice of scale. Thus the omnibus 
test using risk differences, log relative risks or log odds ratios are all asymptotically 
equivalent. In practice, therefore, the test is usually computed only in terms of the 
risk differences. 

4.5.3 Bonferroni Inequality 

Another approach to a simultaneous test of the K-parameter joint null hypothesis 
Ho is to use the Bonferroni inequality, which is based on the first term in the 
Bonferroni expansion for the probability of a joint “event” such that 

P(at  keast one of K tests significant at level a’ JHo) i a’K. 

Therefore, to achieve a total Type I error probability no greater than the desired 
level a, we would use the significance level a’ = a / K  for each of the K sepa- 
rate tests of significance. Likewise, to construct K confidence intervals with the 
desired coverage probabilities no less than the desired confidence level 1 - a, the 
K confidence limits would be constructed using the confidence level (1 - a’). For 
example, for K = 4 we would use a’ = 0.05/4 = 0.0125 to conduct each of the 
tests of significance and to compute the confidence limits. 

A variety of less conservative adjustments for multiple tests of significance have 
been proposed, such as the procedures of Holm (1979) and Hochberg (1988) and 
the general family of closed multiple comparison procedures of Marcus, Peritz 
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and Gabriel (1976). All of these conduct the multiple tests after ordering the test 
statistics from largest to smallest and then applying less restrictive significance 
levels to the second, third, and so on, test conducted. For example, the Holm 
procedure requires a significance level of a / K  for the first test (maximum statistic, 
minimum P-value), a / ( K  - 1) for the second largest test statistic, a / ( K  - 2) for 
the third largest test statistic, and so on. When any one test is not significant, the 
procedure stops and all further tests are also declared non-significant. 

All of these procedures are still conservative compared to the T2-type multivari- 
ate test. However, these adjustments can be applied in instances where the T2-test 
does not apply, such as for a K-statistic vector that is not normally distributed. 

Example 4.8 
For the four strata in Example 4.6, the multivariate omnibus test in terms of the 
risk differences Bj  = nlj - n 2 j  provides a test of 

Religion and Mortality (continued) 

against the alternative 

Hlo :  B j  # 0 for some 1 5 j 5 4. 

The within-stratum values of the contingency (Cochran) 1 df X 2  tests are: 0.00419, 
2.98042, 0.13571 and 1.84539. Thus the omnibus test is X& = Cj Xj” = 4.9657 
on 4 dJ with p 5 0.291 that is not statistically significant. This is in distinct contrast 
to the significant unadjusted analysis and the nearly significant stratified-adjusted 
Mantel-Haenszel analysis. 

Example 4.9 
Similarly, for Example 4.1, the omnibus test is X g  = 0.18299 + 2.03606 + 
5.40486 = 7.6239 on 3 df with p I 0.0545 that approaches significance at the 
0.05 level. The P-value for this omnibus test is smaller than that for the unadjusted 
and Mantel-Haenszel stratified-adjusted test of a common odds ratio. 

Clinical Trial in Duodenal Ulcers (continued) 

4.5.4 

In general, the omnibus test and the Mantel-Haenszel test differ because of the 
difference between the alternative hypotheses of each test and the corresponding 
rejection regions. The omnibus test is directed toward any point B in the parameter 
space RK away from the origin. In many analyses, however, it may be of scientific 
interest to use a test directed toward a restricted alternative hypothesis represented 
by a sub-region of RK. In this case, the omnibus test will not be as powerful as a 
test of such a restricted alternative, when that alternative is true. 

The Mantel-Haenszel test is often called a test of no partial association, or just 
association, because it is directed to such a restricted alternative hypothesis. To 

Partitioning of the Omnibus Alternative Hypothesis 
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show how this test relates to the omnibus test, and as a prelude to developing other 
tests of the joint null hypothesis HO in (4.48), it is instructive to show that the null 
hypothesis can be partitioned into the intersection of two sub-hypotheses as follows: 

Omnibus Homogeneity No Partial Association 

H ~ :  e = J ~ I ~  = HOH: 0, = 9 V j  and HOA: e = eo 
or 9, = 9, V j  

or HIA: Qj = e # eo tlj 
(4.55) 

The omnibus joint null hypothesis HO in (4.48) states that the K components of 0 
are all equal to Bo and thus the test has K degrees of freedom. The null hypothesis 
of homogeneity HoH specifies that the components of 6 share a common value 
6 possibly # do. This, in turn, implies that we can define K - 1 independent 
contrasts among the values of 0, each of which has expectation zero under HOH, 
and thus this test has K - 1 df. The null hypothesis of no partial association HOA 
specifies that the assumed common value for all the components of 8 equals the null 
hypothesis value. Clearly HO G HOH n HOA. In terms of a linear model, such as a 
simple ANOVA, the hypothesis of homogeneity HOH corresponds to the hypothesis 
of no group by stratum interaction effect, and the hypothesis of no association HOA 
corresponds to the hypothesis of no overall group effect. 

For example, for 8 = log(odds ratio), the null hypothesis for the Mantel- 
Haenszel test in (4.13) can be formally expressed as 

(4.56) HO(&fH): (9, = . . . = OK = 8 = 80 = 0) 
= (el = . . . = eK = e )  n ( e  = eo = 01 
= HOH n HOA. 

Therefore, the Mantel-Haenszel test assumes that the hypothesis HOH of homogene- 
ity is true, in which case the test is maximally efficient (as we shall see shortly). 

The general alternative hypothesis, that the components do not equal the null 
hypothesis value for all strata, then is the union of the alternative hypothesis of 
some heterogeneity among the components, or the assumed common component 
being different from the null value. If there is heterogeneity of the odds ratios in 
the population, meaning that 0, # O p  for some j # t? so that HOH is false, then the 
Mantel-Haenszel test might be viewed as testing the hypothesis that the average of 
the stratum-specific log odds ratios is zero, or solely testing the hypothesis HOA: 
9 = 90 = 0. In this case, however, the lack of homogeneity in the stratum-specific 
parameters will reduce the power of the stratified-adjusted Mantel-Haenszel test as 
a test of HOA alone. In fact, when HOH is false and there is heterogeneity of the 
odds ratios over strata in the population, then the Mantel-Haenszel test is no longer 
appropriate. Alternative models in this case are described later in Section 4.10. 
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Fig. 4.3 The null (Ho) and alternative ( H I )  hypotheses for the test of homogeneity with 
two parameters 0 = (01, 02) (A) and the corresponding rejection region (B). 

4.6 TESTS OF HOMOGENEITY 

A variety of methods are available to test the hypothesis of homogeneity among the 
measures of association ( 0 , )  on some scale 0, = G(nlj, n2.j) 

H ~ ~ :  el = e2 = .  . . = eK (4.57) 

against the alternative that there is a difference between at least two strata 

H I H :  (ej # et)  some 1 5 j < I <  K. (4.58) 

Note that in this case, it is irrelevant whether 8j = 0, for any or all strata. 
For the case of only two strata, these hypotheses are depicted in Figure 4.3.A. 

The null hypothesis is that the parameter values correspond to one of the possible 
points that lie on the line of equality. The alternative hypothesis is that the values 
lie somewhere in the two-dimensional space away from this line of equality. 

4.6.1 Contrast Test of Homogeneity 

The null hypothesis of homogeneity HOH implies that the difference between any 
two strata is zero, (0, - el) = 0 for all j # I. Thus it is possible to define K - 1 
orthogonal contrasts among the sample estimates using a K x ( K  - 1) contrast 
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matrix C of rank K - 1 to test the hypothesis HOC: C'e = 0 where C'O is a 
1 x (K - 1) vector. A variety of such contrast matrices could be defined such as 
the contrast matrix of successive differences 0, - O j + l  for j = 1,. . . , (K - 1) 

1 -1 0 .'. 0 0 
0 1 -1 . . .  0 0  

(4.59) 

0 0  . . .  1 -1 

or such as each stratum versus the last 0, - OK 

(4.60) 

or such as each stratum versus the simple average value over all strata 8, - 8, 

where 

Then, for any such contrast matrix 

H~~ H H ~ ~ :  c e  = o (4.63) 

H ~ H  Hlc: c'e # 0 .  

Since 5 is asymptotically normally distributed as in (4.46), then the test of homo- 
geneity is provided by the T2-like Wald statistic defined as the quadratic form 

x; = (c 'G)'(c'e ,c)- l  C'G, (4.64) 

which is asymptotically distributed as &-l on K - 1 d !  Note that the test is 
computed using the estimate of the covariance matrix defined under the general 
hypothesis of homogeneity, with no restrictions that the parameter values equal 00, 
unlike the omnibus test statistic presented in (4.50). 

The value of the test statistic is the same for all such contrast matrices that are 
of rank K - 1 and that satisfy C'J = 0 under H O H ,  where J is the unit vector 
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(c$ Anderson, 1984, p. 170). This test can be computed directly using a custom 
routine programmed in a matrix language such as SAS PROC IML, or by using the 
SAS procedure PROC CATMOD with an appropriate response function. PROC 
CATMOD uses the method of weighted least squares described by Grizzle, Starmer 
and Koch (1969) to fit models describing the response probabilities associated with 
covariate values for each sub-population (stratum). The test obtained from the non- 
iterative weighted least squares fit is algebraically equivalent to that above for the 
same response function. For example, if 8 is defined as the log relative risk, then 
the equivalent response fhction in the GSK procedure (PROC CATMOD) is the 
log of the probability. The test results then are identical. 

For the case of two correlated measures such as those described in Figure 4.2.B, 
the test statistic X i  in (4.64) using the successive difference contrast matrix (4.59) 

reduces to X$ = (- 81 - 82 /? (& - &), where 

. Thus the null hypothesis reduces to HOH: 81 = 82, in which 

case the rejection region boundary is defined as all points (&,&) for which 

X$ = X;( l -a)  or for which 

95th percentile of the 1 df chi-square distribution. For the bivariate example, the 
rejection region is defined by the parallel lines shown in Figure 4.3.B for which 
the observations leading tg rejection of HOH principally fall in Quadrants I1 and 
IV, wherein the values of 81 and 82 differ in sign. 

4.6.2 Cochran’s Test of Homogeneity 

Cochran (1 954b) proposed a test of homogeneity for odds ratios based on the sums 
of squares of deviations of the stratum specific odds ratios about the mean odds 
ratio. This idea can be generalized to a test for homogeneity on any scale. To obtain 
the MVLE of the assumed common value for measures of association (8,) on some 
scale 0, = G ( ~ l j ,  nzj) we used weights inversely proportional to the variances as 
described in (4.33) through (4.36). Under the hypothesis of homogeneity Hon in 
(4.57), the stratum-specific estimate for the j t h  stratum is asymptotically distributed 
as 

(ij - 8) & N (0, 0 % )  (4.65) 

for 1 5 j I K. Since the hypothesis of homogeneity does not require that “1, = 
nzj, the variance of 8j is evaluated assuming # nzj as described in Section 
2.3. 

For now assume that the variances, and thus their inverse ( ~ j  = a=’) are known. 

From (4.37), since 8^ 3 @ then asymptotically, from Slutsky’s Theorem (A.44), 

(4.66) 
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Further, since 52 3 r ~ z  and 3 -% rj, then ej e j  

Therefore, 

(4.67) 

(4.68) 

is distributed asymptotically as chi-square on K - 1 df: The degrees of freedom 
are K - 1 because we estimate 6 as a linear combination of the K stratum-specific 
estimates. Algebraically, Cochran’s test is equivalent to the contrast test X$ in 
(4.64), which, in turn, is equivalent to the GSK test obtained from the SAS PROC 
CATMOD. 

Example 4.10 Clinical Trial in Duodenal Ulcers (continued) 
For the ulcer drug clinical trial example, Cochran’s test of homogeneity for the odds 
ratios is based on the elements 

Stratum i& = ~ o ~ ( o R , )  ?j = i+r2 
h 

ei 

1 -0.1854 5.31919 
2 1.3218 1.11801 
3 1.0015 5.27749 

and X H , w  2 = 4.5803 on 2 df with p I 0.102. The tests of homogeneity for the 
three principal measures of association, each on 2 df, are 

Measure x;,w P 5  
log Risk differences 4.797 0.091 
log Relative risks 3.648 0.162 
log Odds ratios 4.580 0.102 

For this example, based on the relative values of the test statistics, there is the least 
heterogeneity among the relative risks, and the most heterogeneity among the risk 
differences. However, the difference in the extent of heterogeneity among the three 
scales is slight. 

Example 4.11 
For the study of religion versus mortality, the tests of homogeneity on 3 df for each 
of the three scales likewise are 

Religion and Mortality (continued) 

Measure x;.w P I  

Risk differences 3.990 0.263 
Relative risks 0.929 0.819 
Odds ratios 1.304 0.728 

In this example, there is a some heterogeneity among the risk differences, but far 
from significant, and almost none among the relative risks or odds ratios. 
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4.6.3 Zelen’s Test 

A computationally simple test of homogeneity was proposed by Zelen (1971). Let 
X i  designate a test of the hypothesis HOA of no partial association (or just as- 
sociation) for the average measure of association among the K strata, such as the 
Cochran-Mantel-Haenszel test on 1 df of the common odds ratio. Since the om- 
nibus null hypothesis can be partitioned as shown in (4.55), Zelen (1971) proposed 
that the test of homogeneity 

(4.69) 

be obtained as the difference between the omnibus chi-square test Xi on K dft and 
the test of association X: on 1 dJ: For the ulcer clinical trial example using the 
conditional Mantel-Haenszel test yields X i , z  = 7.4648 - 3.00452 = 4.46, which 
is slightly less than the Cochran test value X i , ,  = 4.58. 

Mantel, Brown, and Byar (1977) and Halperin, Ware, Byar, et al. (1977) criticize 
this test and present examples that show that this simple test may perform poorly 
in some situations. The problem is that an optimal test of the null hypothesis of 
homogeneity HOH should use the variances estimated under that hypothesis. Thus 
both the contrast test X s  in (4.64) and Cochran’s test Xi,, in (4.68) use the 
variances 5~ estimated under the general alternative hypothesis H1o in (4.49) that 
some of the { 0, }, if not all, differ from the null value 80.  However, both Xi and 
X z  use the variances defined under the general null hypothesis Ho, &, so that 
equality does not hold, that is, X i  # X g  + X i .  In general, therefore, this test 
should be avoided. 

x H , Z  2 = x: - xi 

4.6.4 

Breslow and Day (1980) also suggested a test of homogeneity for odds ratios for 
use with a Mantel-HaenEel test that is based on the Mantel-Haenszel estimate of 
the common odds ratio ORMH in (4.14). In the j t h  stratum, given the margins for 
that 2 x 2 table (ml j , mzj, nlj , n2j) then the expectation of the index frequency aj 
under the hypothesis of homogeneity OR, = OR can be estimated as 

Breslow-Day Test for Odds Ratios 

h 

k ( a j @ ~ ~ )  = ?ij such that ORj = ORMH.  (4.70) 

This expected frequency is the solution to 

(see also Problem 2.7.2). Solving for E j  yields 

(4.71) 
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which is a quadratic function in Zj, The root such that 0 < Zj 5 min(nlj,mlj) 
yields the desired estimate. Given the margins of the table (nlj, nzj, mlj, m2j) the 
expected values of the other cells of the table are obtained by subtraction, such as 
b j  = mlj - aj. 

Then the Breslow-Day test of homogeneity of odds ratios is a Pearson contin- 
gency test of the form 

- I 

Since the term in the numerator is the same for each cell of the j t h  stratum, for 
example, (bj - b j ) 2  = (a j  - E j ) 2 ,  this statistic can be expressed as 

where 

(4.74) 

(4.75) 

This test for homogeneity of odds ratios is used in SAS PROC FREQ as part of 
the Cochran-Mantel-Haenszel analysis with the CMH option. For the data from 
Example 4.1, this test yields the value X i , B D  = 4.626 on 2 df with p 5 0.099 
and for Example 4.6, this test value is X i , B D  = 1.324 on 3 df with p 5 0.7234. In 
both cases, the test value is slightly larger than the Cochran test value, the P-values 
smaller. 

Breslow and Day (1980) suggested that X g , B D  is distributed asymptotically as 
x$ -~  on K - 1 df Tarone (1985) showed that this would be the case if a fully 
efficient estimate of the common odds ratio, such as the MLE, were used as the 
basis for the test. Since the Mantel-Haenszel estimate is not fully efficient, then 
X $ , B D  is stochastically larger than a variate distributed as X L - ~ .  Tarone also 
showed that a corrected test can be obtained as 

which is asymptotically distributed as x $ - ~  on K - 1 d$ Breslow (1996) recom- 
mends that in general the corrected test should be preferred to the original Breslow- 
Day test, but also points out that the correction term is often negligible. For the data 
in Example 4.1, the corrected test value X$,BD,T = 4.625 on 2 df with p I 0.100; 
and for Example 4.6 X$,BD,T = 1.3236 on 3 df with p 5 0.7235; in both cases, 
nearly identical to the original Breslow-Day test. 
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4.7 EFFICIENT TESTS OF N O  PARTIAL ASSOCIATION 

From the partitioning of hypotheses presented in (4.59, the global null hypothesis in 
(4.48) has two components, that the measures ( 6 , )  among strata are all equalto, = 
0 )  (homogeneity) and that they are all equal to the null value (0 = 00) (association). 
Clearly, if the hypothesis of homogeneity is rejected, then so also is the global null 
hypothesis because if 0, # 0, for any two strata j and C then both can not also equal 
0 0 .  However, the hypothesis of homogeneity could be satisfied when all strata have 
a common measure that differs from the null value. Thus we desire an efficient test 
that is directed specifically toward the association hypothesis under the assumption 
of homogeneity. 

4.7.1 

The principal disadvantage of omnibus T2-like test of the joint null hypothesis for 
the K strata is that it is directed to the global alternative hypothesis that a difference 
of some magnitude in either direction exists for at least one strata. Usually, however, 
one is interested in declaring that an overall difference of some magnitude exists 
over all strata, or on average in some sense in the overall population. Thus a 
statistically significant omnibus test may not be scientifically relevant or clinically 
compelling. 

Alternately a test directed against the restricted alternative hypothesis of a com- 
mon difference on some scale for all strata has more scientific appeal, and will be 
more powerful than the omnibus test to detect a common difference when such is 
the case. The null and alternative hypotheses in this case are 

Restricted Alternative Hypothesis of Association 

HOA : el = e2 = . . . = eK = e = eo 
HIA : el = e2 = . . . = eK = e # e,. 

(4.77) 

The null hypothesis is the same as that for the K df omnibus test, however this 
test has a restricted alternative hypothesis that a constant difference 0 # 00 exists 
on some scale. Thus H ~ A  c Hlo for the omnibus test. 

For the case of a bivariate analysis as described in Figure 4.2 for the omnibus test, 
Figure 4.4.A depicts the null and alternative hypothesis for the test of association. 
As for the omnibus test, the null hypothesis corresponds to the origin in the two- 
dimensional parameter space. The alternative hypothesis, however, consists of all 
points falling on the positive and negative projections corresponding to the line of 
equality el = 8 2 .  Points in the parameter space for which el # 02 are not of 
interest. Thus when H ~ A  is true for 8 defined on some scale G (T I ,  7r2), this test 
will have greater power than the K df omnibus test. 

For illustration, as shown in (4.20), the Mantel-Haenszel test can be viewed as, 
an estimation-based test using an estimate of the common value of the parcmeter 8 
and an estimate of its variance under Ho, 22 In such a construction, B would 

6IHo' 
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Fig. 4.4 The null (Ho) and alternative ( H I )  hypotheses for the test of association with two 
parameters 6 = (61, 0,) (A) and the corresponding rejection region (B). 

A 
U 

be a linear function of the {&} and the test could be expressed as 

(4.78) 

where asymptotically ZA is distributed as N(0,l) .  As with the MVLE, the esti- 
mate ê  would be obtained as the weighted average of the { 0,) using weights { aj } 
inversely proportional to the variances, in which case the varianczs would be es- 
timated under the null hypothesis { Z& }. Thus the elements of { 0, } with smaller 
variance would receive greater weight. 

For the bivariate example in Figure 4,2.B, wkere the two sample statistics are 
correlated, a similar statistic ZA = a l& + a& is employed. (Because of the 
correlation, the actual weights are slightly different from those with independent 
strata.) Setting ZA = fZl-,/2 = f1.96 for CY = 0.05, we can solve for the values 

of $1 and $2 that satisfy this equality to determine the lines defining the upper and 
lower rejection regions. Figure 4.4.B shows the corresponding rejection regions 
for this bivariate example. These rejection regions contain observations principally 
in Quadryts I2nd III, and even admit cases in Quadrants I1 and IV where-either 
gatistic O1 or 02 is quite distant from zero. When the bivariate statistics 81 and 
82 have equal variances, or are assigned equal weight, then the lines defining the 
rejection region lie perpendicular to the projection of the alternative hypothesis. 
However, when the weights differ, as in this example, then the line of rejection is 
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tilted toward the origin for the sample statistics that receive the greater weight or 
which have the smaller variance. 

4.7.2 

We now show that the Cochran and Mantel-Haenszel tests are such tests of associ- 
ation under the hypothesis that a common odds ratio applies to all K strata. These 
tests were derived rather heuristically, although Cochran does provide a justification 
for his test. 

Radhakrishna ( 1965) considered the problem more generally from the perspective 
of deriving a family of asymptotically hlly efficient tests of HOA versus H ~ A  
for multiple 2 x 2  tables with measures of association (8,) on some scale B = 
g (n1) - g (n2) such that Ho: nlj = n2j = nj implies, and is implied by 

Radhakrishna Family of Efficient Tests of Association 

HOA(g): (nlj) - (n2j) = 60 = 0. (4.79) 

Specifically we desire an asymptotically efficient test of HO against a restricted 
alternative hypothesis of the form 

or that there is a constant difference B on the specified scale g(n).This family 
includes a test of a common log odds ratio for which g(n) = log[n/(l - n)] (the 
logit), a test of a common log relative risk for which g(n) = log(n), and a test of a 
common risk difference for which g (n) = n (the identity function), among others. 
Radhakrishna’s initial intent was to explore the asymptotic efficiency of Cochran’s 
stratified-adjusted test, X ; ,  but in doing so he described a much broader family of 
tests. 

In Problem 4.1 it is readily shown that the Cochran test of association in (4.12), 
using the unconditional variance, can be expressed as 

with Poj = Z& = V (plj - p2j IHo) as presented in (4.53) and where 

(4.81) 

(4.82) 

It is not obvious, however, that these weights are optimal in any statistical sense. 
Note that these weights {wj} differ from the weights { w j }  used earlier to obtain 
the MVLE of the common log odds ratio. 

Radhakrishna (1 965) proposed that the weights be derived so as to maximize 
the asymptotic efficiency of the test. To a first-order Taylor’s approximation about 
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an intermediate value rj E (nlj, n 2 j )  in the j t h  stratum under a local alternative 
it can be shown (see Problem 4.4) that asymptotically 

ej  e 9’ ( n j )  (nlj - rz j )  (4.83) 

so that 

( n l j  - n z j )  = e j / g i ( n j ) .  (4.84) 

Under H I A :  d j  = 0 for all strata this implies that a test based on a weighted average 
of the { p l j  - p z j }  should be asymptotically fully ef€icient to test HOA versus H I A  
above. 

For a measure of association 0 corresponding to a given scale with function 
g (n), we then desire an asymptotically most powerful or fully efficient test statistic 
of the form 

(4.85) 

The asymptotic variance of the statistic evaluated under the null hypothesis is 
V (Tpo) = Cj wjo& where o& = V [ ( p l j  - p 2 j )  IHo] as defined in (4.52). 

From (3.57) the Pitman efficiency of such a test statistic is 

(4.86) 

Thus we seek the expression for the weights { w j }  that will maximize the efficiency 
of the test for a given scale g (n). From the first-order approximation in (4.84) under 
the restricted alternative hypothesis that Oj = 8 V j ,  it follows that asymptotically 
the expected value of the statistic is 

Therefore, 

and 

(4.88) 

(4.89) 

To obtain the set of weights for which the EflT)  is maximized it is con- 
venient to express this result in matrix terms. Let W = (w1 . . . w ~ ) ~ ,  G = 

[g’ ( r l ) - l .  . . g’ ( n ~ ) - ’ ]  , and XO = diag (nil . . . o&). Then 
T 

(4.90) 
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The value of w for which the E f l T )  is maximized can be obtained from a basic 
theorem on the extrema of quadratic forms that follows from the Cauchy-Schwarfz 
Inequality: (zTy)? 5 ( x T z )  (yTy). Let be the root matrix to XO defined 

such that Xi/zXi'2 = CO and X ~ 1 / 2 E ~ X 0 1 / 2  = I K ,  the identity matrix of order 
K. Then from the Cauchy-Schwartz inequality 

(WTG)2 = (WXA/2Xi1/2G)2 5 (WTXoW) (G*X<'G) (4.91) 

and 

(4.92) 

The equality, and thus the maxima, is obtained using a vector proportional to W = 
X i 1  G that yields 

Thus we have the well-known result (cf: Rao, 1973, p.60) 

(4.94) 

with the maximum obtained using a vector of weights W a Ei'G. Note that the 
weights need not sum to unity because multiplying by any nonning constant will 
cancel from the numerator and denominator. 

For the case of K independent strata, XO is a diagona1 matrix so that the vector 
of weights which maximizes EflT) is 

Thus the optimal test weight for the j t h  stratum is 

1 
wj = 

9 (.j>4j ' 

A consistent estimate of W is provided by @ with elements 

(4.95) 

(4.96) 

(4.97) 

where Voj = Zgj is presented in (4.53). Then the test that maximizes the asymptotic 
eficiency for the scale g ( r )  is 



EFFICIENT TESTS OF NO PARTIAL ASSOCIATION 131 

Table 4.8 Radhakrishna Test Weights for Each Scale of Association 

Risk Difference 

P l j  - P z j  

log Relative Risk 

1% ( P l j )  - 1% ( P 2 j )  

log Odds Ratio 

and where Xi(,) is asymptotically distributed as x 2  on 1 df under Ho. This 
provides an asymptotically efficient test of HOA versus H ~ A  for any parameter that 
can be expressed as a scale transformation of the form f?j = g( . rr l j )  - g ( r 2 j ) .  

Note that because the test employs estimated weights { G j } ,  there is a small loss 
of efficiency in the finite sample case; see Bloch and Moses (1 988). However, since 
the estimated weights {Gj} are consistent estimates of the true optimal weights, then 
from Slutsky’s Theorem (A.45) the test is asymptotically hlly efficient. 

For the principal measures of association employed in Chapter 2, Table 4.8 
summarizes the elements of the optimal weights Gj.  The test for a specific scale 
can then be obtained by substituting the corresponding weights into the weighted 
Cochran-Mantel-Haenszel statistic in (4.98). This leads to a specific test that is 
directed to the specific alternative hypothesis of association on a specific scale 
g(r). The precise expressions for the tests for a common risk difference, odds ratio 
and relative risk are derived in Problem 4.4.3. 

Each of these tests is a weighted linear combination of the risk differences within 
the K strata. Therefore, any one test is distinguished from the others by the relative 
magnitudes of the weights for each strata, or WjWjICe we. Also, under Ho: r i j  = ~ 2 j  

for all strata ( j ) ,  any non-zero set of weights {Gj} yelds a weighted test that is 
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asymptotically distributed as x: since asymptotically 

d 
and asymptotically Xi M x2 on 1 df. Therefore, the test for each scale g(n) is of 
size a under Ho. However, the tests differ in their power under specific alternatives. 

Example 4.12 Clinical Trial in Duodenal Ulcers (continued) 
For the ulcer drug clinical trial example, the differences within each stratum, the 
optimal weights {Gj} for the test of association on each scale (RD, log RR, and 
log OR), and the relative magnitudes of the weights for each scale expressed as a 
percentage of the total, are 

Gj Proportional Weights 

j plj-p2j RD logRR logOR RD logRR logOR 
1 -0.04458 92.08 37.25 22.18 0.45 0.39 0.46 
2 0.30556 21.81 13.50 5.14 0.11 0.14 0.10 
3 0.24506 90.00 44.00 22.49 0.44 0.46 0.45 

Total 203.89 94.75 49.81 1.00 1.00 1 .oo 
For example, for the first stratum ( j  = 1) 

c(RD)i = [ ~ i  (1 - P i ) 1 - ~ ( 7 )  n11n21 

= [0.40440(1 - 0.40449)]-' (22.18) = 92.08, 

= (1 - 0.40449)-' (22.18) = 37.25, 

Because the relative values of the weights distinguish each test Laam the o...:rs, in 
this example the tests differ principally with respect to the weights for the first two 
strata. 

The terms that enter into the numerator and denominator of the test statistic for 
each scale are 

Gj (Plj - ~ 2 j )  G;Qoj 
Stratum R D  logRR logOR R D  logRR logOR 

1 -4.1048 - 1.6604 -0.9888 92.0786 15.0655 5.3426 
2 6.6635 4.1250 1.5714 21.8077 8.3571 1.2128 
3 22.0553 10.7826 5.5111 90.0000 21.5111 5.6195 

Total 24.6140 13.2472 6.0938 203.8863 44.9338 12.1749 
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and the resulting test statistics are 

Scaie T m) x; P I  
Risk difference 24.6140 203.8863 2.9715 0.085 
log Relative risk 13.2472 44.9338 3.9055 0.049 
log Odds ratio 6.0938 12.1749 3.0501 0.081 

The test designed to detect a common log relative risk different from zero is nom- 
inally statistically significant at p 5 0.05, whereas the tests designed to detect a 
common risk difference or a common log odds ratio are not significant. Since the 
tests of homogeneity for the three strata indicated the least heterogeneity among the 
relative risks, then we expect the test statistic for relative risks to be greater than 
that for the other scales. 

Example 4.13 
For the assessment of the association between religious versus not and mortality, 
the tests of association for each of the three scales are 

Religion and Mortaliv (continued) 

Scale x; P 5  
Risk difference 1.23 18 0.267 
log Relative risk 4.1154 0.043 
log Odds ratio 3.7359 0.053 

In this case, the results are strongly dependent on the extent of heterogeneity among 
the four strata on each scale. The risk differences show the most heterogeneity, and 
even though the test of homogeneity is not significant, the test of association based 
on the risk differences is substantially less than that for the relative risks or odds 
ratios that showed less heterogeneity. 

4.8 ASYMPTOTIC RELATIVE EFFICIENCY OF COMPETING TESTS 

4.8.1 Family of Tests 

The preceding examples show that the efficiency of the test of association differs 
from one scale to the next and that the results of the test on each scale depend on 
the extent of heterogeneity over the various strata. The fbndamental problem is that 
we now have a family B of tests, each directed to a different alternative hypothesis 
of a constant difference on a specified scale g ( T ) .  However, the one test that is 
in fact most powerful unfortunately is not known a priori. This will be that test 
directed to the one scale g(n)  for which the corresponding measures of association 
{6J,j} are indeed constant over strata or nearly so. Though tempting, it is cheating 
to conduct the test for all members of the family (three tests herein) and then select 
that one for which the P-value is smallest. Clearly, if one adopts this strategy, then 
the Type I error probability of the “test” will be increased beyond the desired size 
a. Thus the test of association for a given scale will only have a test size equal to 
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the desired level a when that scale is specified apriori, meaning that the specific 
restricted alternative to which the test is directed is prespecified apriori. 

The same problem exists if one fust conducts the test of homogeneity for all 
three scales and then selects the test of association for whichever scale is least 
significant. In fact, the two strategies are equivalent because the scale for which 
the test of homogeneity has the maximum P-value will also be the scale for which the 
test of association has the minimum P-value. This is an instance of the problem of 
two-stage inference (cf: Bancroft, 1972). Under the joint null hypothesis in (4.49), 
Lachin and Wei (1988) show that the tests of homogeneity and of association are 
uncorrelated so that one could partition the total Type I error probability for the two 
successive tests. This approach, however, is not very appealing because the sue of 
the test of association must be some quantity less than a, thus diminishing power. 
Also, the specific scale to be tested must be prespecified. 

Another approach to this problem is to first consider the possible loss in ef- 
ficiency associated with choosing apriori a test on the "wrong" scale, or one for 
which there is more heterogeneity relative to another scale for which the correspond- 
ing test will have greater efficiency. This can be described through the assessment 
of the asymptotic relative efficiency (ARE) of two tests designed to detect a common 
difference among strata on different scales of association. 

The Radhakrishna family can be described as a family of tests of Ho directed 
toward a family of alternative hypotheses of the form H ~ A ( ~ ) :  g (7r l j ) -g  (7r2j) = Og 
as presented in (4.80), where g(7r) E 6 is a family of scales for which is 80 = 0 
under the null hypothesis Ho.  One property of the family 6 is that if the { 7rzj } vary 
over strata, then strict homogeneity on one scale implies heterogeneity on another 
scale. For example, when 8,j = 8, V j  for scale g,, if 7r2j # ~ 2 e  for two of the 
strata, say j # l, then for any other scale gr, O r j  # 8,e for the same pair of strata. 
In such cases, whichever scale provides strict homogeneity over strata, or the scale 
with the greatest homogeneity over strata, will provide the more powerfkl test. 

Example 4.14 Zbo Homogeneous Strata 
For example, consider the following case of only two strata with probabilities such 
that there is a common odds ratio (gs  = logi t ) ,  and as a result, heterogeneity in the 
risk differences ( g r  = i d e n t i t y )  

gs = logi t  gr = i d e n t i t y  

Stratum ~ 1 j  ~ 2 j  8,j = log(0R) OR Brj = RD 
1 0.20 0.091 0.9163 2.50 0.109 
2 0.30 0.146 0.9163 2.50 0.154 

In this case, the test based on the logit scale, or assuming a common odds ratio, 
provides the most powerful test of Ho. Conversely, the test assuming a constant 
risk difference will provide less power as a test of Ho. 
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4.8.2 Asymptotic Relative Efficiency 

The loss in efficiency incurred when we use a test for a scale other than the optimal 
scale is provided by the asymptotic relative eficiency of the two tests. Let E 
designate a family of scales, for each of which there is a different optimal test. 
Assume that the alternative hypothesis of a common association parameter Bej = BS 
over all strata is true for scale g , ( x )  E B so that X2(ga,  is the asymptotically locally 
most powerful test. To simplify notation, designate X i ( g a ,  as X'&,. Then, let 
g,.(n) be any other scale, g r ( n )  E E, so that 8, # Brk for some 1 5 j < k I K. 
The two competing statistics for a test of association are 

(4.101) 

and 

(4.104) 

Let A R E  (Xic,.,, X i c s , )  designate the A R E  of Xi(,., to X i c s ,  when the alter- 
native hypothesis H I A  is true for scale g,(r) so that there is a common parameter 
0, # 00 for all strata. Since the tests are each based on weighted sums of the 
differences in proportions, T, and T, are each asymptotically normally distributed 
so that ARE (Xi(,., , X2(,,) = ARE (T,, T,). From (3.59) in Chapter 3, then 

First consider the efficiency of the optimal test T,. Substituting Gsj into the 
expression for T, then 

From Slutsky's Convergence Theorem (A.49, since g: ( p j )  3 g: (nJ), then as- 
ymptotically 
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(4.108) 

p 2  Again using Slutsky's Convergence Theorem, since w ŝj -% Wsj and Voj 4 uOj, 
then 

A 

Therefore, 

Now consider the efficiency of the alternative test T,. Since we assume that 
8,j = O8 Vj, this implies that Brj is not constant for all strata so that T, will be 
suboptimal. Evaluating the efficiency of Tr under this assumption yields 

(4.112) 

However, from (4.107) the alternative of a constant difference on scale g 8 ( x )  for 
all strata, in turn, implies that asymptotically 

Therefore, 

(4.113) 

(4.114) 
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and 

Since 

(4.1 1 6) 

then 

where 

Prs = COW (Tr, 2's). (4.118) 

These expressions involve the asymptotic null variance uij that in turn involves 
the sample sizes within each stratum, the {n i j } .  However, we can factor N from 
the expression for uij by substituting E(nij) = N<j&j, where c j  = E ( N j / N )  
are the expected stratum sample fractions, and Eij = E ( n i j / N j )  are the expected 
group sample fractions within the j th  stratum. Then 

(4.119) 

where #ij does not involve the value of N. Thus for each scale L = T ,  s the weights 
{wej} are proportional to 

(4.120) 

Substituting into (4.117), the resulting expression for ARE (TTl T,) is a function 
only of b e  {nj), { C j ) ,  and ttij). 

For a given set of data, the ARE can be consistently estimated as the sample 
correlation of the two test statistics based on the estimated weights and variances, 
expressed as 

The denominator is the product of the variances of the two test statistics, ? (T,(Ho) 
and (T,IHo). The numerator can either be computed as the sum of cross products 
directly, or it can be simplified by noting that the product GTjGSjvoj) includes 
terms that cancel (see Problem 4.6.4). 

( 
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Example 4.15 Two Homogeneous Strata 
Again consider the data from Example 4.14 with two strata for which there is 
homogeneity of odds ratios and heterogeneity of the risk differences. If we assume 
that the limiting sample fractions are t1j = ( z j  = 1/2 for j = 1,2, then 

1 0.146 0.6 0.829 8.04 0.15 1 1.21 
2 0.223 0.4 1.733 5.77 0.10 1 0.58 

where g: ( T )  = [T (1 - 7r)I-l and g: (T) = 1. Therefore, asymptotically, regardless 
of the sample size, 

ARE (Tr 1 Ts 10s) 

- [(0.15 x 1.21 x 0.8289) + (0.1 x 0.58 x 1.733)12 

[(0.15)2 (0.8289) + ( 0 . 1 ) ~  (1.733)] [ ( ~ 2 1 ) ~  (0.8289) + (0.58)2 (1.733)] 
- 

= 0.974 I 

Therefore, with a large sample there is a loss of efficiency of 2.6% if we use the 
test designed to detect a common risk difference rather than the test designed to 
detect a common odds ratio that is optimal for this example. 

Example 4.16 Clinical Trial in Duodenal Ulcers (continued) 
For the ulcer clinical trial example, the t e y  entering into the computation of the 
covariance for each pair of tests {Iw,-jGsjbj} are as follows: 

h 

3 r j 9 s  j Voj 
Stratum RD,logRR RD,logOR logOR,logRR 

1 37.2453 22.1798 8.9716 
2 13.5000 5.1429 3.1837 
3 44.0000 22.4889 10.9946 

Total 94.7453 49.8115 23.1498 

Thus the estimated ARES {z,} for each pair of tests are - 
Scales (T ,  s) Q ( T ~ )  Q(T#) &(T,,T,) ARE(T,,T,) 

RD, log RR 203.8863 44.9338 94.7453 0.9798 
RD, logOR 203.8863 12.1749 49.8115 0.9996 

logOR, logRR 44.9338 12.1749 23.1498 0.9796 

The tests for a common risk difference and for a common log odds ratio each have 
an A R E  of about 0.98, indicating about a 2% loss of efficiency relative to the test 
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for a common log relative risk. The ARE of the test for risk differences versus that 
for the log odds ratios is close to 1.0, neither test being clearly preferable to the 
other. 

Example 4.17 
Likewise for the association between religion and mortality, the estimated ARES for 
each pair of tests are 

Religion and Mortality (continued) 

Scales ( T ,  s) ARE(Tr, G )  
Risk difference, log Relative risk 
Risk difference, log Odds ratio 

log Odds ratio, log Relative risk 

0.4517 
0.5372 
0.9825 

Thus there is a substantial loss in power using the risk differences relative to a test 
using either the relative risks or the odds ratios. 

4.9 MAXIMIN EFFICIENT ROBUST TESTS 

Since the efficiency of the a test of partial association depends on the extent of 
homogeneity, the most efficient or powerful test is not known apriori. Therefore, 
in practice it would be preferable to use a test that is robust to the choice of scale, 
meaning one that has good power irrespective of whichever scale is in fact optimal. 
One approach to developing such a robust test is to choose a maximin-efficient test 
with respect to the family of tests. Two such tests are the Gastwirth scale robust 
test of association and the Wei-Lachin test of stochastic ordering. 

4.9.1 Maximin Efficiency 

Again consider a family of tests Q each of which is optimal under a specific 
alternative. For the Radhakrishna family we defined the family of tests Q based on 
the difference on some scale g(r) for g E Q. Herein we have restricted consideration 
to the family Q consisting of the logit, log and identity functions corresponding to 
the log odds ratio, log relative risk and risk difference scales, respectively. This 
family, however, could be extended to include other hnctions such as the arcsine, 
probit and square root scales that are explored as Problems. 

Let the test T, corresponding to the scale g, E Q be the optimal test within the 
family for a given set of data. Then let T,. be any other test corresponding to a 
different scale gr E Q within the family. The test T, may in fact be optimal for 
another set of data, but it is suboptimal for the data at hand. Thus ARE (Tr, T,) < 1 
for r # s. However, the optimal test T, is unknown a priori and whenever one 
prespecifies a particular test one risks choosing a suboptimal test T, with a pursuant 
loss of efficiency (power). Instead of prespecifying a particular test, a maximin 
efficient robust test (MERT) can be defined as one that suffers the least loss in 
efficiency (power) irrespective of whichever member of the family is optimal for 
any given set of data. 
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Let 2, designate such a MERT for the family 6.  Formally, 2, is chosen from 
a family of possible test statistics 2 E M such that 2, maximizes the minimum 
ARE with respect to whichever member of the family 6 is optimal. Then 2, 
satisfies the relationship 

SUP inf ARE (2, T,) = infARE (Z,, T,) . 
ZEM S E 4  S E 8  

(4.122) 

The expression on the r.h.s. is the minimum A R E  of the MERT with respect to 
any member of the family 6 .  Thus 2, maximizes the minimum relative efficiency, 
regardless of which scale g E 9 provides the test Tg that is optimal. Since T, is 
the optimal test for the data at hand, then the ARE of the MERT is 

infARE(Z,,Tg) = ARE(Z,,T,) . (4.123) 
9EG 

A comparable interpretation of maximin efficiency is in terms of power. The 
MERT 2, suffers the least possible loss of power relative to the optimal test within 
the family 6.  Thus the test with maximin efficiency with respect to the family of 
alternatives is the test with minimax loss in power, that is, the test that minimizes 
the maximum loss in power compared to whichever test is optimal. 

4.9.2 Gastwirth Scale Robust Test 

Now let 9 refer to the Radhakrishna family of tests, each of which is asymptotically 
most powerful for a restricted alternative hypothesis of the form H l ~ ( g )  in (4.80) for 
a specific scale g(n) E 6.  So far we have focused on the family containing the logit, 
log and identity scales corresponding to a test designed to detect a common odds 
ratio, relative risk and risk difference, respectively. The family could be extended to 
include other scales as well, some of which are described by Radhakrishna (1965). 

For a given set of data, let 2, refer to the normal deviate test corresponding to 
the root of Xi( in (4.98) for scale g(r) E 0. Let (ZrlZs) be the extreme pair 
of tests within t ie family defined as 

Pro = min(pi,j) (gi,gj) E B (4.124) 

where p:,o = ARE(Z,,Z,) = ARE(T,,T,) from (4.117) is the ARE of 2, to 
2,. Usually 2, = mingEg (2,) and 2, = supgEB(Zg) so that usually 2, is the 
test for the scale with the greatest heterogeneity among the strata while 2, is that 
for the scale with the greatest homogeneity among the strata with respect to the 
corresponding measures of association. Gastwirth (1985) then showed that if 

Prg + Psg  L 1 + ~ r s  v(g E 917 9 # # 9 2 (4.125) 

then the maximin efficient scale robust test (MERT) is obtained as a convex com- 
bination of the extreme pair of tests 

(4.126) 
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that is asymptotically distributed as standard normal under Ho. The maximin effi- 
ciency of the MERT then is 

1 + Pra inf ARE (Z,,,, 2,) = - 
SEG 2 

(4.127) 

meaning that the ARE of the MERT 2, relative to the unknown optimal test within 
the family is at least this quantity. 

Gastwirth (1966) also shows that if the condition (4.125) does not hold, then the 
MERT still exists but it must be obtained as a linear combination of the 2, 

(4.1 28) 
9EB 

with coefficients { a g }  that satisfy a set of constraints. For a family of three tests 
as herein, these constraints are 

ai(1 -P iz ) -az( l  -P12)+a3(1 -P23)=0 (4.129) 

ai(1 -P13) +a2(P12 -P23) -P23) = o  
and 

3 3  

i=l j=1 

In this case, the coefficients must be solved by an iterative procedure. 

Example 4.18 Clinical Trial in Duodenal Ulcers (continued) 
From Example 4.16, the extreme pair of scales are the log relative risk (R) and log 
odds ratio (0) with correlation PR,O = 0.98976. The other pairs of correlations 
are ~ I R , D  = 0.98987 and p^o,~ = 0.99978. However, 

( ~ I R , D  + pI0,~) = 1.98965 < (1 + pI~,o) = 1.98976 

and the condition in (4.125) is not satisfied. Therefore, the MERTcannot be readily 
computed using the convex combination in (4.126). Rather the iterative computation 
in (4.129) would be required. 

Example 4.19 
From Example 4.17, the extreme pair of scales are the relative risk and risk differ- 
ence with ~ I R , D  = 0.67205. The other pairs of correlations are pI~,o = 0.99123 
and &,D = 0.73297 and the condition in (4.125) is satisfied: 

Religion and Mortality (continued) 

(&,o + Po,D) = 1.7242 > (1 + &,D)  = 1.67205. 

Thus the MERT can be readily computed as 

with two-sided p 5 0.087. 
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4.9.3 

The efficiency of the test of association is highly dependent on the chosen scale 
because the alternative hypothesis H1,qs) in (4.80) specifies that there is a common 
difference within each stratum on the chosen scale, as depicted in Figure 4.4.A. 
Thus the test is directed to a highly restricted subset of the general K-dimensional 
omnibus parameter space and many meaningful values are excluded, such as where 
there is a risk difference of 0.2 in one stratum and 0.4 in another. In such cases 
there may be some quantitative differences in the measures of association among 
strata but no qualitative differences, meaning that the direction of the association 
is consistent among strata. 

Therefore, another way to derive a more robust test is to specify a less restrictive 
alternative hypothesis. In an entirely different setting, that of a multivariate rank 
test for repeated measures, Wei and Lachin (1984) and Lachin (1992a) suggested 
a test of stochastic ordering that is directed toward the alternative hypothesis of 
a common qualitative degree of association on some scale rather than a strictly 
common quantitative value on that scale. First consider a generalized one-sided 
upper-tail test. In this case, the alternative hypothesis of stochastic ordering is 

(j = 1 , .  . . , K) and n1j > nzj for some 1 5 j 5 K . 

Wei-Lachin Test of Stochastic Ordering 

H I S :  n1j 2 n2j 
(4.131) 

This alternative specifies that the probabilities in group 1 are at least as great as 
those in group 2 for all strata, and are strictly greater for some. For a measure 
of association for some scale g(n) E 8, as employed above for the Radhakrishna 
family, then using a simplified notation, this specifies that 

H I S  H Oj 1 0  for V j  (4.132) 

with a strict inequality for at least one j .  Thus it is sufficient to employ a test based 
on the risk differences. 

This test can also be used to conduct a two-sided test of stochastic ordering for 
which the alternative hypothesis is stated as 

H I S :  nij 2 ~ ( ~ 4 ) ~  i = 1 or 2; j = 1 , .  . . , K ,  (4.133) 

with a strict inequality for at least one j. This is a two-sided specification that 
the probabilities in one group (either i = 1 or 2) are larger than those in the other 
group. Equivalently, the alternative specifies that 

H I S  ++ (0, 2 0 for V j )  or (0, 5 0 for V j )  (4.134) 

with a strict inequality for at least one j. 
For the case of two strata or measures, Figure 4.5.A shows the null and alternative 

hypothesis spaces in terms of the risk differences { R D j }  in the two strata. The test 
of stochastic ordering is directed toward all points in Quadrants I and III for which 
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Fig. 4.5 The null ( H o )  and alternative ( H I )  hypotheses for the test of stochastic ordering 
with two parameters 8 = (el, 82) (A) and the corresponding rejection region (B). 

A 
8, 

B 

the two differences are either both positive or both negative. If either difference is 
zero, but not both, the convention used is to include that point in the alternative 
hypothesis parameter space. 

Various authors have considered tests for this problem. For the case of multi- 
variate normal variates with estimated variances and covariances, Perlman ( 1969) 
derives the computationally tedious likelihood ratio test of stochastic ordering; see 
also Kudo (1963). Tang, Gnecco and Geller (1989) describe an approximation to 
Perlman’s test that is somewhat less tedious, and that follows a simplified chi-bar- 
squared distribution. 

In the setting of a stratified analysis of 2x2 tables, the Wei and Lachin (1984) 
test is based on the simple unweighted sum (or the unweighted mean) of the risk 
differences among strata 

(4.135) 

which is asymptotically distributed as x: under Ho. For example, consider the one- 
sided alternative hypothesis that the risk differences for two strata fall in the positive 
orthant, or the subhypothesis in H I S  that RDj 2 0 for j = 1,2.  This alternative 
hypothesis can be viewed as consisting of the family 3-1 of all possible projections 
in the positive orthant. For each projection h E ‘H there is a corresponding optional 
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test statistic of the form 

The Wei-Lachin test, however, is based on 

Ts = Z&+ E& (4.137) 

using unit (equal) weights. 
Frick (1995) showed that the Wei-Lachin tEst is a maximin efficient test in 

the following sense. For a vector of statistics 0 with covariance matrix I: as in 
Section 4.7, if the vector J'X is positive, J being the unit vector, then the Wei- 
Lachin test is maximin efficient with respect to the family 71 of projections in 
the positive or negative orthant. For independent 2 x 2  tables, = (RD1 R D z ) ~  
with X = diag(n&, n,",), this condition obviously applies. Therefore, the Wei- 
Lachin test on average minimizes the loss in power relative to the optimal test 
corresponding to the true alternative hypothesis point (RD1, RDz) that lies on a 
particular projection in the positive or negative orthant. 

For the bivariate example employed in Figure 4.2.B for the omnibus test, and in 
Figure 4.4.B for the test of association, Figure 4.5.B presents the rejection region 
for the test of stochastic ordering. Because the test is based on a linear combination 
of the two statistics, the rejection region is defined by the simple sum of sample 

statistics satisfying B1 + B2 /V B1 + B2 = 3.841 = x:(o,95) for a = 0.05. 
This yields a line of rejection at a 135" angle to the X axis. This differs from 
the line of rejection for the test of association that is tilted toward the origin for 
whichever gj has smaller variance, that is, whichever is more precise. 

Example 4.20 Clinical Trial in Duodenal Ulcers (continued) 
For the ulcer clinical trial the sum of the risk differences is cj zj = (-0.04458+ 
0.30556 + 0.24506) = 0.50604 and the sum of the variances estimated under the 
null hypothesis is Cj 70j = (0.01086 + 0.04586 + 0.01111) = 0.06783. Thus the 
Wei-Lachin test is 

h h  

(- - I 2  (- - >  

= 3.78 
( 0.50604)2 

0.0678 
x; = 

with p 5 0.052. In comparison, the test of association directed toward a common 
risk difference yields X i  = 2.97 with p I 0.085. 

Example 4.21 
For the observational study of religion and mortality, Cj EEj = -0.33384, 
Cj c~j = 0.02812 and Xg = 3.96 with p 5 0.0465. In comparison, the test 
of association for a common risk difference yields p 5 0.27 and the Gastwirth 
scale robust MERT yields p 5 0.086. 

Religion and Mortality (continued) 
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4.9.4 Comparison of Weighted Tests 

The omnibus test, all the members of the Radhakrishna family of weighted Cochran- 
Mantel-Heanszel tests of no partial association, the Gastwirth MERT and the Wei- 
Lachin test of stochastic ordering are all tests of the global null hypothesis for the 
K strata in (4.48). The tests differ with respect to the alternative hypotheses Hlo, 
H ~ A  and H I S  as depicted in Figures 4.2.A, 4.4.A and 4.5.A, respectively. Each 
test will have greater power than the others in specific instances. When the (0,) 
are homogeneous on the prespecified scale, or nearly so, the test of association will 
be more powerful than either the omnibus test or the test of stochastic ordering, but 
not necessarily otherwise. Similarly, when the (0,) are homogeneous for one scale 
within a family of tests g E 9, or nearly so, then the Gastwirth scale robust MERT 
will be more powerful. Conversely, when the (0,) fall along a projection in the 
positive or negative orthants (Quadrants I and III), the test of stochastic ordering 
will tend to be more powerful, especially if the corresponding projection under H I S  
is not close to the projection of equality under HIA for which the test of association 
is optimal. Finally, when the (0,) fall in some other orthant where some of the 
(0,) differ in sign (Quadrants I1 and IV), then the omnibus test will tend to be 
more powerful than the others. See Lachin (1 992a, 1996) for a further comparison 
of these tests in the analysis of repeated measures. 

In practice, there is a trade-off between the power robustness of the omnibus 
test to detect group differences under the broadest possible range of alternatives, 
versus the increased efficiency of the other tests to detect systematic differences 
between the groups under specific alternatives. As one compares the omnibus 
test, the test of stochastic ordering, and the test of association, in turn, there is 
decreasing robustness to a range of alternative hypotheses, but increasing power 
to detect specific restricted alternatives. In general, the Wei-Lachin test will have 
good power for alternatives approaching a constant difference on some scale. It will 
also have good power for alternatives where there is some heterogeneity but the risk 
differences are all in the same direction. In fact, Xg is not nearly as sensitive to 
heterogeneity as is the test of association. 

4.10 RANDOM EFFECTS MODEL 

All of the methods described previously in this ckapter are based on a fixed effects 
model. This model explicitly specifies that E(0,) = B for V j  or that there is a 
common measure of association on some scale under the alternative hypothesis. 
This model specification is equivalent to the null hypothesis of homogeneity HOH 
specified in (4.57) that is tested by the test of homogeneity on K - 1 df. If 
heterogeneity is observed, it could arise for either of two reasons. 

The first is that the fixed effects model has been misspecified in some respect. 
Perhaps there is homogeneity on some scale other than that specified for the analy- 
sis. Alternately, perhaps an additional covariate must be adjusted for to yield 
homogeneity. For example, if we first adjust for ethnicity and find heterogeneity 
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of odds ratios, then perhaps an adjustment for gender and ethnicity simultaneously 
would yield homogeneity over strata. 

The second possibility is that the fixed effects model simply does not hold, mean- 
ing that there is some extra-variation or over-dispersion due to random differences 
among strata. This extra-variation leads to the formulation of a random effects 
model. 

4.10.1 Measurement Error Model 

The simplest random effects model is a simple measurement error model, where a 
quantitative variable such as the level of serum cholesterol is measured with random 
error and where the true cholesterol value varies at random fiom one subject to the 
next. These assumptions can be expressed in a two-stage model as follows. 

Consider that we have a sample of i . i .d .  observations {yi}, i = 1 , .  . . , N. 
At the first stage of the model we assume that yi = wi + ~ i ,  where E(yi) = 
wi is the true value that varies at random from one subject to the next. The 
conditional distribution f(yilwi) is determined by the value of wi and the form of 
the distribution of the errors. For example, if E+ N N(O,ap), then f(yilwi) is 
N(wi, up). The second or random stage of the model then specifies that the w, are 
randomly distributed in the population with some mixing distribution wi N f(w), 
where E(wi) = p and V(wj) = 0:. Thus unconditionally the {yi} are distributed 
as f (y)  = J,f(ylv)f(w)dv. Here we use f to denote the distribution of any 
random variable so that f(y),  f(ylv), and f(w) need not be the same distribution. 

As in the usual fixed effects model, we also assume that the random errors are 
distributed as E, N f (E) with some distribution f , where E (e i )  = 0 and V ( e i )  = 
09 for Vi .  In addition, we assume that E, I wi (independent of) V i  meaning that the 
random errors are statistically independent of the random conditional expectations. 
Note that the corresponding simple fixed effects model with only an overall mean 
(no strata or covariate effects) simply specifies that all observations share the same 
expectation such that yi = p + e i  with ei N h ( E ) ,  E (ei) = 0 and V (Ei) = 02 for 
all observations. 

Using this random effects model specification, we then wish to estimate the 
moments of the mixing distribution p and 0: and the variance of the errors a:. 
Intuitively, since the conditional expectations {q} are assumed to be independent of 
the random errors {E,} then 05 = uE +o:, or the total variation among the observed 
{yi) can be partitioned into the variation among the true values plus the variation 
among the random errors. This can be formally shown from the well-known result 
in (A.6) of the Appendix which in this measurement error model yields 

= E [E (e2 I.)] + V [w] . 
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If the errors have constant variance for all observations such that E [E ( E ~  Iv)] = 
a: independently of v, then 

v (Y) = a: + a:. (4.139) 

This also demonstrates the principle of partitioning of variation as in (A.5) since 
uz = a: + a: specifies that 

E (3 - p)2 = E (y - v ) ~  + E (V - P ) ~ .  (4.140) 

The mean p is readily estimated from g, and the variance of Y from the usual 
sample estimate on N - 1 df. If we can obtain an estimate of one of the variance 
components, usually Zz, then we can obtain the other, usually Z:, by substraction. 
For quantitative measurements, such as a laboratory assay like serum cholesterol, 
these variance components are readily estimated from a set of independent duplicate 
measurements using moment estimators obtained from the expected mean squares 
of an analysis of variance (cf: Fleiss, 1986), or using restricted maximum likelihood 
or other methods (see Harville, 1977). 

Such two-stage random effects models can be viewed as an application of what 
is often called the NIH model, a device pioneered by the early group of biostatisti- 
cians at the National Institutes of Health (Cornfield, Mantel, Haenszel, Greenhouse, 
among others) that was never explicitly published. The NM model was originally 
employed for an inference about the mean slope over time in a sample of sub- 
jects, each of whom has a unique slope (v) that is estimated from a set of repeated 
measurements over time. Within the population of subjects, these slopes follow a 
distribution with overall mean p and variance a:. The key is to then employ a 
moment estimator for the mixing distribution variance component, which is then 
used to obtain the total variance of the estimated mean slope. 

4.10.2 Stratified-Adjusted Estimates from Multiple 2x2 Tables 

DerSimonian and Laird (1986) applied these ideas to develop a random effects 
model for the analysis of multiple 2x2 tables. Their objective was to obtain an 
overall stratified-adjusted assessment of the treatment effect from a metu-analysis 
of many studies where there is some heterogeneity, or extra-variation or over- 
dispersion, among studies. 

Under a random effects model we now assume that the true measure of associ- 
ation for some scale 6, = g ( n l j )  - g ( x 2 j )  varies from stratum to stratum. Thus at 
the first stage of the model we assume that 

iTj = ej + E j  , (4.141) 

where we again assume that 

E ( E ~ )  = 0, v ( E ~ )  = for j = 1 , .  . . ,K.  (4.142) 
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2 
Note that V(ej )  = E (gj - d j )  = uz and thus the variance of the estimate 02 is 

equivalent to the variance of the random errors uz. Unlike the simple measurement 
error model, here the variance of the estimate (of the errors) is assumed to vary 
from unit to unit, or from stratum to stratum. 

ej 8, 

At the second stage we assume some mixing distribution 

ej N f (e  I  PO!^) (4.143) 

with 

E(ej) = Po, v(ej) = U; (4.144) 

and where ~j I O j .  These variance components can be expressed as 

0; = E ( O ~  = v [E (& 1ej)] (4.145) 

where a: E u? and u2 = uz in the measurement error example of Section 4.10.1. 
Therefore, unconditionally 

% 

v (&) = u; + u& (4.146) 

If the variance component u; = 0, then this implies that the fixed-effects model 
is appropriate. On the other hand, if u; > 0 then there is some over-dispersion 
relative to the fixed-effects model. In this case, a fixed effects analysis yields 
stratified-adjusted tests and estimates for which the variance is under-estimated 
because the model assumes that u; = 0. 

A test of homogeneity in effect provides a test of the null hypothesis HOH:  
u; = 0 versus the alternative H ~ H :  u; # 0. If this test is significant, then a 
proper analysis using the two-stage random effects model requires that we estimate 
the between stratum variance component 0:. This is readily done using a simple 
moment estimator derived from the test of homogeneity, 

in (4.68) can be expressed as a weighted 

sum of squares C j  is the MVLE of the mean measure 
of association obtained under the fixed effects model and ?j is the inverse of the 
estimated variance of the estimate. Clearly, the expected value E (X;,,)under the 
alternative hypothesis H I H  will be some function of the variance between strata, 
0;. To obtain this expectation we first apply the principle of partitioning of sums 
of squares described in Section A. 1.3 of the Appendix. 

Treating the {~j} as fixed (known), then from (A.4), the sum of squares of each 
estimate about the overall mean can be partitioned about the estimated mean as 

Cochran's test of homogeneity 
2 (& - j&> , where 
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so that 

(4.148) 

Since E (4 - 
statistic is 

= V (gj) in (4.146), then the expected value of the test 

E ( x ~ , , )  = Cjrjv($j) - v ( ~ e )  (C.Tj). (4.149) 

In practice, we would use the estimated weights {c}, as in Section 4.6.2. However, 
since ?j 3 ~ j ,  then from Slutsky's Theorem the above still applies. 

Using the unconditional variance of each 4 in (4.146), the first term on the r.h.s. 
of (4.149) is 

3 

c3 rjv (e;) = c rj (u: + U i j )  . 
3 

(4.150) 

For the second term on the r.h.s. of (4.149), note that the MVLE is obtained as 
& = Cj uj& using the MVLE weights wj = rj/ Cc re, where rj = uZ2 in (4.34) 

is assumed known (fixed). Again using the unconditional variance of each &, given 
the MVLE weights, then 

Thus 

so that 

Noting that ~j = or2, it is readily shown that 

(4.15 1) 

(4.152) 

(4.153) 

(4.154) 
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From Slutsky’s theorem, a consistent estimate of this expectation is provided upon 
substituting the estimated MVLE weights or the {c}. This yields a consistent 
moment estimate for ui of the form 

r 1 

(4.155) 

where the estimate is set to zero when the solution is a negative value. 
Given the estimate of the between strata variance component 3; we can then 

update the estimate the mean j& by a reweighted estimate using the unconditional 
variance of the estimate within each stratum: 

(4.1 56) 

The initial MVLE estimate is called the initial estimate and the reweighted estimate 
is called the first-step iterative estimate. The first-step revised weights are 

The reweighted estimate of the mean over all strata then is 

with estimated variance 

(4.159) 

From these quantities one can obtain a random effects confidence interval for the 
mean measure of association in the population. 

DerSimonian and Laird also describe an iterative convergent solution using the 
EM-algorithm. Alternately, the above process could be continued to obtain fully 
iterative estimates of the mean and its variance. The reweighted estimate of the 
mean $) would be used to recalculate the test of homogeneity, which, in tum, is 

used to update the estimate of the variance between strata This updated 
estimate of the variance is used to obtain revised weights {i2j2’} and then to obtain 

an updated estimate of the mean pf’, and so on. The iterative procedure continues 

until both the mean @im) and its variance (@$”’) converge to constants, say 
at the mth step. This approach is called the fixed-point method of solving a 
system of simultaneous equations. Alternately, the two iterative estimates could be 
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obtained simultaneously using other numerical procedures such as Newton-Raphson 
(cf. Thisted, 1988). 

For such calculations Lipsitz, Fitzmaurice, Orav and Laird (1 994) have shown 
that the one-step estimates are often very close to the final iterative estimates, and 
that the mean square error of the one-step estimate also is close to that of the final 
iterative estimate. Thus the first step estimates are often used in practice. 

This iteratively reweighted random effects estimate can also be described as an 
empirical Bayes estimate (see Robbins, 1963; Morris, 1983). The addition of the 
non-zero variance component between strata, l?;, to the variance of the estimate to 
obtain the unconditional variance has the effect of adding a constant to all of the 
weights. Thus the random effects (empirical Bayes) analysis “shrinks” the weights 
toward the average 1/K, so that the resulting estimate is closer to the unweighted 
mean of the {&} than is the MVLE. If the estimate of this variance component is 
zero, or nearly so, the random effects analysis differs trivially from the fixed effects 
analysis. 

Thus one strategy could be to always adopt a random effects model because there 
is usually some extra-variation or over-dispersion, and if not then 5; = 0 and the 
fixed analysis will result. However, this could sacrifice power in those cases where 
a fixed effects model actually applies because even when = 0, the estimate 3; 
will vary and a small value will still inflate the variance of the estimate of cr). 
Thus it is customary to first conduct a test of homogeneity and to only conduct a 
random effects analysis if significant heterogeneity is detected. 

In theory, an asymptotically efficient test of the hypothesis Ho: pe = 0 on a 
given scale under a random effects model could be obtained analogously to the 
Radhakrishna test of Section 4.7.2 that was derived under a fixed effects model. 
In practice, however, inference from a random effects analysis, such as in a meta- 
analysis, is usually based on the 95% confidence limits for the mean pe. 

Example 4.22 Clinical Trial in Duodenal Ulcers (continued) 
For the ulcer drug trial example, the following is a summary of the computation of 
the one-step random effects estimate of the mean stratified-adjusted log odds ratio, 
where 6j l o g G j .  As shown in Table 4.3, the MVLE under the fixed effects 
model is 0 = 0.493 with estimated variance v($) = 0.085. The corresponding 
estimate of the assumed common odds ratio is = 1.637 with asymmetric 95% 
C.I. of (0.924,2.903). The resulting test of homogeneity of the log odds ratios is 
Xi,, = 4.58028 with p 5 0.102. Although not significant, the random effects 
analysis is presented for purpose of illustration. 

The moment estimate of the variance between strata is l?: = 0.37861. This is 
then used to obtain an updated (one-step) estimate of the mean pe and its variance. 
The random effects analysis, contrasted to the original fixed effects (MVLE) analysis 
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Table 4.9 Random-Effects Model Stratified-Adjusted Analysis of the Ulcer Clinical Trial 
Data From Example 4.1 

Stratum Mean 
h 

Measure, 0, 1 2 3 95% C.I. 

Risk dgerence -0.045 
V(6-j) 0.033 
4) 0.397 wj 

log Relative risk -0.111 
V(gj> 0.136 
W .  4 1 )  0.372 

3 
Relative risk 

log Odds ratio -0.185 
P(e ĵj, 0.567 

0.489 4 1 )  
wj 

Odds ratio 

0.306 0.245 0.142 
0.065 0.032 0.013 
0.201 0.402 

0.523 0.515 0.284 
0.235 0.122 0.050 
0.215 0.413 

1.329 

1.322 1.000 0.574 
1.273 0.568 0.232 
0.102 0.408 

1.775 

-0.08, 0.37 

0.86, 2.06 

0.69, 4.56 

is as follows: 

MVLE Random Effects 
.,v 

Stratum gj S? ?=J Gj ?(&) $1) G(1) 

1 -0.185 0.188 5.319 0.454 0.567 1.765 0.409 
2 1.322 0.894 1.118 0.095 1.273 0.786 0.182 
3 1.001 0.189 5.277 0.451 0.568 1.760 0.408 

Total 11.715 1.0 4.311 1.000 

Through the addition of the variance component estimate 5; = 0.37861 to the 
unconditional variance of each estimate, the random effects weights for each stratum 
are now shrunk toward 113, such as from 0.454 to 0.409 for the first stratum. 
The resulting one-step reweighted estimate of the mean log odds ratio is p!) = 

(-0.185 x 0.409) + (1.322 x 0.182) + (1.001 x 0.408) = 0.574 and j$k = 

1.775. The estimated variance of the log odds ratio is ?(F!') = 1/4.311 = 
0.2320, which yields asymmetric 95% C.I. on p 0 ~ 0 f  (0.691,4.563). The point 
estimate of the mean log odds ratio in the random effects model is slightly greater 
than the MVLE because the negative estimate in the first stratum is given less weight. 
However, the variance of the random effects estimate is slightly greater because of 
the allowance for the extra-variation between strata, so that the confidence limits 
are wider. 
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Table 4.10 Meta-analysis of Prevention of Pre-Eclampsia With Diuretics 
During Pregnancy 

Diuretics Group Placebo Group 
Study aj nlj 

1 14 131 
2 21 385 
3 14 57 
4 6 38 
5 12 1011 
6 138 1370 
7 15 506 
8 6 108 
9 65 153 

PI j 
0.107 
0.055 
0.246 
0.158 
0.012 
0.101 
0.030 
0.056 
0.425 

b3 n2j ~ 2 j  

14 136 0.103 
17 134 0.127 
24 48 0.500 
18 40 0.450 
35 760 0.046 

175 1336 0.131 
20 524 0.038 

2 103 0.019 
40 102 0.392 

ORj 
1.043 
0.397 
0.326 
0.229 
0.249 
0.743 
0.770 
2.971 
1.145 

Table 4.9 presents a summary of the computations of the random effects estimates 
of the mean parameter pa and its estimated large sample variance for the risk 
difference, relative risk and odds ratio. Of the three scales, the relative risk estimates 
are the least affected by the random effects analysis. That is because the estimates of 
the relative risks among the strata showed the least heterogeneity. The corresponding 
estimate of the variance between strata in the log relative risks is l?: = 0.06818, 
which is smaller, relative to the variance of the estimates within strata, than the 
between stratum variances for the other scales. Thus the {$)} are minimally 
different in the fixed effects and random effects analyses of the relative risks. 

The estimate of the variance between strata of the risk differences is 3; = 
0.02235, which yields similar effects on the estimates as observed for the log odds 
ratios. 

Example 4.23 
For the observational study of religion and mortality, the estimates of the variances 
between strata are zero for the log odds ratios and the log relative risks, as reflected 
by the non-significant tests of homogeneity in Example 4.11. The estimate for the 
variance among strata for the risk differences is 3: = 0.00132, which has a slight 
effect on the resulting estimates: the estimated mean being j$’ = -0.040 with 
v(j$)) = 0.00117 and 95% confidence limits of (-0.107, 0.027), slightly wider 
than the fixed effects limits. 

Example 4.24 
Collins, Yusuf and Pet0 (1985) present a meta-analysis of nine studies of the use 
of diuretics during pregnancy to prevent the development of pre-eclampsia. The 
data are presented in Table 4.10 (reproduced with permission). Of the nine studies, 

Religion and Mortality (continued) 

Mefa-Analysis of Effects of Diuretics on Pre-Eclampsia 
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Fig. 4.6 Meta-analysis display of the odds ratio and 95% confidence limits on the log scale 
for the studies of pre-eclampsia, and the random-effects model combined analysis. 

Study 1 

Study 2 

Study 3 

Study 4 

Study 5 

Study 6 

Study 7 

Study 8 

Study 9 

-c 

- 
~ 

-t Combined, Random Effects Model 

0.1 0.5 1 1.5 2 3 4 

three show an increase in the odds ratio of pre-eclampsia among those treated with 
diuretics whereas the others show a decreased risk. The Cochran test of homogeneity 
of the log odds ratios yields X2 = 27.3 on 8 df with p _< 0.0007. The initial 
estimate of the variance in the log odds ratios between studies is 3; = 0.2297. The 
one-step random effects estimate of the average log odds ratio is G r )  = -0.517 
with estimated variance Q(j$)) = 0.0415, which yelds a point estimate of the 
average odds ratio of j$& = 0.596 with asymmetric 95% confidence limits (0.400, 
0.889) that is significant at the 0.05 level since the limits do not bracket 1.0. 

Applying the fixed-point iterative algorithm, wherein the estimate 3; is used to 

obtain an updated estimate $I, and so on, requires 27 iterations to reach con- 
vergence. The final estimate of the mixing distribution variance is 3; = 0.1733, 
somewhat less than the initial estimate. The resuging estimate of the mean log odds 
ratio is j& = -0.513 with estimated variance V(j&) = 0.0346. The estimate of 
the mean is virtually unchanged but that of the variance is slightly less. The final 
estimate of the mean odds ratio, therefore, is  OR = 0.599 with asymmetric 95% 
confidence limits (0.416, 0.862). 

In a meta-analysis it is traditional to display the results as in Figure 4.6, which 
shows the odds ratio and 95% confidence limits within each study and in aggregate. 
For illustration, the figure displays the random-effects model estimate of the aggre- 
gate combined odds ratio and its 95% confidence limits. Because the confidence 
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interval does not bracket 1.0, the conclusion would be that the aggregate estimate 
is statistically significant at the 0.05 level. 

4.11 POWER AND SAMPLE SIZE FOR TESTS OF ASSOCIATION 

Wittes and Wallenstein (1  987) describe the power function of the Mantel-Haenszel 
test for multiple 2 x 2  tables. Earlier, Gail (1973) presented the power function 
for a similar but different test, a Wald test based on the MVLE; and Birch (1964) 
described the conditional power function using the non-centrality parameter of the 
non-central chi-square distribution. Because the Mantel-Haenszel test is asymptot- 
ically equivalent to Cochran’s test, and since Cochran’s test is a member of the 
Radhakrishna family, the Wittes-Wallenstein result can be derived more generally 
for the Radhakrishna family. 

4.11.1 

The Radhakrishna family provides an asymptotically efficient test for the assumed 
common measure of association 8, where 6’j = g (nlj) - g (Q) = 6’ V j  under a 
fixed effects model. The test statistic T in (4.85) is obtained as a weighted linear 
combination of the risk differences within each stratum, the weights providing an 
asymptotically optimal test for a measure on the specified scale g ( ~ ) .  The variance 
of the test statistic involves the variance of the risk differences u:j that involves 
the sample sizes within each stratum. As shown in (4.119), the variance can be 
factored as 4$/N using E(ni j )  = NCjt i j ,  where <j = E ( N j / N )  are the expected 
stratum sample fractions, and ti, = E(n i j /N j )  the group sample fractions within 
the j t h  stratum. Thus 

Power Function of the Radhakrishna Family 

(4.160) 

Therefore, the test statistic can be expressed as 

using the weights 

(4.162) 
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- d  
Under Ho: nlj = nzj = nj, then T M N (O,u$o), where E 

(4.163) 

where is the variance component remaining after factoring N from this expres- 
sion for the variance under Ho. 

Under the omnibus alternative H l o  in (4.49) that some of the stratum specific 
parameters differ from the null value, e j  # 00 = 0 for some 1 5 j 5 K, then 

- d  
asymptotically T = N (p?, u$l 

and variance 

(4.165) 

where = V(P1j - p2jIH1) is the variance of the risk difference under the 
alternative hypothesis within the j t h  stratum as in (2.26). This variance likewise 
can be factored as ufj = q5fj/N with 

Therefore, the asymptotic variance under the alternative is 

(4.166) 

(4.167) 

From the general equation for sample size and power (3.18) we then obtain 

(4.168) 

and 

This expression can be solved for N to determine the sample size required to provide 
any specific level of power, and can be solved for 21-p to determine the power of 
a test for any given sample size. 
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4.11.2 

Cochran’s test is directed toward alternatives specified in terms of odds ratios using 
the logit link, g(n) = log[n(l - n)], for which the optimal weights are given in 
(4.82). Factoring the total sample size N from this expression yields 

Power and Sample Size for Cochran’s Test 

so that 

(4.170) 

(4.171) 

Therefore, the variance component under the null hypothesis is 

= C ,  ~ ; @ ; j  = C .  ~j t l j t2 jn j  (1 - nj). (4.172) 
3 3 

Under the alternative, the expectation is 

PF = Cj ~jt l j tz j  (nlj - nzj) (4.173) 

with variance component 

(4.175) 

and the expression for the sample size required to provide power 1 - p is 

(4.176) 
PT 

To perform computations of the power or required sample size under a specific 
alternative hypothesis, one first specifies the expected sample fractions Cj, tlj, and 
&j for each stratum (1 I j I K ) .  For each stratum the expected control group 
probability xzj is specified and the expected log odds ratio Oj in that stratum. By 
inverting the expression for the odds ratio, the expected probability in the exposed 
or treated group is then obtained as 

1 2 *  .LY@Fo + Z1-B@T1 
N =  [ 

(4.177) 

Although the test is asymptotically most powerful when there is absolute homo- 
geneity of the odds ratios, 0, = t9 for all strata, these expression allow for the 8, to 
differ systematically among strata under a fixed effects model without a common 
value for 8. Also, the variance components in (4.172) and (4.174) are obtained 
under this fixed effects model. 
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Example 4.25 
Consider a non-randomized study with three strata allowing for some imbalances 
between groups among strata (<lj # <2j) and some heterogeneity of odds ratios as 
reflected by the following parameters under the alternative hypothesis: 

Three Strata with Heterogeneity 

Stratum Group 
Age Fraction Fractions ORj 

Stratum c j  S l j  t 2 j  ~ 2 1  ( e e J )  ~ 1 j  

20-49 0.15 0.30 0.70 0.75 4.0 0.923 
50-69 0.50 0.60 0.40 0.70 3.2 0.882 
70-80 0.35 0.45 0.55 0.65 1.8 0.770 

As described above, the values {nlj} are obtained from the specification of the 
control group probabilities {nzj} and the odds ratio {ORj}.  For this example, 
p~ = 0.0377, #- = 0.2055, and = 0.2033. For a test at a = 0.05 (2-sided), 

T o  
in order to provide 90% power (p = 0.10), a total sample size N = 306.8 is 
required. 

This calculation could be compared to the sample size required to provide 90% 
power in a marginal analysis. Weighting by the stratum specific sample fractions, 
<j&j yields overall group fractions [I. = Cj Cjtlj = 0.5025, <2. = 0.4975, and 
probabilities ~ 2 .  = c.  <.(2jn~j/[2.  = 0.689, and x i .  = c,  <'< l jT1j / t lv  = 
0.847. The resulting marginal odds ratio is OR. = 2.505. Then using the equation 
for sample size for the test of two proportions in (3.36) yields N = 294.4. 

Therefore, the marginal analysis appears to be more powerful and to require 
a smaller sample size than does the stratified analysis. This is caused by the 
heterogeneity of the odds ratios over strata and the treatment group imbalances over 
strata. As shown in Section 4.4.3, the marginal analysis is biased in this case. 
The stratified analysis, however, is unbiased, and the larger sample size is indeed 
required to provide an unbiased test with the desired level of power. 

The impact of these factors is described in Table 4.11 which compares the sample 
sues required for a stratified versus a marginal analysis where the parameters in this 
example are modified so as to have either homogeneity or heterogeneity coupled 
with either group by covariate imbalance or balance. Under homogeneity of odds 
ratios, the odds ratio within each stratum is assumed to be ORj = 2.52 Vj ,  which 
is the weighted average odds ratio among the three strata. Also in the case of a 
balanced design, the sample fractions are assumed equal in each group (&j = E2j). 

The computations in the first row of the table are those described above. Such 
computations demonstrate that a moderate degree of heterogeneity alone has little 
effect on the power of the stratified versus that of the marginal analysis. The 
important determinant of power is the average odds ratio. The introduction of a 
group by covariate imbalance appears to reduce the power of the stratified test due 
to the pursuant increase in the variance of the test because the term 

J ?  3 .J 

1 k+k)=T;;F;; (4.178) 
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Table 4.11 Required Sample Size for Stratified and Unstratified Analysis With Homogene- 
ity or Heterogeneiy of Odds Ratios, and With Balanced or Unbalanced Group Fractions 

Odds Ratios Group Sample Analysis 
Among Strata Fractions Stratified Marginal 

Heterogeneous : 
Unbalanced 306.8 294.4 

Balanced 287.8 291.5 

Unbalanced 305.6 287.3 
Balanced 292.4 293.6 

Homogeneous: 

is a minimum for & j  = 0.5. 
Lachin and Bautista (1 995) provide a detailed assessment of factors influencing 

the power of a stratified versus unstratified analysis. They considered three factors 
a) the degree of heterogeneity among the odds ratios { O j } ;  b) the strength of the 
association between the covariate and the response (the risk factor potential); and 
c) the association between the covariate and group (the extent of imbalance). In 
accordance with the developments in Section 4.4.3, they show that when (b) and 
(c) both exist, the unadjusted marginal odds ratio is positively biased whereas the 
stratified-adjusted estimate is not. However, a strong association in both (b) and (c) 
must be present for a substantial bias to exist. They also show that heterogeneity of 
odds ratios alone has little effect on the difference in power between the unadjusted 
versus adjusted analysis. 

Since the marginal analysis is positively biased when (b) and (c) exist, then the 
marginal test appears to have greater power due to this bias, and will misleadingly 
suggest that a smaller N is required. However, in this case the preferred analysis is 
the stratified analysis that is unbiased. However, a larger N is required to provide 
a given level of power. 

4.12 PROBLEMS 

4.1 Show that Cochran’s test for multiple 2x2 tables is equal to 
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with 

4.2 Assume that there is a common value of B for all strata, or Ho: Bj = B such 

that E 8, = B for all j. Thus we wish to combine the estimates over strata to 
estimate 8. 

4.2.1. Under a fixed effects model (4.30) and (4.31), use weighted least squares 
(see Section AS  of the Appendix) to show that 

(- 1 

and 

“g) = (Xj?j)-l , 
A A  

where Fj = V(Oj)-l = 5T2. 
4.2.2, Also show that the variance of the estimate can be obtained as 

(4.18 1) 

(4.182) 

(4.183) 

4.2.3. For the risk difference, log odds ratio and log relative risk, use the above 
to obtain the expressions for ?j, the weights Gj, the pooled MVLE g, V (g) and a 

consistent estimate 6 . In these derivations use the expressions for the variance 

of gj under the assumption that a difference exists ( X l j  # 7r2j ) .  

4.2.4, Do likewise for Oj defined as 8, = g(nl) -g(7r2) for the following scales: 
1. The arcsin transformation g(7r) = sin-’( 6). 
2. The probit transformation g ( r )  = @-‘(7r), where @ ( a )  is the standard normal 

3. The square root transformation g(7r) = J?T. 

(7 

cdf. 

4.3 The Mantel-Haenszel estimate of the common odds ratio is also a linear 
estimator as shown in (4.15) and (4.16). 

4.3.1. Show that these Gj are not proportional to V(%j)-’, where V(0Rj)  
was derived in Problem 2.5.4. Thus the variance of the Mantel-Haenszel estimate 
O^RMH is greater than that of an MVLE efficient estimate of the common odds 
ratio. 

4.3.2. Also, show that for ORj = 1, then the O R M H  is approximately the 
MVLE of the common odds ratio (not the common log odds ratio). 

4.4 The Radhakrishna family of tests X i ( g )  is presented in (4.98) using estimated 
optimal weights {Gj} in (4.97) specific to the desired scale B = g(w1) - g(7r2), 

h 
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and where is asymptotically distributed as chi-square on 1 df under Ho: 
r 1 j  = r 2 j  = r j  Qj. 

4.4.1. Adopt a local alternative of the form r 1 j  = r j  + 6n-4 and r 2 ,  = 
r j  - 6n-4. Use a Taylor's expansion of g(rij) about r j  E ( r l j , r Z j )  for each 
group i = 1 , 2  to derive (4.83) and (4.84). 

4.4.2. Using the expression for the optimal weights that maximize the asymptotic 
efficiency, W = Xi'G in (4.93, show that the optimal weights for each of the 
following scales are estimated as: 

1 -1 

($+&) p j ( l - p j )  

Log relative risk ($+$) iq 

Risk difference 

1 - 1  

Log odds ratio 

that simplify to the expressions in Table 4.8. 
4.4.3. Derive the explicit expression for the test for each scale presented below: 
1. Constant risk difference: 

2. Constant log relative risk 

(4.184) 

(4.185) 

3. Constant log odds ratio 

4.4.4. The additional scales used in Problem 4.2.4. are also members of the 
Radhahshna family. Show that the estimated optimal weights for the test for a 



162 STRATIFIED-ADJUSTED ANALYSIS FOR TWO /NDEP€NDENT GROUPS 

common difference on each of these scales are as follows: 

Scale Gj 

4.5 For a scale with measure O j  = g(?rlj) - g(nzj), we now show that the 
Radhakrishna test of association may also be viewed as an estimation-based test 
using an MVLE of the common parameter, but using weights estimated under HO 
rather than under H I .  

4.5.1. Since & % 9' ( p j )  (p1j - p 2 j )  show that the numerator of Xi(,) in (4.98) 

is approximately a weighted average of the {&} of the form 

iij 
3 9' (.jI2 Voj 

T g e C .  

4.5.2. From the &method show that asymptotically 

4.5.3. Thus asymptotically the test can be expressed as 

(4.187) 

(4.188) 

(4.189) 

with weights 

woj = v (e; I H o )  -l f [g' (pj)2 VOj] -l , (4.190) 

4.6 Now let ZA(,) be the standardized normal deviate test corresponding to the 
Radhakrishna test Xi(,) in (4.98). Consider two separate tests of association on 
two different scales, such as 2, for the test of common log odds ratio and 2, for 
the test of common log relative risk. 

4.6.1. Show that the correlation among the two standardized deviates is 
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where V, and V,  are the denominators in the Radhakrishna test X i  for the rth 
scale and sth scale, respectively. 
Hint: For a vector X with covariance matrix Xz, the covariance of two bilinear 

forms A'X and B'X = A'E:,B. 
4.6.2. Consider two scales g,(r) and g,(r), where 0.j = 0, V j  for scale g,(r). 

Thus the test T, is optimal and test T, is not. Show that the ARE ( T r y  T, 1 0,) = p?, 
as presented in (4.117). 

4.6.3. Let 2, and 2, be the standardized deviates corresponding to T, and T,. 
Show that ARE (Tr,  T, I 0,) = ARE (Zr, Z, 1 8,)  . 

4.6.4. Using the sample fractions described in (4.119), show that the sample 
size N factors from the above expression for p:, using weights Gej presented in 
(4.120) to yield 

- 
4.6.5. To compute the ARE for each pair of scales the covariance of the two 

tests involves the cross products w^,.jw^,j~oj that can be simplified. Let 

(4.193) 

so that poj = pj(1 - pj)/Mj. Then for the following pairs of scales show that 
these terms reduce as follows: - 

Pair of Tests G,j Gs j voj 
log Odds ratio, Risk difference 

log Odds ratio, log Relative risk 
log Relative risk, Risk difference 

Mj 
PjMj 

M j / (  1 - pj) 

4.7 For the measurement error random effects model of Section 4.10.1, assume 
that the random error variances vary from subject to subject such that V ( E ~ )  = uz, 
is not constant for all subjects in the population, such as where czi is a function of 
the conditional mean E(ylvi). Also assume that a consistent estimate of the error 
variance 5zi is provided for each subject. 

4.7.1. Using the partitioning of variation as in (A.6), show that V(y i )  = u,", +u: 
and that V ( Y )  = E(c2,) + CT:. 

4.7.2. For a sample of N independent observations, show that 

(4.1 94) 

4.7.3. Then show that the moment estimator for the mixing distribution variance 
u: is provided by 

2; = Q ( Y )  - c. 1 3,2,/N (4.195) 
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where 

(4.1 96) 

4.7.4. Alternately, partition the sum of squares of Y about p as in (A.4) to show 
that 

and that 

(4.197) 

(4.198) 

4.7.5. Then again show that the moment estimator for CT? is provided by (4.195). 

For the DerSimonian-Laird random effects model in Section 4.10.2, show the 4.8 
following: 

4.8.1. Show that (4.149) can be expressed as 

(4.199) 

4.8.2. Then derive (4.151). 
4.8.3. Then derive (4.153), (4.154) and (4.155). 
4.8.4. In a fixed-point iterative procedure as described in (4.157)- (4.159), 

at the first step, show the expressions for the weights Ljjl) and the estimated 

variance V (gr)) . 
4.9 A cross-sectional occupational health study assessed the association between 
smoking and the prevalence of byssinosis among workers in a textile plant (Higgins 
and Koch, 1977). The following 2 x 2 tables were obtained giving the frequencies 
of workers with byssinosis versus not among smokers and non-smokers stratified 
by the length of employment: 

Smoker Non-Smoker 
Stratum aj nlj bj nzj 
1: <10 years 44 1587 19 1142 
2: 10-2Oyr 21 481 5 231 
3: >20yr. 60 1121 16 857 

(reproduced with permission). In the remainder of this problem, various analyses 
of these data will be performed. It is preferred that you write computer programs 
to perform these analyses. Measures of association in terms of smokers versus 
non-smokers should be constructed so as to express the increase in risk, if any, 
associated with smoking. 
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4.9.1. Separately within each strata, and for the data combined into a single 

1. V, and the Contingency (Pearson) chi-square statistic and P-value; 
2. V, and the Mantel chi-square statistic and P-value; 
3. The difference in proportions, the log odds ratio and the log relative risk and 

4. The 95% confidence limits for the difference, odds ratio and relative risk. 
4.9.2. Now conduct a stratified Mantel-Haenszel analysis of odds ratios. 
1. Calculate the Mantel-Haenszel estimate of the common odds ratio and the 

Robins et al. variance of the log odds ratio. Use these to compute asymmetric 95% 
confidence limits on the odds ratio. 

2. Calculate the Mantel-Haenszel and Cochran stratified-adjusted tests of sig- 
nificance. 

3. Now use the Mantel-Haenszel test value to obtain the test-inverted confidence 
limits for the common odds ratio. 

4. Compare and comment on the difference between the marginal unadjusted 
analysis and the stratified-adjusted analysis of the odds ratios. 

4.9.3. Now conduct a stratified Mantel-Haenszel analysis of relative risks. 
1. Calculate the Mantel-Haenszel estimate of the common relative risk. 
2. Now use the Mantel-Haenszel test value to obtain the test-inverted confidence 

3. Compare and comment on the difference between the marginal unadjusted 

4.9.4. For each of the three scales (difference, log odds ratio, log relative risk) 

1. Obtain the estimate of the common parameter and its variance. 
2. Calculate the 95% confidence interval on the parameter under each scale, and 

also the asymmetric confidence limits for the odds ratio and relative risk. 
3. Compare the weights for the estimates of the common parameter on each 

scale. 
4. Compare the MVLE estimates and confidence limits to the marginal unadjusted 

analysis. 
5.  Compute the relative weights (summing to 1) for the Mantel-Haenszel esti- 

mates of the common odds ratio and relative risk and compare these to the weights 
for the MVLE estimates for the log odds ratio and log relative risk, respectively. 

6. Then compare the stratified adjusted estimates of the odds ratio and the 
relative risk and their confidence limits. 

4.9.5. Evaluate the extent to which years of employment strata are associated 
with the smoking group andor are a risk factor for response (byssinosis) using 
the appropriate 3 x2 tables. What are the implications for the comparison of the 
adjusted versus unadjusted analyses? 

marginal 2x2 table with total N = 5419, calculate the following: 

estimated the variance of each; and 

limits for the common relative risk. 

analysis and the stratified-adjusted analysis of the relative risks. 

perform the following MVLE analyses over all three strata: 

4.9.6. Conduct the following tests of significance: 
1. The 3 df omnibus X2 test using the risk difference ( p l j  - p z j )  within each 

stratum. Also state the null and alternative hypotheses and the result of the test. 
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2, An alternative is to use three separate tests (Cochran or Mantel-Haenszel), one 
within each stratum, at a = 0.05/3. Interpret the tests conducted under Problem 
4.9.1.1 and 2 above in terms of these Bonferroni adjusted significance levels. 

3. Conduct Cochran's K - 1 df test of homogeneity for each of the three scales. 
4. For each of the three scales, perform the Radhakrishna test of association for 

the hypothesis of a common parameter HOA: 0, = 00 for all j versus the alternative 
HI: 4 = B # Bo for all j. Compare the tests on each scale in relation to the tests 
for homogeneity. 

5 .  Compare the Mantel-Haenszel test obtained in 4.9.2.2 to the Radhakrishna 
test for log odds. 

6. Compute the correlation Frs and ARE(T,, T,) for each of the three possible 
pairs of scales among the risk difference, log relative risk and log odds ratio. 

7. Confirm that the Gastwirth MERT conditions apply and then compute the 
scale robust MERT in (4.126). Compare this test to the individual Radhakrishna 
family tests. Describe the A R E  of this test relative to others in the family of tests 
considered. 

8. Likewise, compute the Wei-Lachin test of stochastic ordering using the risk 
difference within each stratum. State the null and alternative hypotheses. Compare 
to the other tests above. 

- 

4.9.7. Using a random effects model for an analysis of log odds ratios: 
1. Estimate 2;. 
2. Compute the updated V(&). 
3. Compute the Gil). 

4. Compute $1. 

5 .  compute v d'' . 
6. Compute asymmetric 95% confidence limits on 8. 
7. Compare these computations under a random effects model to the previous 

0 
computations under a fixed effects model, 

4.10 Using the developments in Section 4.11.1, 
4.10.1. Derive the expression for u'? in (4.163). 
4.10.2. Derive the expression for p~ in (4.164). 
4.10.3. Derive the expression for u? in (4.166). 
4.10.4. Derive the expression in (4.169). 

To 

To 

4.11 Consider an epidemiologic study designed to compare the risks (odds) of 
exposure to a risk factor (E versus E) on the incidence of developing a disease 
over a fixed period of time (D versus B). Because the study will not be randomized, 
it is planned to conduct a stratified analysis with the following expected sample 
fractions and control (E) group probabilities, and the specified odds ratios within 



PROBLEMS 167 

each of three strata: 

Stratum Group 

Fraction Fractions 0% 
Stratum cj E1j E2j ~ 2 j  (eej) 

1 0.15 0.3 0.7 0.30 1.80 
2 0.50 0.6 0.4 0.22 2.50 
3 0.35 0.45 0.55 0.15 3.00 

4.11.1. Compute the corresponding probabilities in the exposed group x1j. 

4.11.2. Compute the marginal probabilities nl, and ~ 2 .  obtained as the weighted 
average of the x1 and n2 j  weighting by the expected fraction within each stratum. 
From these compute the sample size required to provide power of 0.90 for the 
unadjusted test of the difference between two proportions in the unstratified analysis 
with cr = 0.05, two-sided. 

4.11.3. Now compute the sample size required for the stratified analysis of a 
common odds ratio to provide power of 0.90. 

4.11.4. Suppose that the study is conducted with a total sample size of N = 150, 
what level of power is provided by the stratified analysis? 

4.11.5. Alternately, for these expected probabilities within each stratum, com- 
pute the sample size required to provide power of 0.90 for the test of a common 
relative risk rather than a common odds ratio. 

4.11.6. Explain why the required sample sizes for the test of a common odds 
ratio differs from that for the test of a common relative risk. 



Case- Control and Matched 
Studies 

The preceding chapters considered exclusively statistical methods for the assessment 
of the association between two independent treatment or exposure groups and the 
risk of a positive or negative outcome from a cross-sectional or prospective study. In 
this chapter we consider two generalizations. One is the case-control or retrospective 
study. When separate independent groups of cases and controls are constructed, 
many of the methods in the preceding chapters still apply. However, the odds ratio 
and relative risk have different interpretations in a retrospective study from those 
in a prospective study. 

The other extension is to the matched study. Matching is often used in a case- 
control study to control for important factors; however, matchng may be used in 
a prospective study as well. In either case the two exposure, treatment or case- 
control groups are not independent, and thus different statistical methods must be 
employed. 

5.1 UNMATCHED CASE-CONTROL (RETROSPECTIVE) SAMPLING 

Consider an unmatched case-control or retrospective study in which a sample of 
known cases is obtained who have the outcome disease or characteristic of interest 
(D) and who are to be compared with an independent sample of non-diseased 
controls (n). For each subject in the two groups, the prior degree of exposure to 
the risk factor under study, classified as E and E, is then determined retrospectively. 
Just the opposite is done in a prospective study where samples of exposed and non- 
exposed individuals (E and E )  are obtained and then followed prospectively to 
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determine whether each individual develops the disease (D) or does not (D). The 
entries in a 2 x 2 table of frequencies from each type of study are 

Prospective Retrospective 

Exposed Not Exposed Cases Controls 

- D W l ; ;  ~ ~ 1 ~ 1  D m2 

121 n2 N nl n2 N 

Group Group 

- 

(5.1) 

In each case the “unconditional” likelihood given samples of sizes n1 and 712 is 
a product binomial likelihood as shown in (2.52) of Chapter 2; and conditioning 
on all margins fixed, the conditional ldcelihood is a hypergeometric probability as 
shown in (2.57). Therefore, Fisher’s exact test or the large sample contingency 
(Cochran) or Mantel-Haenszel 1 df x2 tests can be used with such data to test the 
hypothesis of association between disease (casekontrol) and exposure. However, 
there are additional considerations in describing the degree of association. 

5.1.1 Odds Ratio 

Since the data are obtained from retrospective sampling, the retrospective odds ratio 
can be distinguished from the prospective odds ratio as follows: Given retrospective 
samples of n1 cases (D) and 122 controls (D), the assumed conditional probabilities 
are 

”I33 E 1 - 4 1  1 - 4 2  

1.0 1.0 

where 41 and 4 2  are the retrospective disease conditional probabilities of exposure 
(E) given being a case (D) versus a control (D): 

$ 1  = P(EID)  and 42 = P (BID). (5.3) 

Thus the retrospective odds ratio of exposure given disease is 

where 
2 x 2  table. 

means “estimated as” using the cell frequencies from the retrospective 
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However, it is of far greater interest to describe the prospective odds ratio (OR) 
of disease given exposure defined as presented in Chapter 2, 

To obtain this quantity we must also account for the prevalence of the disease in 
the population from which the cases and controls arose. 

P ( D )  = 6. (5.6) 

In h s  case the joint and marginal probabilities of disease and exposure become 

Cases Controls 
- 

D D 

- 
E 1 P ( E , D )  I P ( E , D )  1 P(E)  

6 1 - 6  1.0 

where, for example, P (El 0) = P (El D )  P ( D )  = 416, and so forth. Therefore, 
these probabilities are expressed as 

Cases Controls 
- 

D D 

The prospective exposure-conditional probabilities of disease given exposure status, 
x1 = P ( D J E )  and 'ITZ = P(Dla) ,  can then be obtained as the ratio of the joint to 
the marginal probabilities, such as P ( D ( E )  = P(D,  E ) / P ( E ) ,  which is equivalent 
to using Bayes Theorem. Thus these prospective probabilities can then be expressed 
in terms of the disease-conditional probabilities (41 4 2 )  and the prevalence 6 as 

and 

(5.10) 
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It then follows that the prospective odds ratio of disease given exposure presented 
in (5.4) above equals the retrospective odds ratio of exposure given disease, so that 

(5.11) 

Even though the prevalence (probability) of the disease 6 is required to estimate the 
prospective exposure conditional probabilities, these terms cancel from the expres- 
sion for the odds ratio. 

Thus all of the methods described previously for the analysis of odds ratios in 
single and multiple 2 x 2 tables for two independent groups from a cross-sectional or 
prospective study also apply to the analysis of a case-control study with independent 
groups. The only alteration is that the disease conditional probabilities (41, 42)  are 
substituted for the exposure conditional probabilities (nl , n2) in the expressions 
for the underlying parameters. The estimates and tests are then obtained using the 
sample proportions from the retrospective 2xLtable inJ5.1) compged as pl = 
a/nl, p2 = b/n2 and p = m l / N ,  where pl = 41, p2 = 4 2  and p = 4. 

5.1.2 Relative Risk 

Now consider the relative risk. Based on a case-control study, the retrospective 
relative risk of exposure given disease versus not is 

(5.12) 

However, the parameter of interest is the prospective relative risk of disease given 
exposure versus not that is defined as 

(5.13) 

Thus the prospective relative risk can not be obtained from the retrospective relative 
risk. 

However, through application of Bayes theorem, or from (5.8), Cornfield (1951) 
showed that the prospective probabilities and n2 can be defined directly given 
knowledge (specification) of the prevalence of the disease 6. From the resulting 
expressions for 

RR = 

and n2 in (5.9) and (5.10), the prospective relative risk is 

1 
(5.14) 6(1-41)  + (1 - 6) (1 - 4 2 )  
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Given knowledge of the prevalence 6, this quantity can then be estimated consis- 
tently as 

Since the prevalence of the disease is often unknown, and is usually not directly 
estimable from such a study, this approach is rarely practical. 

Cornfield (1951), however, showed that when the disease is rare (6 1 0), the 
value of the R R  is approximately 

(5.16) 

which is the retrospective odds ratio of exposure given disease. Thus under the 
assumption that the prevalence of the disease is rare (6 = 0), the retrospective odds 
ratio provides an approximate estimate of the prospective relative risk. 

It can also be shown that an equivalent condition is that S (bl - $2) 1 0, or 

(5.17) 

so that the approximation applies when either the prevalence becomes rare, or the 
difference (4, - 42)  approaches the null hypothesis. 

5.1.3 Attributable Risk 

As for the precise definition of the relative risk in (5.14), other measures of associ- 
ation such as the risk difference or attributable risk require that explicit expressions 
be derived using the known or specified value of the probability of the disease (6) 
in conjunction with Bayes’ Theorem. As a result, the analysis of a case-control 
study usually focuses only on the estimation and description of the odds ratio. The 
odds ratio applies to any case-control study because the retrospective odds ratio 
equals the prospective odds ratio. In the case of a rare disease, the odds ratio can 
also be interpreted approximately as a relative risk. 

Since the attributable risk and the population attributable risk are also a function 
of the relative risk, then under the rare disease assumption the odds ratio also pro- 
vides an estimate of the measures of attributable risk. As described in Section 2.8.2 
for a prospective study, since the population attributable risk is a direct function 
of the relative risk, then the point estimate and asymmetric confidence limits can 
be obtained from the point estimate and asymmetric confidence limits for the odds 
ratio. 

From (2.99), under the rare disease assumption as in (5.16), the population 
attributable risk may be estimated as a finction of the odds ratio as 

- a 1 ( Z -  1) 
PAR = 

a10hR + a2 ’ 
(5.18) 
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where the prevalence of exposure a1 = P (  E )  is assumed to be known or specified. 
Using the &method (see Problem 5. I), it is then readily shown that asymptotically 

(5.19) 

where the exposure prevalence a1 cancels from this expression. This variance is 
consistently estimated by substituting the retrospective estimate ô R and the estimate 
of the variance c[log a] from (2.46). 

Example 5.1 
Cornfield (195 1) presents the following example to describe the accuracy of his 
approximation. Schrek, Baker, Ballard and Dolgoff (1950) reported a case-control 
study of smoking (E) and lung cancer (D). The retrospectively sampled data are 

Smoking and Lung Cancer 

200 200 

n 

where p l  = 91 = 0.77, p2 = &I = 0.40 and the blZretro = 5.0217. Under the 
rare disease assumption, this provides an approximation to the prospective relative 
risk. 

How close is this to an estimate of the relative risk RR? From a large population- 
based study, Dorn (1944) reported that the prevalence of lung cancer at that time 
was 15.5/100,000 population. Thus 6 = P ( D )  = 0.155 The joint and 
marginal probabilities of the exposure and disease categories are estimated to be 

0.155 0.999845 

so that ?I = F(DIE)  = (0.000119/0.400057) 

0.400057 

0.599943 

1.0 

= 0.297 and 5?2 = 

fj (DIE) = (0.000036/0.599943) = 0.060 ( Therefore, the direct esti- 
mate of the prospective relative risk given the above value of 6 is R^R = (?1/?2) = 
(0.297/0.060) = 4.95. The odds ratio of 5.02 provides a relatively accurate esti- 
mate of this relative risk. The asymmetric 95% confidence limits are (3.25, 7.75) 
and the association is highly significant with a Mantel-Haenszel test value of 56.25 
on 1 df, p < 0.001. 

To estimate the population attributable risk, the prevalence of exposure to smok- 
ing in the population must be specified. For a1 = 0.3 the estimate is PAR = 
0.54680, which indicates that smoking, if the sole cause of lung cancer, accounts 

- 
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for approximately 54% of cases of lung cancer in the population. The higher the es- 
timated prevalence of smoking, the higher the estimate of the attributable risk. The 
estimated v[log %] = 0.04907 then yields an estimated V(logit PAR) = 0.0765. 
This yields symmetric confidence limits on the logit(PAR), which then yteld asym- 
metric 95% confidence limits for the PAR of (0.412, 0.675). 

5.2 MATCHING 

We now turn to the case of a matched prospective study and a matched case-control 
study. Previously a stratified analysis was employed to obtain an adjusted estimate 
and a test of the risk difference between the treatment or exposure groups adjusting 
or controlling for the effect of an intervening covariate or confounding factor. As 
we shall see later, a stratified analysis is equivalent to using a regression model as 
the basis for the adjustment. An alternative approach to control for the effects of 
a covariate is matching. In this case, each member of a group (either E or F in a 
prospective study, D or in a retrospective study) is matched to a member of the 
other group with respect to the values of one or more covariates 2. 

5.2.1 Frequency Matching 

One of the principal types of matching is frequency or within-class matching, in 
which elements or members of the comparison group are sampled within separate 
categories of a discrete covariate class such as gender (male/female), decade of age 
(0-9 years, 10-19 years, etc.) so that the members of each group are matched 
within each category. For example, in a frequency-matched case-control study, the 
cases may be stratified by gender and decade of age. Then within each category, 
such as males in their 40s, a separate sample of controls is selected from the control 
population in that category (males in their 40s). In this technique, any quantitative 
covariates such as age are grouped. 

In a frequency-matched study separate samples of cases and controls are obtained 
within covariate categories or strata. These samples need not be of equal size 
within or between strata. The objective is to have adequate numbers of subjects 
from each group within each stratum to provide an adequate overall comparison 
between groups. Thus it is only necessary that a sufficient number of exposed and 
non-exposed cases and controls be sampled within each stratum so as to provide an 
assessment of the odds ratio or relative risk in aggregate over strata. 

No single overall sample from each group is obtained at random from the popula- 
tion, such as an unrestricted sample of cases and an unrestricted sample of controls. 
Thus the unadjusted marginal analysis has no simple corresponding likelihood, such 
as a simple product binomial. Rather, the underlying likelihood is a product bino- 
mial within strata, because separate samples are obtained within each stratum. Thus 
the only appropriate analysis in this case is one that is stratified by the covariate 
categories used in the frequency matching. Of course, the analysis may be further 
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stratified by additional unmatched covariates other than those used as the basis for 
the frequency matched samples, such as by quintiles of body mass index in a study 
frequency matched by gender and decade of age. 

Example 5.2 Frequency Matching 
Korn (1984) describes a study of the association between a history of smoking 
( E  versus E) and bladder cancer among males (D) versus and an age frequency- 
matched sample of non-cancer control patients (D). The study data are 

Age Stratum 
Cases 
E E  

- Cont T 01 9 

E E  
- 

50-54 
55-59 
60-64 
65-69 
70-74 
75-79 

24 1 
35 2 
31 5 
46 7 
60 13 
39 14 

22 4 
35 4 
38 3 
42 15 
5 1  28 
32 20 

Total 235 42 220 74 

(reproduced with permission). Again note that in a frequency-matched study such 
as this the number of matched controls sampled within a stratum need not equal 
the number of cases in that stratum, nor be proportional to the numbers of controls 
sampled in other strata. 

The sampling procedure for this study was to first select all 277 cases (D) 
and to then stratify these cases by intervals of age. Within each age stratum, nzj 
controls were then selected and the exposure status ( E  versus E)  was determined 
for all cases and controls. This design, therefore, provides six separate independent 
samples (strata) with an independent 2x2  table within each stratum. Because the 
controls were sampled separately within strata, this design does not yield a single 
random sample of 277 cases and 294 controls. Thus it is inappropriate to collapse 
the data into a single marginal 2x2  table. Rather, the proper analysis is a stratified 
analysis, such as a Mantel-Haenszel analysis of odds ratios. 

The Mantel-Haenszel estimate of the c o m o n 2 d d s  ratio is ~ M H  = 1.96 
with a Robins et al. estimated variance of V [ l o g 0 R ~ ~ ]  = 0.0483. This yields 
a 95% C. I. for the odds ratio of (1.28,3.02). The conditional Mantel-Haenszel 
test statistic is X g ( M H l  = 9.59, with p 5 0.002. Cochran’s test of homogeneity 
is X i ( , )  = 4.38 on 5 df, which is not statistically significant with p = 0.50, 
indicating that a fixed effects model is appropriate. 

5.2.2 

The more common approach to matching is to construct matched pairs, or matched 
sets. In a cross-sectional or prospective study, matched sets are sampled, each 
consisting of an exposed (E) individual and one or more individuals who were 
not exposed (E),  where the members of the pair (or set) are uniquely matched 

Matched Pairs Design: Cross-Sectional or Prospective 
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with respect to a set of covariates. An example is the matched study, where a 
control is selected from the population of non-exposed individuals who share the 
same covariates as each exposed individual, such as age and gender. Matched sets 
may also arise naturally as when each subject serves as hisher own control and 
observations on each subject are obtained before (E)  and again after (E) exposure 
to a risk factor or the application of some treatment. 

In some cases, the matching covariates are, in fact, unobservable quantities such 
as when the sample consists of a set of individuals with multiple measurements 
within-person. An example would be studies of matched organs within individuals 
(eyes, ears, kidneys, teeth, etc.), where one or more elements within each individual 
are exposed or treated with an experimental agent and one or more are not. Another 
example is a study involving multiple family members, for example, among twins, 
where the family members have some genes in common. A similar example is 
when characteristics of litter-mates are studied. In this section, the methods for the 
analysis of matched data are described in terms of matched pairs of individuals, but 
they obviously apply to these other cases as well. 

Consider a sample of N matched pairs with one exposed (E) and one non- 
exposed (E)  member where the outcome of each member is designated as ( 0 , D )  
to denote developing the disease versus not, or having the positive outcome versus 
not. In this setting it would be inappropriate to treat these as two independent 
groups in a 2 x 2 table such as 

N N 2N 

The principal reason that methods for two independent groups do not apply is that 
the observations within each pair are correlated so that we do not have a sample of 
2N independent observations. 

To see this, assume that the exposed and non-exposed members of each pair 
are matched with respect to some continuous covariate 2. We then assume that 
the probability of the outcome is some function of the covariate. Let Yl and 
Y2 denote the responses for the exposed and non-exposed members, respectively. 
Then for the ith pair with shared covariate value zi, let yi j  designate the outcome 
for the j th  member, y i j  = 1 if D, 0 if B, with probability E ( y i j )  = r i j  for 
i = 1, . . . , N and j = 1,2.  To simplify, consider the case where the general 
null hypothesis is true such that the probabilities of the outcome are the same for 
each pair member conditional on the values zi, that is, A ~ I  = A ~ Z .  Denote these 
shared probabilities as E ( y i j l z i )  = A ( z ~ )  for the two members of the ith pair with 
covariate value zi. Within the ith pair with a given value of the covariate zi, the pair 
members are sampled independently so that the outcomes of the matched pairs yil 

and pi2 are conditionally independent. Thus E ( Y i l l ~ i 2 ~ z i )  = E(gil lz i )  = ~ ( q )  
and E ( y i 2 1 y i l l ~ i )  = E ( y i z ( z i )  = n(z i ) .  However, since the pair members are 
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matched, then the covariance of the matched measures over all sets is 

C. . (Yl ,Y2)  = E z  [ C O ~ ( Y i l , Y i Z l ~ i ) l  = EZ [.(4'] - (EZ [71(4112 # 0, (5.20) 

so that Y1 and Y2 are correlated in the population of matched pairs (see Problem 
5.3). 

Thus the proper analysis of matched pairs must allow for the within-pair corre- 
lation. In the case of a binary outcome this requires that we treat the pair as the 
sampling unit and then classify each pair according to the values of the outcomes of 
the two pair members. Thus we have N pairs that are cross-classified as follows: 

Frequencies Probabilities 

(5.21) 

Therefore, the sample frequencies are distributed as a multinomial (quadrinomial) 
where the likelihood of the sample is 

(5.22) 

As for the 2 x 2 table in Chapter 2, we use simple letters to refer to the frequencies 
in the table, e = rill, f = 1212, and so on. The underlying probabilities of 
the four cells designate the probability of the outcomes for the exposed and non- 
exposed members of each pair. Thus 7111 = P ( D ,  D )  for the exposed (E) and 
non-exposed (E)  -- pair members, respectively, 7112 = P(D,D) ,  7121 = P ( n , D ) ,  
and 7122 = P ( D ,  D).  

From the margins of the table it appears that 711. equals P ( D ( E )  and that 
ra1 equals P (DIE). However, 711. and K,, do not both refer to a conditional 
probability in the general population. Consider the case where matched pairs have 
been constructed on the basis of a continuous matching covariate 2. The covariate 
is distributed as fE ( z )  = P (PIE) within the exposed segment of the population, 
and as fE ( z )  = P (zIE) within the non-exposed segment. If the covariate 2 is, in 
fact, associated with the likelihood of exposure, then these distributions will differ 
between the exposed and non-exposed individuals, f~ ( z )  # f~ ( z ) .  This, in turn, 
implies the following developments. 

Usually we begin by selecting an exposed individual from its respective popula- 
tion. When the sample of exposed individuals can be viewed as a sample drawn at 
random from the exposed population, then 711. = P (DIE)  irrespective of matching, 
since 

711. = 1 P (DIE, z )  fE ( z )  dt. = P (DIE)  - (5.23) 
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However, to construct a matched pair, first the covariate value z is identified for 
the exposed (E) member and then a control non-exposed individual is sampled 
at random conditional on z.  That is, the control member is sampled from the 
subset of the non-exposed population who share the covariate value z. Thus the 
distribution of the covariate 2 among the sampled non-exposed individuals equals 
the distribution among the exposed individuals so that 

r.1 = 1 p (DIE, 2) fE ( 2 )  dz = pm (DIE) 1 (5.24) 

where P, (DIE) is used to denote the conditional probability under matching. 
However, since the distribution of the matching covariate differs among those ex- 
posed and those not exposed, f~ (2) # fE (t), then this conditional probability 
P, (DIE) is not the same as the conditional probability in the entire population of 
non-exposed individuals 

2 

(5 .25 )  

Therefore, measures of association such as the relative risk or odds ratio based 
on the marginal probabilities from the matched or paired 2 x 2  table do not have 
an unconditional population interpretation. Rather, any such measures must be 
intevreted conditionally on the matching on other covariates. 

5.3 TESTS OF ASSOCIATION FOR MATCHED PAIRS 

Before considering measures of association for matched data, let us first consider 
tests of the hypothesis of association. For the paired or matched 2 x 2 table there 
are two equivalent hypotheses of interest. The first is the hypothesis of marginal 
homogeneity under matching 

H O :  P ( D ( E )  = P, (DIE) or ?rl, = T.,. (5.26) 

Since this hypothesis is stated in terms of the marginal joint probabilities from an 
underlying quadrinomial in (5.21), then this hypothesis implies and is implied by 
the hypothesis of symmetry 

Ho: X I 2  = r 2 1  (5.27) 

with respect to the discordant pairs. 

5.3.1 Exact Test 

The likelihood of the 2 x 2  table for matched pairs is a quadrinomial. However, 
we wish to conduct a test of the equality of two of the four probabilities in this 
likelihood. To do so we must account for or eliminate the other nuisance parameters 
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( ~ 1 1  ~22). This is readily done through the principle of conditioning as illustrated in 
Section 2.4.2 through the derivation of the conditional hypergeometric distribution. 
This approach requires that we identify a conditional distribution that only involves 
the parameters of interest (1~12~ 7r21). 

As a Problem, it is readily shown that the conditional distribution o f f  given the 
number of discordant pairs M = f + 9, is a simple binomial distribution 

where 7rd = 7r12 + 7r21 is the probability of a discordant pair in which one member 
of the pair has a positive outcome, the other a negative outcome. 

Therefore, under the null hypothesis of symmetry Ho: 7r12 = '1~21, it follows that 

(5.29) P(f I M )  = B (f;  Ml1/2) * 

Therefore, an exact two-sided P-value is obtained as 

j =O 

which is a simple binomial test. 

Example 5.3 Small Sample 
For example consider a paired 2 x 2  table with discordant entries 

(5.30) 

To test the hypothesis of symmetry, the total sample size and the numbers of concor- 
dant pairs are irrelevant. Conditioning on the number of discordant pairs, M = 10, 
then the two-sided exact P-value is 

p = 2 [B (0; 10,1/2) + B (1; 10,1/2) + B (2; lO,l/Z)] 
= 2 [0.001+ 0.0097 + 0.04401 = 0.1094. 

Note that this quantity can also be computed by hand simply as 

p = 2(o.5)lo [ ( y )  + ( y )  + (31 = 2(0.5)1° 11 + 10 + 451 = 0.1094. 

5.3.2 McNemar's Large Sample Test 

A large-sample test can be derived either from the normal approximation to the 
multinornial or from the normal approximation to the conditional binomial distri- 
bution. Here we use the former while the derivation using the latter is left to a 
Problem. 
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Let the proportion within the ijth cell be pij  = nij /N,  where E ( p i j )  = ni j ,  
i = 1 ,2 ;  j = 1 ,2 .  From the normal approximation to the multinomial (see Example 
A.2 of the Appendix), the vector of cell proportions is asymptotically distributed as 

(5.31) 

where 

TI1 (1 - Tl1) --All*12 --K11R21 --TI 1 x 2 2  

N -7r11R21 -R12R21 R 2 1 ( 1  - R21) -R21R22 

r.l[ -7r11R12 R12 (1 - 7h2)  -"12A21 -A1 2x22 

-TIT1 1 R22 -R127T22 -'IT21*22 A22 (1 - .22) 

(5.32) 

Because the proportions sum to 1.0, the distribution is degenerate, meaning that 
the covariance matrix is singular with rank 3. However, this distribution can still 
be used as the basis for the evaluation of the distribution of contrasts among the 
proportions. 

Clearly, to test the hypothesis of symmetry, Ho: 7r12 = ~ 2 1 ,  we wish to use the 
test statistic based on the difference in the discordant proportions p12 - p 2 l  of the 
form 

PI2 - p21 

z=JGZZii 
(5.33) 

with the variance of the difference evaluated under the null hypothesis. Using a 
linear contrast in p12 and p21, it is readily shown (Problem 5.6) that 

Under Ho: 1r12 = 7r21 = A where R = 7 r d / 2 ,  then 

(5.34) 

(5.35) 

Therefore, 

(5.36) P12 - P2l  - f - 9  2, = -- 
J(P12 + P 2 l )  / N  m 

is asymptotically normally distributed under Ho. This statistic provides either a one 
or two-sided test of Ho. For a two-sided test one can use the equivalent chi-square 
statistic 

(5.37) 

which is asymptotically distributed as chi-square on 1 df. This is McNemar 3 test 
(McNemar, 1947). 
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Table 5.1 SAS PROC FREQ Analysis of Example 5.4 

data one; input e f g h ;  
**** Note t h a t  t h e  values of e and h are i r r e l e v a n t ;  
cards ; 
10 80 55 10 

t i t l e 1  'Chapter 5, Example 6.4'; 
data two; se t  one; 
Emember-1; Nmember=l; x=e; output ;  
Emember=:!; Nmember =I; x=f;  output ;  
Emember =l; Nmember =2; x=g; output;  
Emember =2; Nmember =2; x=h; output ;  
proc f r e q ;  t a b l e s  Emember* Nmember / a l l  nopercent nocol agree; 

t i t l e 2  'SAS PRDC FREQ Analysis of Matched 2 x 2 tables'; 
run; 

J 

weight x ;  exact mcnem; 

Example 5.4 Latge Sample 
Consider the paired 2 x 2 table with the discordant frequencies 

where A4 = 135, f = 80, g = 55. McNemar's test of the hypothesis of symmetry 
yields X$ = (25)2 /135 = 4.63 with p 5 0.032. 

5.3.3 SAS PROC FREQ 

The SAS PROC FREQ provides for the computation of the exact and large sample 
McNemar test for matched or paired 2 x 2  tables. Table 5.1 presents the SAS 
statements to conduct an analysis of the data in Example 5.4. While only the 
discordant observations are required to compute the exact and large sample tests, 
SAS requires that the complete table be provided. Thus the rows are labeled using 
the variable Emember that designates the response of the exposed member of each 
pair and the variable Nmember that designates that for the non-exposed member. 
Unfortunately, all of the other various tests and measures for unmatched 2 x 2 tables 
are also provided in the SAS output that can be highly misleading. Further, the 
measures of association for matched pairs are not presented. 



MEASURES OF ASSOCIATION FOR MATCHED PAIRS 183 

5.4 MEASURES OF ASSOCIATION FOR MATCHED PAIRS 

We now consider the definition and estimation of measures of association for 
matched pairs, starting with the odds ratio. 

5.4.1 Conditional Odds Ratio 

In the general unselected population, the population odds ratio is defined as in 
(5.1 l), where the conditional probabilities, such as P(DIE), are defined for the 
general population. Under matching, however, 

where OR, is the marginal odds ratio under matching. Therefore, the observed 
marginal odds ratio does not provide an estimate of the population odds ratio. Thus 
this is called the population averaged odds ratio because both X I ,  and x., are 
the average risks or the expectations of P (DIE, z )  and P(Dlz ,  z ) ,  respectively, 
with respect to the distribution of the matching covariate in the exposed population, 

Rather than attempting to describe the odds ratio unconditionally, let’s do so 
conditionally with respect to the distribution of the covariate among the exposed. 
Conditionally, for a specific value of the covariate z, the conditional odds ratio is 

fE (2). 

P (DIE, 2) P (DIE, 2) 
p (DlZ,  %) P (DIE, 2) . 

OR, = (5.39) 

Given z, the matched E and F pair members are sampled independently from their 
respective populations, and thus the pair members are conditionally independent. 
Therefore, for each pair with covariate value z, a 2x2 table can be constructed such 
as that in (5.21) with cell probabilities {nijl,}, row marginal probabilities { ~ i . ~ ~ } ,  

and column marginal probabilities ( x . ~ , . }  for i = 1,2;  j = 1,2. Since the pairs 
are conditionally independent, then within each such table 

-- 
77-1212 = ~ l o l z 7 7 - o z ~ z  = p (DIE, z )  p (DIE, 2) (5.40) 

and 

so that the conditional marginal odds ratio is 

(5.42) 

Now assume that although P (DIE, z )  and P (DIE, z )  may vary with z, there is 
a constant conditional marginal odds ratio for all values of the matching covariate 



184 CASE-CONTROL AND MATCHED STUDIES 

z (Ejigou and McHugh, 1977, among others) such that 

OR, =ORc Vt.. (5.43) 

This implies that the population averaged discordant probabilities 7r12 and 7r21, 

each averaged with respect to the distribution of the covariate in the exposed pop- 
ulation, then satisfy 

T21 = 7r2l(zfE ( 2 )  dr = T ~ B ~ ~ A B I ~ ~ ~ E  ( z )  dz (5.44) 1 I 
and from (5.42), 

7r12 = O R z 7 r 2 1 1 , f ~  ( z )  dz = OR, ~ 2 . l . 7 r . ~ 1 . f ~  ( z )  dz = ORc7r21.  (5.45) 

Thus the conditional odds ratio is 

7rl2 * 2312 f ORc = - = - = - . 
A21 2321 9 

(5.46) 

In Chapter 6 we will show that this is quantity also arises from Cox's (1958b) 
conditional logit model for pair-matched data. 

5.4.2 

5.4.2.1 Exact Limits Exact confidence limits for the conditional odds ratio can 
be obtained from the conditional binomial distribution presented in (5.28). Thus 
f - B (f; M, nf), where nf = 7r12/7rd, and g - B (9; M, rg), where 7rg = 
K Z ~ / A ~ .  Since OR, = 7r12/7r21, then 

Confidence Limits for the Odds Ratio 

7Tf 1 - A g  OR, = - = -. 
1 -7rf Ag 

(5.47) 

Let a = min(f,g). Then the upper confidence limit at level 1 - cx for ra = 
min(nj, 7rg) is that value of T,,(~) such that 

Likewise, the lower limit n,(q satisfies 

(5.48) 

(5.49) 



MEASURES OF ASSOCIATION FOR MATCHED PAIRS 185 

Example 5.5 Small Sample 
Consider the above example with f = 2 and M = 10. Then using StatXact the 95% 
confidence limits (0.02521, 0.5561) are obtained as the solution to the equations 

10 C B (z; 10, nf(q) = 0.025 
2=2 

and 
2 

(5.50) 

(5.51) 

5.4.2.2 Large Sample Limits To obtain large sample confidence limits for the 
odds ratio, as for independent (unmatched) observatioq it is preferable to use 
0 = logORc, which can be estimated consistently as 0 = log(f/g). From the 
normal approximation to the multinomial, then using the &method it can be shown 
that 

(5.52) 

Because the cell proportions provide consistent estimates of the cell probabilities, 
the variance can be estimated consistently as 

(5.53) 

which only involves the discordant frequencies f and 9, where M = f + g. This 
large sample estimated variance can then be used to construct asymmetric confidence 
limits on the conditional odds ratio ORc. 

5.4.3 

Alternately, McNemar’s test and the asymmetric confidence limits for the odds ratio 
can be obtained from the large sample normal approximation to the conditional dis- 
tribution off  given M. Under HI in (5.28) we showed that f N B (f;  M ,  r l Z / x d ) ,  
whereas under HO f N B ( f ;  M, 1/2). Therefore, under HO the large sample ap- 
proximation to the binomial in terms of the proportion p f  = f / M  yields 

Conditional Large Sample Test and Confidence Limits 

(5.54) 

and the square of the large sample Z-test equals McNemar’s test in (5.37) (see 
Problem 5.7). 

Under H I  the large sample approximation yields 

(5.55) 
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where nf = (7r12/7rd). This then provides the basis for large sample confidence 
limits on 7rf. Although one can compute the usual symmetric confidence limits for 
this probability, the asymmetric limits based on the logit transformation as presented 
in (2.14-2.15) are preferred. Note, however, that logif(7rf) = log(7rl~/7r21) = 
logOR,. Thus in Problem 5.7 it is also shown that the coon_fidence limits for the 
logit of 7rf equal those for the conditional odds based on V(0)  presented in (5.53). 

Example 5.6 Large Sample 
For the large sample data set in Example 5.4, the estimate of the conditional odds 
ratio is Ô Rc = 80155 = 1.45 and the estimated log odds ratio is ê  = 0.375 

with estimated (g) = d& = 0.1752. Therefore, the asymmetric 95% 

confidence limits for ORc are exp [0.375 f (1.96 x 0.1752)] = (1.03,2.05). 

5.4.4 Mantel-Haenszel Analysis 

Another way to approach the problem of matched pairs was proposed by Mantel and 
Haenszel (1959). Since each pair has two members, each sampled independently 
given the value of the matching covariate 2, then the members within each pair are 
conditionally independent. Thus they suggested that the sample of matched-pairs be 
considered to consist of N independent samples (strata) consisting of one member 
in each exposure group (E, F )  in a cross-sectional or prospective study. These N 
samples provide N independent 2 x 2 tables each comprising one matched pair. The 
ith pair then provides an unmatched 2 x 2  table of the form 

(5.56) 

1 1 2  

where mli = 0 , l  or 2. In a case-control study similar tables are constructed from 
each pair consisting of one member from each disease or outcome group ( D , a ) .  
A stratified Mantel-Haenszel analysis can then be performed over these N tables. 

However, it is readily shown (Problem 5.9) that there are only four possible 
types of 2 x 2  tables, each with values ai, E (a,), and V, (ai) as shown in Table 
5.2. It can then be shown (Problem 5.9) that the summary Mantel-Haenszel test 
statistic X&H equals McNemar’s test statistic X L  in (5.37) and that the Mantel- 
Haenszel estimated summary odds ratio in (4.14) is the conditional odds ratio: 
O^RMH = f/g = ORc. Further, it is also readily shown that the Robins, Bres- 
low and Greenland (1986) estimate of the variance of the log odds ratio in (4.28) 
equals the estimate of the large sample variance of the log conditional odds ratio 
presented in (5.53). Thus a Mantel-Haenszel analysis of odds ratios from the N 
pair matched tables provides results that are identical to those described previously 
for the conditional odds ratio. 

h 
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Table 5.2 Mantel-Haenszel Stratified Analysis of Pair-Matched Data. 

Tables of Each Type 
#: e f 9 h 

ai : 1 1 0 0 
E (ai):  1 1 /2 1 /2 0 
V ,  (ai): 0 1 I4 I I 4  0 

5.4.5 

Like the odds ratio, the relative risk in the general population does not equal the 
marginal relative risk under matching. When the non-exposed controls are matched 
to the exposed members of each pair, as shown in Section 5.2.2, then the population 
averaged relative risk is 

Relative Risk for Matched Pairs 

(5.57) 

where RRA is estimated as 

using the entries in the aggregate paired 2 x 2  table. In Problem 5.9, we also show 
that the Mantel-Haenszel estimate of the relative risk in (4.17) is obtained from the 
N conditionally independent pairs equals this quantity. 

Exact confidence limits are not readily obtained because the parameter involves 
the probabilities (all, r 1 2 ,  ~21). Large sample asymmetric confidence limits can 
be obtained using the large sample variance Of lOg(R^RA) .  In Problem 5.6.6, using 
the &method, it is shown that 

which can be estimated consistently as 

(5.59) 

(5.60) 
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5.4.6 

Although the population attributable risk is a function of the relative risk, it is 
not a function of the population averaged relative risk as estimated from a matched 
prospective study. Thus the PAR is rarely used to describe the results of a matched 
cross-sectional or prospective study. 

Example 5.7 
So far our discussion of matched-pairs has concerned separate individuals that 
are matched to construct each pair. However, matched pairs may also arise from 
repeated measures on the same subject, among other situations. An example is 
provided by the study of the effects of pregnancy on progression of retinopathy 
(diabetic retinal disease) among women who became pregnant during the Diabetes 
Control and Complications Trial (DCCT, 2000). The retinopathy status of each 
woman was assessed before pregnancy and then again during pregnancy. Retinopa- 
thy was assessed on a 13-step ordinal scale of severity. Thus rather than a 2x2  
table to describe the retinopathy level before pregnancy and that during pregnancy, 
a 13 x 13 table is required. However, the study wished only to assess whether preg- 
nancy exacerbated the level of retinopathy represented by any worsening versus any 
improvement. In this case, worsening refers to any cell above the diagonal of this 
13 x 13 table, and improvement by any cell below. 

For example, if retinopathy were assessed with four steps or ordinal categories, 
the data would be summarized in a 4 x 4  table such as 

Attributable Risk for Matched Pairs 

Pregnancy and Reiinopathy Progression 

Level During Pregnancy 
1 3 4  

Level 
Before 

Pregnancy 3 
4 

All entries along the diagonal refer to individuals for whom the level before preg- 
nancy equals that after pregnancy, where pregnancy is equivalent to the risk factor 
exposure. Then the total number of individuals worse, say W, is the sum of the 
entries in all cells above the diagonal of equality, and the total number improved or 
better, say B, is the sum of the entries in all cells below the diagonal. These quan- 
tities are equivalent to the discordant frequencies used previously such that f = W 
and g = B. Then, from multinomial distribution for the 16 cells of the table, or by 
conditioning on the total number of discordant observations, M = W + B, it can 
be shown that all of the above results apply. 

Note that one can do likewise for any symmetric partitioning of the entries in 
the paired two-way table. Thus if one is only interested in worsening by two or 
more steps above the diagonal, only the entries in the three extreme cells in either 
comer of the table would be used. 
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The effects of pregnancy on the level of retinopathy in the DCCT are then 
presented in the following table. 

During 

W = 31 
Before 

B = 14 

Among the 77 women who became pregnant 31 (40%) had a level of retinopathy 
that was worse during pregnancy than before pregnancy compared to 14 (18%) 
whose level of retinopathy improved. Under the null hypothesis of no effect of 
pregnancy, the numbers worse and better are expected to be equal. The conditional 
odds ratio is 6& = 2.2 with asymmetric 95% C.I. (1.18, 4.16). McNemar’s test 
yields a value X& = 6.42 with p 5 0.012. 

5.5 PAIR-MATCHED RETROSPECTIVE STUDY 

One of the most common applications of matched pairs is in a retrospective case- 
control study. Here the sampling involves the selection of a case with the disease 
(D), the determination of the covariate values for that subject (z), the selection 
of a matched non-diseased control (D) with the same covariate values, and then 
the determination of whether the case and control had previously been exposed 
( E )  or not (E)  to the risk factor under study. In this setting the observations are 
summarized in a 2x2  table as 

Frequencies Probabilities 

- - 
D D 

E E  E E  
- - 

(5.61) 

; ::: D wl nl* 
E 722. 

n., n., N 4.1 4.2 1 

As was the case for the prospective study, the marginal probability $1. under 
matching can be expressed as P(E1D) = s, P ( E J D , z )  fD ( z ) d z  with respect 
to the distribution of 2 among the cases. However, since the controls are selected 
to have covariate values that match those of the cases, then 

analogous to (5.24) for the matched prospective study. Therefore, the marginal 
retrospective odds ratio under matching does not equal the retrospective odds ratio in 
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the general population of cases and controls, and thus does not equal the prospective 
odds ratio. 

As for the prospective study the null hypothesis of marginal homogeneity under 
matching Ho: 41. = 4., implies the hypothesis of symmetry Ho: 412 = $21. 

Further, the hypothesis of symmetry of the discordant retrospective probabilities 
implies the null hypothesis of symmetry of the prospective discordant probabilities 
(Problem 5.10). Thus the conditional binomial exact test and the large sample 
McNemar test are again employed to test the hypothesis of no association between 
exposure and disease. 

5.5.1 Conditional Odds Ratio 

As in Section 5.4.1, conditional on the value of the matching covariate z the pair 
members are sampled independently such that the probability of each type of dis- 
cordant pair is 

41212 = 4l.Iz4.2,* = p WID, .> P (w, z )  (5.63) 
-- 

and 

42112 = 42.,.4.11* = P (FlQ .) P (qD, z )  . (5 .64)  

Thus the conditional marginal retrospective odds ratio is 

(5.65) OR, = 
retro 42.lr4.iir 42112 ’ 

For the unmatched retrospective study we showed in (5.11) that the retrospective 
odds ratio equals the prospective odds ratio. For the matched retrospective study, 
it can likewise be shown that the conditional retrospective odds ratio 

4l.lr4.slr - 41213 

equals the conditional prospective odds ratio 

(5.66) 

(5.67) 

using the same developments as for the matched prospective study (Problem 5.10). 
Also, the assumption of a common conditional retrospective odds ratio implies 

a common conditional prospective odds ratio 

OR, = ORc VZ ORc V t  , (5.68) 

which is estimated consistently as 6& = f/g with estimated large sample variance 

confidence limits. 

re tro  ( r e t r o  ) = ( p T o s p  ) 
= M / ( f g ) .  This then provides for the computation of large sample 
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5.5.2 

For the unmatched retrospective study Cornfield (1951) showed that the relative 
risk can be approximated by the odds ratio under the rare disease assumption. This 
result also applies to the matched retrospective study under matching. In this case 
it can be shown that the relative risk for a fixed value of the matching covariate z 
is 

Relative Risks from Matched Retrospective Studies 

(5.69) 

- P (EP,.) p (EP, z )  P(Dlz) + 41212 [1 - P(Dl4l 
p (EID, z )  p ( q R  z )  P(DIz) + 412111 [1 - P(Dl4J 

- 

where 4121+ and q5211, are the discordant probabilities conditional on the value z 
and P ( D ( z )  = 6, is the conditional probability of the disease in the population 
given z. Again assuming a constant relative risk for all values of 2, then under the 
rare disease assumption (6, 1 0), 

(5.70) 

so that the conditional odds ratio provides an approximation to the relative risk. 

Example 5.8 
Breslow and Day (1980) present data from Mack, Pike, Henderson, et al. (1976) 
for a matched case-control study of the risk of endometrial cancer among women 
who resided in a retirement community in Los Angeles. The data set is described 
in Problem 7.18 of Chapter 7. Each of the 63 cases was matched to four controls 
within one year of age of the case, who had the same marital status, and who entered 
the community at about the same time. Multiple controls were matched to each 
case. Here only the first matched control is employed to construct 63 matched pairs. 
The risk factor exposure of interest is a history of use of conjugated estrogens. The 
resulting table of frequencies is 

Estrogen Use and Endometrial Cancer 

D E 18 33 51 

- E 6  l+l12 

24 39 63 

for which McNemar’s test is X& = 18.69 with p < 0.0001. The estimate of the 
conditional odds ratio is 6& = 5.5 with asymmetric 95% confidence limits (2.30, 
13.13). This odds ratio provides an approximate relative risk under the rare disease 
assumption. 
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5.6 POWER FUNCTION OF McNEMAR’S TEST 

5.6.1 Unconditional Power Function 

Various authors have proposed methods for the evaluation of the power of the 
McNemar test, some unconditionally assuming only a sample of N matched pairs, 
others conditionally assuming that M discordant pairs are observed. Among the 
unconditional power function derivations, Lachin (1 992b) shows that the procedure 
suggested by Connor (1987) and Connett, Smith and McHugh (1987) based on the 
underlying multinomial is the most accurate. This approach will be described for 
a prospectively matched study (in terms of the a i j ) ,  but the same equations also 
apply to the matched retrospective study (in tetms of the &j). 

The test statistic is T = p12 3121 .  The null hypothesis of symmetry specifies that 
Ho: a12 = a21 = a&, where a d  is the probability of a discordant pair. Then, 

from (5.31) and (5.35) above, T = N (pol ~ $ 0 2 )  with po = 0 and a: = Td/N.  

Under the alternative hypothesis HI: a12 # a21, from (5.34) T M N (PI,  nf)  with 
p1 = 7r12 - a21 and 

d 

d 

(5.71) 

Using the general equation relating sample size to power presented in (3.18) it 
follows that 

(5.72) 

from which one can determine N or solve for the standardized deviate corresponding 
to the level of power 21-p (see Problem 5.11). 

In order to use this expression, one only need specify a21 and OR = 7r12/7r21 

so that a12 = a z l O R .  The other entries in the 2 x 2  table are irrelevant. 

Example 5.9 Unconditional Sample Size 
Assume 7r21 = 0.125 and that we wish to detect an odds ratio of OR = 2 which, 
in turn, implies that a12 = 0.25, ?Td = 0.375 and p1 = 0.125. For (Y = 0.05 
(two-sided) the N required to provide p = 0.10 is provided by 

2 fi 1x12 - a211 = zl-afi + z l - p h d  - (a12 - a21) i 

= 248. 
(1.96) m+ 1.2824- 

0.125 1 N =  [ 
5.6.2 Conditional Power Function 

The unconditional power function above is the preferred approach for determining 
the sample size a priori. The actual power, however, depends on the observed 
number of discordant pairs, M = f + g. In the above example, given the specified 
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values of the discordant probabilities, then the expected number of discordant pairs 
is E (M) = Nnd = (248) (0.375) = 93. It is the latter quantity that determines 
the power of the test, as is demonstrated from the expressions for the conditional 
power function. 

Miettinen (1968) describes the conditional power knction given M in terms of 
the statistic (f - 9). However, it is simpler to do this in terms of the conditional 

distribution of p f  = f/M described in Section 5.4.3. Under Ho in (5.54), p f  M 
N (pot, u&) with poC = 1/2 and u& = 1/(4M). Conversely, under the alternative 

H 1  in (5.55),  p /  = N (pic, uyc) with p l C  = K 1 2 / T d  and 

d 

d 

(5.73) 

(see Problem 5.11). These expressions can also be presented in terms of the con- 
ditional odds ratio, say pc = OR,, (see Problem 5.11.3). Since pc = X ~ Z / T Z I ,  

then 

and 

(5.75) 

Substituting into the general expression (3.20) for Zl-p, then the conditional power 
function is provided by 

(5.76) 

When specified in terms of M and cpc, we obtain 

J M I J C P C  - 11 - z1-, (4% + 1) I 
21-p = (5.77) 

2 6  

which provides the level of conditional power 1 - p to detect an odds ratio of cpc 
with M discordant pairs. 

The conditional power fimction should not be used to determine the sample 
size a priori unless the study design calls for continued sampling until the fixed 
number M of discordant pairs is obtained. Otherwise, there is no guarantee that the 
required M will be observed. Therefore, the unconditional expressions based on 
(5.72) should be used to determine the total sample size N to be sampled a priori. 
This is the value N that on average will provide the required number of discordant 
pairs for the specified values of ~ 2 1  and pc. 
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Example 5.10 Conditional Power 
For the above example where we wished to detect an odds ratio cpc = 2, if the 
actual number of discordant pairs is M = 80 rather 
standardized deviate is 

12 - 11 - (1.96) (3) 

2 4  
2l-P = 

for which the corresponding level of power is 1 - 0 

5.6.3 Other Approaches 

than the desired 93, then the 

= 1.083, (5.78) 

= 0.86. 

Schlesselman ( 1982) describes an unconditional calculation based on an extension 
of the above expression for the conditional power function in a matched case- 
control study with probabilities {&} in the four cells of the table, where the {&} 
in the retrospective study are the counterparts to the {nij} in the prospective study. 
His approach is appealing because the problem is parameterized in terms of the 
marginal probabilities that are often known rather than the discordant probabilities 
that are usually unknown. Thus his approach is based on specification of the odds 
ratio to be detected and the marginal population probabilities of exposure among 
the controls, = P(E16). However, Schlesselman’s procedure assumes that the 
responses of the pair members are independent, or, for example, 411 = r#~1.4.~, 
which only occurs when matching is ineffective. 

Various authors have provided corrections to Schlesselman’s calculation based 
on the specification of the correlation among pair members induced by matching. 
Lachin (1992b) describes a simpler direct calculation based on a specification of the 
marginal probability of exposure among the controls the conditional odds ratio 
to be detected (cpc = $q2/421), and the correlation of exposures within pairs repre- 
sented by the exposure odds ratio in the matched sample [w = (411422) /(412421)]. 

From these quantities the following joint relationships apply: 

4.d = 412 + 421 

421 = 412/cpC 

411 = w412421/422. 

(5.79) 

Noting that q5.1 = $11 + 421 and that 422 = 1 - 
that 4 o l ( l  - q ! ~ ~ )  can be expressed as a function of 412 alone such that 

- 412, it can then be shown 

412 - 4.1(1 - 4.L) = 0. (5.80) 
w - 1  cpc4.1 + (1 - $ 0 , )  -4L + 

CPC CPC 

This is a standard quadratic equation of the form a& + bq512 + c = 0, and the 
root in the interval (0,l) provides the value of $12 that satisfies these constraints. 
Given $12, the other probabilities of the table are then obtained from the above 
relationships. These probabilities {q+j} = {nij} in the four cells of the table can 
then be used in the unconditional sample size calculation in (5.72). 
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Example 5.11 Case-Control Study 
Lachin (1992b) presents the following example: We wish to determine the total 
sample size for a matched case-control study that will provide unconditional power 
to detect a conditional odds ratio cpc = 2 with power 1 - = 0.90 in a two- 
sided test at level Q = 0.05. If the probability of exposure among the controls is 
q5.1 = 0.3, then Schlesselman’s calculation (not shown) yields N = 186.4. This 
assumes, however, that matching is ineffective or that the exposure odds ratio is 
w = 1. If we assume that matching is effective, such that w = 2.5, then the root of 
(5.80) yields $12 = 0.25, which yields the following table of probabilities: 

- 
D 

E E 
- 

d,l = 0.30 $J.~ = 0.70 

41, = 0.425 

$2. = 0.575 

1 

The unconditional sample size calculation in (5.72) then yields N = 248, substan- 
tially larger than suggested by Schlesselman’s procedure. 

Note that the discordant probabilities are the same as those specified in Example 
5.9 so that the required sample size is the same. The only difference is how the 
probabilities arose. In Example 5.9 the problem was uniquely specified in terms of 
the probabilities of the discordant pairs. In Example 5.11, these probabilities are 
derived indirectly, starting with the specification of one of the marginal probabilities, 
the conditional odds ratio and the exposure odds ratio, from which the discordant 
probabilities are then obtained. 

5.6.4 Matching Efficiency 

Various authors have considered the topic of the relative efficiency of matching 
versus not. Miettinen (1968; 1970) argues that “matching tends to reduce efficiency 
and would therefore have to be motivated by the pursuit of validity alone.” He 
argues that the matched study has less power than an unmatched study, all other 
things being equal. However, his comparison and conclusions are flawed. Karon 
and Kupper (1981)) Kupper, Karon, Kleinbaum, Morgenstern and Lewis (1981), 
Wacholder and Weinberg (1982) and Thomas and Greenland (1983) present further 
explorations of the efficiency of matching. In general, they conclude that efficient 
matching that provides positive within-pair correlation will provide greater power 
in a matched study than in an unmatched study of the same size. 

5.7 STRATIFIED ANALYSIS OF PAIR-MATCHED TABLES 

In some instances it may be desirable to conduct an analysis of pair-matched data 
using stratification or a regression model to adjust for other characteristics that 
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may be associated either with exposure or the response. There have been few 
papers on stratification adjustment, in part because the conditional logistic regres- 
sion model provides a convenient mechanism to conduct such an adjusted analysis. 
This model is described in Chapter 7. Nevertheless, it is instructive to consider a 
stratified analysis of K independent 2 x 2 tables that have been either prospectively 
or retrospectively matched in parallel with the methods developed for independent 
observations in Chapter 4. Here we only consider the case of matched pairs. In 
such a stratified matched analysis, we must distinguish between two different cases: 
pair versus member stratification. 

5.7.1 Pair and Member Stratification 

In pair stratification, the N matched pairs are characterized by pair-level covariates, 
where both members of the pair share the same values of the stratifying covariates. 
The pairs and their respective members then are grouped into K independent strata. 
Since all pair members have the same covariate values within each stratum, there 
is no covariate by exposure group association and the marginal, unadjusted odds 
ratio is unbiased. Thus some authors have stated that a stratified analysis in this 
case is unnecessary because the exposed and non-exposed groups are also balanced 
with respect to the pair stratification covariates. This, however, ignores the possible 
association between the stratifying covariates and response for which a stratification 
adjustment may be desirable. 

The most common example of pair stratification is when the matched observa- 
tions are obtained from the same individual, such as right eye versus left eye (one 
treated topically, the other not), or when observations are obtained before and again 
after some exposure as in Example 5.7. In such cases, any patient characteristic 
is a potential pair-stratifying covariate. With such pair-matched data, it might still 
be relevant to conduct an analysis stratifying on potential risk factors that may be 
associated with the probability of a positive outcome (D), including the matching 
covariates. As we shall see, such pair stratification has no effect in a Mantel- 
Haenszel analysis, but it does yield an adjusted MVLE of the common odds ratio. 
If, for example, a study employed before-and-after or left-and-right measurements 
in the same individual, and if gender were a potent risk factor, then the gender 
stratified-adjusted MVLE of the odds ratio might be preferred. In such cases, it 
would also be important to assess the heterogeneity of the odds ratios across strata 
using a test of homogeneity. 

In member stratification the individual members of each pair are stratified with 
respect to the covariate characteristics of the pair members. For example, consider a 
study using pairs of individuals that are matched with respect to age and severity of 
disease, but not by gender. It might then be desirable to conduct a stratified analysis 
that adjusts for gender. In this case, there are four possible strata with respect to the 
gender of the pair members: MM, MF, FM and FF. Usually the stratified analysis 
is then based on those concordant pairs where the two pair members are concordant 
with respect to the stratifying covariates; that is, using only the MM and FF strata. 
This provides an estimate of the conditional odds ratio in the setting where the 
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members are also matched for gender in addition to the other matching covariates. 
Clearly, this sacrifices any information provided by the other strata wherein the pair 
members are discordant for the stratifying covariates; that is, the MF, FM strata. 
While these discordant strata would exist in the general unmatched population, their 
exclusion here is appropriate since the frame of reference is the matched population. 

5.7.2 Stratified Mantel-Haenszel Analysis 

Consider either pair stratification with K separate strata defined by the covariate 
values, or member stratification with K strata defined from the possible concordant 
covariate values for the two members of each pair. Building on the construction 
for a single matched 2 x 2  table shown in Table 5.2, there are a total of 4K sets of 
tables of type ej,  fj, gj and hj, ( j  = 1 , .  . . , K), as presented in Sections 5.4.4 and 
5.4.5. Applying the expression for the Mantel-Haenszel estimate of the common 
odds ratio in (4.14) yields 

(5.81) 

where f. and g. are the numbers of discordant pairs in the aggregate matched 
2x2 table. Likewise, the expression for the Robins, Breslow and Greenland (1986) 
variance in (4.28) is 

(5.82) 

where M. = f. + 9.. Similarly, the Mantel-Haenszel estimate of the common 
relative risk in (4.17) is 

(5.83) 

This relative risk estimate may be used for a matched prospective or cross-sectional 
study, but not a case-control study. 

Applying the expression for the Mantel-Haenszel test in (4.8) to these 4K tables 
yields the Mantel-Haenszel test statistic 

(5.84) 

Which is the unadjusted McNemar test statistic. Thus the stratified-adjusted Mantel- 
Haenszel estimates and test are the same as the unadjusted estimates and test. 

5.7.3 MVLE 

As was the case for 2 x 2  tables of independent (unmatched) observations, the 
MLVE of the common log odds ratio 0 is obtained as the weighted combina- 
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h 

tion of the stratum-specific values 4 = log(ORcj) of the form 

(5.85) 

with estimated weights obtained from the estimated variance of the estimate (5.53) 

The variance is consistently estimated as 

(5.86) 

(5.87) 

which provides asymmetric confidence limits for the adjusted odds ratio. 
Likewise, the MVLE of the common marginal log relative risk, when such is 

appropriate, is obtained using 0, = log(RRAi) with weights obtained from the 
variance of the estimate (5.60) 

A h 

and large sample estimated variance 

(5.88) 

(5.89) 

These methods can be applied to either pair or member stratified analyses. 

5.7.4 

5.7.4.1 Conditional Odds Ratio The contrast or Cochran’s test of homogeneity 
of the conditional odds ratios is readily conducted usi%g :he MVLE ê  in (5.85) 
above, in conjunction with the inverse variances 6 = V(Sj)-l for each stratum 
(j = 1,. . . , K). These quantities are simply substituted in the expression for 
the test statistic in (4.68). Alternately, Breslow and Day (1980) suggest that a 
simple K x 2 contingency table of the discordant frequencies nlj and n2j could 
be constmcted and used as the basis for a simple contingency chi-square test as in 
(2.81) on K - 1 df. It is readily shown (Problem 5.12.11) that the null hypothesis 
of independence in the K x 2 table is equivalent to the hypothesis of homogeneity 
of the conditional odds ratio among strata. 

The asymptotically efficient test of association of a common conditional odds 
ratio can be derived as follows. Since the conditional odds ratio is a function of the 
discordant probabilities, this suggests that analogous Radhakrishna-like test statistic 
is of the form: 

Tests of Homogeneity and Association 

(5.90) 
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NOW assume that E(fj) = Njx12j, E(gj) = N j ~ z l j ,  and that ej = g(n12j) - 
g(n2lj) = 8 Vj,  where g(n) = log(x). Thus by a first order Taylor's expansion, 
then asymptotically 

(5.91) 

where nj = xdj/2 E (~12j ,  n2lj) and T~ = nl2j + n21j. From (5.39, noting that 
p12 = f/N and that pzl = g/N, the large sample variance of the statistic is 

Then, evaluating the asymptotic efficiency of the test, it follows that the optimal 
weights are wj = 1 for all strata and that the asymptotically efficient test is the 
same as that derived as the Mantel-Haenszel test in (5.84) above. 

Thus for a pair or a member stratified analysis the Radhakrishna-like asymptot- 
ically efficient test of a common odds ratio is the same as the marginal unadjusted 
McNemar test. This is not surprising because the Mantel-Haenszel test is a member 
of the Radhakrishna family. 

5.7.4.2 Marginal Relative Risk Similarly, in a matched prospective study, a test 
of homogeneity of log relative risks is readily constructed using the MVLE and the 
variance of the estimates within strata as in (5 .58)  and (5.60). 

Also, an asymptotically efficient test of a common relative risk can be derived 
as follows: The log RR is ej = g(nl,,) - g(nelj), where g(n) = log(n) as above. 
Using the test statistic 

then, under the model with a common relative risk 

(5.93) 

(5.94) 

where rj E  TI.^, nelj), and the null variance is 

since (piej - P . , ~ )  = (pl2j - ~ 2 1 j ) .  Then it is easily shown that the asymptotically 
efficient test uses the optimal weights 

wj = a 2 b 1 - j  +p*lj)Nj (5.96) 
~4 2 ( ~ 1 2 j  + ~ 2 1 j )  

These derivations are left to a Problem. 
Since the optimal test of a common odds ratio and the test of the common relative 

risks employ different statistics, the MERT for the family comprising these two 
tests is not described. However, the correlation is readily obtained by expressing 
each of these asymptotically efficient tests as a linear combination of the vectors of 
4K frequencies or proportions. 



200 CASE-CONTROL AND MATCHED STUDIES 

Example 5.12 
In the analysis of the effects of pregnancy of the level of retinopathy (see Example 
5.7), it was also important to assess the influence of the effect of intensification of 
control of blood glucose levels on the level of retinopathy. All women who planned 
to, or who became pregnant, received intensified care to achieve near-normal levels 
of blood glucose to protect the fetus. However, other studies had shown that such 
intensification alone could have a transient effect on the level of retinopathy that 
could be confounded with the effect of pregnancy. Thus it was important to adjust 
for this effect in the analysis. Here the stratified analysis within the intensive 
treatment group is described. The analysis within the conventional treatment group 
is used as a Problem. 

The degree of intensification of therapy was reflected by the change in the level 
of HbAI, from before to during pregnancy, the greater the reduction the greater the 
intensification. The following table presents the numbers within each of four strata 
classified according to the decrease in HbA1, during pregnancy, where a negative 
value represents an increase. 

Pregnancy and Retinopathy Progression 

HbAlC Better Worse 95% 
Decrease N # (%) # (%) OR, C.I. 

<O 15 5 (33) 6 (40) 1.2 0.4, 3.9 
(0.0 %, 0.7%] 20 5 (25) 10 (50) 2.0 0.7, 5.9 
(0.7 %, 1.3 %] 22 1 (5) 6 (27) 6.0 0.7, 50.0 

>1.3 % 20 3 (15) 9 (45) 3.0 0.8, 11.1 

(DCCT, 2000; reproduced with permission). The MVLE provides a stratified- 
adjusted odds ratio of 2.1 with 95% confidence limits of (1.10, 4.02), the estimate 
being nearly identical to the unadjusted value of 2.2 presented earlier in Example 
5.7. A Wald test based on the estimated adjusted log odds ratio (0.743) and its 
estimated variance (0.109) yields X2 = (0.743)2/(0.109) = 5.067, which is also 
highly significant (p < 0.006). This test value is comparable to that provided by 
the unadjusted McNemar test in Example 5.7. 

The Cochran test of homogeneity of odds ratios over strata yields X2 = 2.093 
on 3 df with p 5 .56. A simpler test that does not require the computation of the 
MVLE is to conduct a Pearson contingency test of independence for the above 4 x 2 
table of frequencies, for which X2 = 2.224 on 3 df with p 5 0.527. Both tests 
indicate that the effect of pregnancy on the level of retinopathy does not depend on 
the change in the level of HbA1, during pregnancy. 

Example 5.13 Member-Stratified Matched Analysis 
To illustrate a member-stratified analysis, consider the endometrial cancer data of 
Example 5.8. One of the covariates measured on each participant in the study is 
the presence or absence of a history of hypertension (H versus s). Thus there are 
four possible strata defrned by the covariate values of the pair members - HH with 
16 discordant pairs, R H  with 7 pairs, H R  with 11 pairs, and HH with 5 pairs. 
Within the concordant strata HH and HH the numbers of discordant pairs are too 
small to provide a reliable analysis, gj = 3 and 0 in each stratum, respectively. 

- 

- 
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With a larger sample size the same analyses as in the previous example could then 
be performed using the concordant strata. 

5.7.5 Random Effects Model Analysis 

Finally, based on the test of homogeneity, a random effects analysis of odds ratios, 
or relative risks when appropriate, is readily implemented as described in Section 
4.10.2. The expressions previously presented apply, the only difference being the 
computational expressions for the log odds ratio (or relative risk) and the estimated 
variance within each stratum. Specifically, the test of homogeneity provides a 
moment estimator of the variance between strata, c$, based on (4.155). Then the 
total variance of each stratum-specizc estimge involves the estimation variance 
plus the variance between strata, V(Oj) = V(OjlOj) + ui,  as in (4.156). This then 
leads to first-step reweighted estimate using the weights as in (4.157). 

5.8 PROBLEMS 

5.1 
5.1.1. Show that the prospective odds ratio in (5.5) equals the retrospective odds 

ratio in (5.4). 
5.1.2. Show that the null hypothesis of equal prospective probabilities Ho: 

P(DIE) = P(DIF) is equivalent to the null hypothesis of equal retrospective 
probabilities Ho: P(EID) = P(E16). 

5.1.3. Also show that the alternative hypothesis of unequal prospective proba- 
bilities H I :  P (D(E)  # P(DIE) is equivalent to the hypothesis of unequal retro- 
spective probabilities HI:  P(EID) # P(ElD),  

5.1.4. For a given prevalence P ( D )  = 6, derive the expression for the RR 
presented in (5.14). 

5.1.5. Under the rare disease assumption show that RR6JO = ORretro. 
5.1.6. Also show that 

For an unmatched case-control study do the following: 

5.1.7. For a1 = P(E) known, under the rare disease assumption show that 

- h 

(5.98) 
PTR logit (PAR)  = log = log [al(OR - l)] . 

1 - PAR 

5.1.8. Derive the expresslor, for the variance of the Zogit(PAR) presented in 
(5.19). 
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5.2 
failure (D) and smoking (E) .  

Consider the following hypothetical unmatched case-control study of heart 

200 300 

5.2.1. Conduct an appropriate test of Ho. 
5.2.2. Calculate an estimate of the prospective population odds ratio with 95% 

confidence limits. 
5.2.3. Assume the prevalence of congestive heart failure is P( D) = 1 in 10,000. 

Calculate an estimate of the prospective population relative risk and compare to the 
estimate based on the odds ratio. 

5.2.4. Calculate an estimate of the population attributable risk with 95% codi- 
dence limits assuming that P ( E )  = 01 = 0.30. 

5.3 
5.3.1. For a binary response yi,, where E(yij(zi)  = n(zi)  for both members 

( j  = 1,2) of the i th pair, and where the responses ( y i 1 , y i ~ )  are conditionally 
independent, show that 

Consider matched pairs as described in Section 5.2.2. 

and that 

Cov(Y1,Ya) = EZ [ ~ ( z ) ~ ]  - (Ez [ ~ ( z ) ] ) ~  = V[n(z) ]  = 0: # 0 .  (5.100) 

5.3.2. Using the partitioning of variation as in (A.6) show that 

V(Y1) = V(Y2) = EZ ( ~ ( 2 )  11 - T ( z ) ] }  + u: . (5.101) 

5.3.3. Then show that 
n 

(5.102) 

5.3.4. For a quantitative response assume that yij  = p(z i )  +&ij, where p(zi )  = 
E(yijJzi), and where E i j  are independent of pi with E(eij) = 0, V(&ij) = uz V i j  
and Cov(~i1,  ei2) = 0. Then show that 

COVO'I~YZ) = Ez [Cov(yiliyi~lz>] = Ez [ ~ ( z ) ' ]  - ( E z  [ ~ ( z ) ] ) ~  (5.103) 

=uZ#O 
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and that 

5.4 Maxwell (1961) presents the following matched prospective study of recovery 
(D) versus not (B) following treatment among matched pairs of depersonalized (E) 
versus non-depersonalized (z) psychiatric patients 

- 
E 

D D  

(reproduced with permission). 

an exact test of Ho. 
5.4.1. State appropriate null and alternative hypot..cses ( ) and conduct 

5.4.2. Calculate an estimate of the population odds ratio with exact 95% confi- 

Starting from the multinomial likelihood for a pair matched study presented 

dence limits. 

5.5 
in (5.22), do the following: 

5.5.1. Derive the conditional binomial distribution presented in (5.28). 
5.5.2. Show that asymptotically 

(5.105) 

5.6 
in (5.31) to show the following: 

hypothesis. 

where xd = x12 3- ~ 2 1  = 2 x .  

For a pair-matched study, use the normal approximation to the multinomial 

5.6.1. Derive the expression for V ( p l 2  - p21)  in (5.34) under the alternative 

5.6.2. Then show that under the null hypothesis, V (p lz  - p21 IHo) = nd/N , 

5.6.3. Also, show that the large sample 2-test is as shown in (5.36). 

5.6.4. Show that 2 M N(0,l) under Ho. 
5.6.5. For the conditional odds ratio defined in (5.43) and (5.46), let 8 = 

log (ORc) and ê  = log(f/g). Then use the &method to derive the expression 

for V 8 in (5.52) and the consistent estimator in (5.53). 

5.6.6. Likewise, for the log population averaged relative risk 

d 

(7 
in (5.57) 

derive the expression for the variance in (5.59) and the estimate in (5.60). 

5.7 Alternatively, one can base the test and the confidence limits on the con- 
ditional binomial distribution of f given M presented in (5.28) and derived in 
Problem 5.5.  
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5.7.1. Under the null hypothesis of symmetry Ho: 7r12 = a21 show that f N 

5.7.2. Show that this then implies that asymptotically 
B ( f ;  M ,  1/21. 

(5.106) 

5.7.3. Then show that the resulting large sample 2-test for this hypothesis is 

(5.107) 

and that this equals McNemar’s 2-test in (5.36). 
5.7.4. Under HI : 7r12 # ~ 2 1 ,  from the large sample distribution of p f  derived in 

Problem 5.5.2, and shown in Section 5.4.3, show that the large sample confidence 
limits based on the logit of 7rf = 7r12/7rd equal the confidence limits for 6 = 
log(0Rc)  based on the estimated variance derived in Problem 5.6.5 and presented 
in (5.53). 

5.8 Now consider a larger replication of the above study in Problem 5.4 above 
with hypothetical frequencies. 

E D  - 
D 

5.8.1. State appropriate null and 
a large sample test of Ho. 

135 18 

alternative hypotheses (Ho, H I )  and conduct 

5.8.2. Calculate an estimate of the conditional odds ratio with asymmetric 95% 
confidence limits. 

5.8.3. Calculate an estimate of the population averaged relative risk with asym- 
metric 95% confidence limits. 

5.9 For the pair-matched 2 x 2 table, consider a Mantel-Haenszel analysis stratified 
by the N pairs as shown in Table 5.2 and described in Section 5.4.4. 

5.9.1. Show that the a Mantel-Haenszel test statistic equals McNemar’s test or 
that X&H = X &  in (5.37). 

5.9.2. Show that the Mantel-Haenszel estimate of the odds ratio equals the con- 
ditional odds ratio estimate, O R M H  = f / g  = O R c .  

5.9.3. Show that the Robins, Breslow and Greenland (1986) estimate of the 
variance of the log odds ratio in (4.28) equals that in (5.52) or that v ( l o g O ^ R ~ ~ ]  = 

5.9.4. Show that the Mantel-Haenszel estimate of the relative risk equals the 

h h 

V[logO^Rc] M / ( f g ) .  

population averaged RRA in (5.58) or that R^RMH = =A.  
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5.10 Now consider the pair-matched retrospective study as described in Section 
5.5. 

5.10.1. Show that the hypothesis of symmetry with respect to the retrospective 
probabilities of discordant pairs implies and is implied by the hypothesis of sym- 
metry for the prospective probabilities, that is, that (412 = 421) % (n12 = ~21). 

5.10.2. Show that the retrospective conditional odds ratio equals the prospective 
conditional odds ratio as described in (5.66) and (5.67). 

5.10.3. Derive the relation shown in (5.69) between the prospective conditional 
relative risk from a pair-matched case-control study and the retrospective conditional 
odds ratio. 

5.10.4. In a retrospective study, from (5.69) show that RR, = ORc under the 
rare disease assumption (6 LO). 

5.11 In a pair-matched study, from the distribution of T = p12 - p21 under HO 
and HI in Section 5.6, do the following: 

5.11.1. Derive the expression relating the total sample size and power in (5.72) 
unconditionally, that is, without fixing the number of discordant pairs, M .  

5.11.2. From the unconditional power hnction of McNemar’s test presented in 
(5.72) show that the equation for the N needed to provide power 1 - ,8 for an a 
level test is given by 

N =  1 (5.108) 
7r12 - n21 

L J 

5.11.3. Then use the conditional distribution with p f  as the test statistic as 
described in Problem 5.5.2 to derive the expression relating sample size and power 
as 

m t C P c  - 11 = 21-a (CPC + 1) + 2Zl-@&, (5.109) 

which is expressed as a function of M and pC alone. 
5.11.4. From this, derive the expression for 21-0 in (5.77). 
5.11.5. Derive the quadratic function in (5.80) given the parameters $.,, w, and 

5.11.6. For a study where 7~21 = 0.25, cr = 0.05 (two-sided), what N is required 

5.11.7. Show that the expected number of discordant pairs with this sample size 

5.11.8. Suppose that because of cost considerations, the final sample size is 

CPC * 

to provide 90% power to detect an odds ratio of 1.8? 

is E ( M )  = 126. 

determined to be N = 150 with E ( M )  = 105. 

1. From (5.77), what level of power does this provide to detect an odds ratio of 
1.8? 

2. What odds ratio can be detected with power = 0.90 with this sample size? 
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5.11.9. At the end of the study, however, assume that only M = 90 discordant 
pairs are observed. What level of power does this provide to detect an odds ratio 
of 1.8? 

5.11.10. For a study where c$., = 0.2, w = 1.5, and 'pc = 1.3, determine the 
cell probabilities {c$ij} using the solution to (5.80). Then determine the sample 
size N required to provide 90% power to detect this value of cpc. 

5.12 
5.12.1. Show that a stratified Mantel-Haenszel analysis with 4K strata yields 

the adjusted estimate of the odds ratio, and the estimated variance of the log odds 
ratio, equal those from the unadjusted marginal analysis as shown in (5.81H5.82). 

5.12.2. Likewise, show that the stratified Mantel-Haenszel estimate of the rela- 
tive risk equals that from the marginal unadjusted analysis shown in (5.83). 

5.12.3. Also, show that the stratified Mantel-Haenszel test of a common odds 
ratio equals the marginal McNemar test as in (5.84). 

5.12.4. Show that the MVLE of a common odds ratio uses the weights presented 
in (5.86) and has the variance presented in (5.87). 

5.12.5. Likewise, show that the MVLE of a common relative risk uses the 
weights presented in (5.88) and has the estimated variance presented in (5.89). 

5.12.6. For an asymptotically efficient test of a common odds ratio over strata, 
derive E ( T )  in (5.91) with variance as shown in (5.92). 

5.12.7. Then use the expressions for the asymptotic efficiency of the test as 
employed in Section 4.7.2 to show that the optimal weights that provide maximum 
efficiency for this test are wj = 1 Vj .  

5.12.8. Then show that the resulting efficient Z-test equals the McNemar test 
in (5.36). 

5.12.9. Similarly, for an asymptotically efficient test of a common relative risk 
over strata, derive E ( T )  in (5.94) with variance as shown in (5.95). 

5.12.10. Then show that the optimal weights {wj} that provide maximum efi-  
ciency for this test are as shown in (5.96). 

5.12.11. Show that the hypothesis of homogeneity of the conditional odds ratio 
among strata is equivalent to the null hypothesis of independence in the K x 2 
contingency table. 

5.13 Exercise 5.12 presents a stratified analysis of the effect of pregnancy on 
the level of retinopathy among women treated intensively in the Diabetes Control 
and Complications Trial (DCCT, 2000). For women in the conventional treatment 
group, the following table presents the numbers of women whose retinopathy during 
pregnancy was better or worse than that before pregnancy within each of four strata 

Now consider a pair- or member-stratified analysis with K strata. 
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classified according to the decrease in HbAl, during pregnancy: 

HbA 1 c Better Worse 95% 
Decrease N # (%) # (%) OR, C.I. 

(0.0 %, 1.7%] 23 7 (30) 8 (35) 1.1 0.4, 3.2 
(1.7 %, 3.1 %] 24 2 (8) 12 (50) 6.0 1.3, 26.8 

>3.1 % 23 2 (9) 19 (82) 9.5 2.2, 40.8 

(reproduced with permission). The reductions in HbAI, in this group were greater 
than those in the intensive group because the patients treated conventionally had 
higher levels of HbA1, by about 2% during the study compared to the intensive 
group. Conduct the following analyses of these data. 

5.13.1. In the unadjusted marginal analysis, a total of 11 patients had better and 
39 worse levels of retinopathy during pregnancy than before pregnancy. Compute 
the conditional odds ratio and its asymmetric 95% confidence limits and conduct 
McNemar's test. 

5.13.2. Compute the MVLE of the common log odds ratio across strata and 
its large sample variance. Use these to compute the 95% asymmetric confidence 
limits. 

5.13.3. Then conduct Cochran's test of homogeneity of odds ratios over strata. 
5.13.4. Also conduct a contingency chi-square test of independence for the 3 x 2 

table of discordant frequencies. 
5.13.5. Present an overall interpretation of the effect of pregnancy in the con- 

ventional treatment group on the level of retinopathy and the effect of the change 
in HbA1, during pregnancy on this effect. 



6 
Applications of Maximum 

Likelihood and Efficient 
Scores 

Previous chapters describe the derivation of estimators and tests for the assessment 
of the association between exposure or treatment groups and the risk of an outcome 
from either independent or matched 2 x 2 tables obtained from either cross-sectional, 
prospective and retrospective studies. Methods for the stratified analysis of multiple 
independent tables under fixed and random effects models are also described. All of 
those developments are based on “classical” statistical theory, such as least squares, 
asymptotic efficiency and the central limit theorem. 

Although Fisher’s landmark work in maximum likelihood (Fisher, 1922, 1925) 
predated many of the original publications, such as those of Cochran (1954a) and 
Mantel and Haenszel (1959), it was not until the advent of modem computers that 
maximum likelihood solutions to multi-parameter estimation problems became fea- 
sible. Subsequently it was shown that many of the classic methods could be derived 
using likelihood-based efficient scores. This chapter describes the application of 
this “modern” likelihood theory to develop the methods presented in the previous 
chapters. Subsequent chapters then use these likelihood-based methods to develop 
regression models and related procedures. Section A.6 of the Appendix presents 
a review of maximum likelihood estimation and efficient scores, and Section A.7 
describes associated test statistics. 

6.1 BINOMIAL 

Again consider the simple binomial distribution that describes the risk of an out- 
come in the population. Assuming that the number of positive responses X in N 

209 
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observations (trials) is distributed as binomial with P ( z )  = B (z; N, x), then the 
likelihood is 

L(n)  = ( 9 ) n S  (1 -?pa: 
and the log likelihood is 

t ( n )  = log + zlogn + ( N  - z) log(1- n) . (6.2) (3 
Thus the total score is 

d t  2 ( N - a )  X - N T  
dn 7~ l - T  ~ ( 1 - T ) '  

V ( n ) =  - = - -- = 

When set equal to zero, the solution yields the MLE: 

i ?=z /N  = p .  

The observed information is 

-d21 z ( N - z )  
dn2 T' (1 - n)2 

i(.) = - - - - +-. 

Since E ( x )  = N T ,  the expected information is 

Thus the large sample variance of the MLE is 

n (1 - n) 
N '  

v (%) = I (7r)-1 = (6.7) 

The estimated observed information is i (n),T=E = i (?) and the estimated expected 
information is I (T)~,,=% = I (?). For the binomial the two are equivalent: 

N i(?) = I ( ? )  = F(1-57) 

and the estimated large sample variance of the MLE is 

?(l - ?) 
N '  

Q (?) = I ( q - l  = 

Efron and Hinkley (1978) show that it is often better to use the observed infor- 
mation for computation of confidence intervals, whereas for tests of hypotheses it 
is customary to use the expected information. In many problems, such as this, the 
two estimates are identical. 
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Since the number of positive responses is the sum of N i.i.d. Bernoulli variables, 
z = ELl pi as described in Section 2.1.2, then asymptotically U (T) is normally 
distributed with mean zero and variance I(..). Likewise, as shown in Section 
A.6.5, then asymptotically 

S 4 Jv [T, v (i i)] , 
or more precisely, as n increases then 

&?ZJv[T, T ( 1 - T ) ] .  

All of these results were previously obtained from basic principles in Section 2.1.2. 
Then, from the invariance principle of Section A.6.8, it follows that g ( S )  is 

the MLE of any function g ( T ) ,  under nominal regularity conditions on g( . ) .  The 
asymptotic distribution of g ( S )  is then provided by the 6-method and Slutsky's 
Theorem as illustrated in Section 2.1.3 using the logit and log(-log) transformations. 

6.2 2 x2 TABLE: PRODUCT BINOMIAL (UNCONDITIONALLY) 

Now consider the analysis of the 2 x 2  table from a study involving two indepen- 
dent groups of subjects, either from a cross-sectional, prospective or retrospective 
study, unmatched. As in Chapter 2, the analysis of such a table is described from 
the perspective of a prospective study. Equivalent results apply to an unmatched 
retrospective study. 

6.2.1 

Given two independent samples of nl and n 2  observations, of which we observe 
x1 and x2 positive responses, respectively, then as shown in (2.52) the likelihood 
is a product binomial L(7r1, ~ 2 )  = B ( X I ;  nl, T I )  B (z2; 7 2 2 , ~ ~ )  = L I ( T ~ ) L ~ ( T Z )  
and the log likelihood is e = logL1 + log L2 = el f e2. Thus 8 = (rl T ~ ) ~  and 
the score vector is 

MLEs AND Their Asymptotic Distribution 

- - [" + I T ; = [  x1 - nlTl 2 2  - n 2 ~ 2  

dnl d ~ p  X1 (1 - .1) T2 (1 - 7r2) 

Therefore, the MLE 5 is the vector of the MLEs for the two independent groups 
6 = The Hessian matrix has diagonal elements 
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and off-diagonal elements a21/ ( d n l d n 2 )  = 0, since no terms in e involve both TI  

and n 2 .  Thus 

Then the large sample variance of 8 = [ e l  is 

which is consistently estimated as 

Therefore, asymptotically 

(6.15) 
K l ( 1  - n1) 0 

0 n 2  ( 1  - .2) 

722 

From the invariance principle (Section A.6.8 of the Appendix), for any one-to- 
one function of 7r such as p = g ( T I )  - g ( Q ) ,  it again follows that the MLE is 
p = g ( j i l )  - g ( E 2 )  with large sample variance of the estimate obtained by the 

&method. Thus the MLE of the log (OR) is the sample log odds ratio, log (z) , 
and the MLE of the log (RR) is log(=). These estimates and the large sample 
variance of each are presented in Section 2.3. 

6.2.2 Logit Model 

Since the odds ratio plays a pivotal role in the analysis of categorical data, it is also 
instructive to describe a simple logit or logistic model for the association in a 2 x 2  
table, as originally suggested by Cox (1958a). This model was first introduced in 
Problem 2.13. In this model the logits of the probabilities within each group can 
be expressed as 

log (A) = a. (6.16) 
1 - 'IT2 

log (") = Ly + p, 
1 - 7r1 
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The inverse functions that relate the probabilities to the parameters 0 = (a P)T are 
logistic functions of the form 

(6.17) 
ea+P 1 

1 - . 1 =  
1 + ea+P 1 + e a t ,  

7r1 = 

and the odds ratio is simply 

(6.18) 

This is called a logit link model or a logistic model. Later other link functions will 
be introduced. 

When expressed in terms of the frequencies (a,  b, c, d)  in the 2 x 2  table as in 
(2.24), the product binomial likelihood is 

X I /  (1 - TI) = ep.  

.2/ (1 - .2) 

(6.19) d 
L( .1 , .2 )  0: 7r; (1 - 7rI)c7r;  (1 - 7 4  

Expressing the probabilities in terms of the parameters a and ,B and in terms of the 
marginal totals (nl, 122, ml, m 2 )  in the 2 x2  table, then 

= mla + a@ - n1 log (1 + ea+p)  - n 2  log (1 + ea)  

T 
The resulting score vector has elements U(O) = [U (a), U (O),] , where 

ea ae - n 2 -  
1 + ea aa 

ea+P 
u(q, = - = ml - n1 + ea+P 

and 

(6.21) 

(6.22) 

(6.23) 

Note that these quantities can be expressed interchangeably as functions of the 
conditional expectations ( T I ,  ~ 2 )  or as functions of the model parameters (a, p). 
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The MLEs (6, j) are then obtained by setting each respective score equation to 
zero and solving for the parameter. This yields two equations in two unknowns. 
Taking the difference U (e ) ,  - U (e ) ,  then yields 

ml - a  
722 

n . 2 = - ,  

From (6.17), this implies that 

(6.24) 

(6.25) 

Solving for a then yields 

e6 = b/ (722 - b) = b/d  (6.26) 

Then evaluating U (e) ,  in (6.23) at the value G and setting U (0),,6 = 0 implies 
so that the MLE is 6 = log ( b / d )  . 

that 
,6+P 

(6.27) 1 + es+p = 0. a - n1 

Substituting the solution for e' yields 

(6.28) 

Therefore, the MLE of p is the sample log odds ratio p = log (adlbc), which was 
demonstrated earlier from the invariance principle. 

The elements of the Hessian matrix then are 

(6.29) 

Thus the information matrix is 

(6.30) 
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where $Ji = ri (1 - ri) is the variance of the Bernoulli variates in the ith popula- 
tion, i = 1,2. The elements of I (0) will be expressed as 

(6.3 1)  

The covariance matrix of the estimates then is V = I ( O ) - ' .  The inverse 
of a 2x2 matrix 

is obtained as 

(6.32) 

(6.33) 

The elements of I (6)-' will alternately be expressed as 

Thus the elements of the covariance matrix V 8 are (-1 

(6.35) 

(6.36) 
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Fig, 6.1 Two views of the likelihood surface in terms of the logit model parameters (a, /?) 
for the data from the acid dependent ulcer stratum of Example 4.1. 

a 

Note that the estimates are correlated even though the underlying likelihood is the 
product of two independent likelihoods. That is because each of these two binomial 
likelihoods involves the intercept a. 

is the same as Woolf s expression for 
the variance of the estimated log odds ratio obtained in Section 2.3.3 using the 6- 
method. Expressing the probabilities using the logistic function, then the estimated 
variance is 

Also note that f i  = log OR and V (-1 (-) 

(6.37) 

is readily shown that Substituting es = b / d ,  eP^ = ad/bc and @+p^ = a/c,  it 

(f i) equals Woolf s estimated variance of the log odds ratio. Thus large sample 
asymmetric confidence limits based on maximum likelihood estimation using this 
logit model are equivalent to those using log odds ratio in Section 2.3.3. 

In Problem 6.4 we also show that the MLE of the log relative risk can be obtained 
from a model using a log link (hc t ion)  in place of the logit in (6.16), with results 
equivalent to those presented earlier in Section 2.3.2. 

Example 6.1 Ulcer Clinical Trial 
Consider only the first stratum in the ulcer clinical trial data from Example 4.1 with 
a = 16, nl = 42, ml = 36 and N = 89. Figure 6.1 displays the two views of 
the likelihood surface as a hnction of the parameters of the logit model parameters 
for these data. The values of the parameters at the peak of the surface are the 
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MLEs G = -0.3001 and = -0.1854, the latter being the log odds ratio presented 
in Table 4.1. The elements of the estimated information are I (O) ,  = 21.394 
and I ( O ) p  = I ( 0 ) 6 p  = 9.9048. These yield standard errors of the estimates 

S.E.(&) = 0.2950 and S.E.(p) = 0.4336. 

6.2.3 Tests of Significance 

As described in Section A.7 of the Appendix, either a large sample Wald, likeli- 
hood ratio or score test can be applied in conjunction with maximum likelihood 
estimation. In the logit model for the 2 x 2  table we wish to test the null hypothesis 
Ho: /? = 0 against the alternative H I :  P # 0. Since P = 0 H 7r1 = 7r2, this is 
equivalent to the hypothesis of no association in the 2 x 2 table employed previously. 

6.2.3.1 
defined as 

Wald Test The Wald test of the log odds ratio in the logit model is 

(6.38) 

From (6.36), the variance of the estimate, that is obtained without restriction on the 

value of the parameter, or V PIH , is Woolf s estimated variance. Therefore, the 
Wald test is 

- ( -  1) 

(6.39) 

Since the Wald test uses the variance estimated under the alternative, 
this test does not equal any of the common tests for a 2 x 2  table presented in 
Chapter 2. 

6.2.3.2 Likelihood Ratio Test The likelihood ratio test is based on the ratio of 
log likelihoods estimated with and without the parameter to be tested, p in this case, 
included in the model. Thus for a 2 x 2  table, under a logit model, the likelihood 
ratio test for Ho: p = 0 is provided by 

(6.40) 

From (6.21) the null log likelihood is 

and the score equation is 

(6.42) 
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which, when set equal to zero, yields the estimate 

Thus the likelihood ratio test statistic is 
A 

~ 2 , / 2  = r n 1 ~  + ap - nl log (1 + es+b) - n2 log (1 + ec) (6.44) 

- ml Gip=o + N log 1 + e'lLIP=o . ( - 1  
Substituting the maximum likelihood estimates under the full and the null model 
and simplifying then yields the expression presented earlier in (2.94); see Problem 
6.2.13. 

6.2.3.3 Efficient Score Test The efficient score test for p may also be derived. 
Since the model involves two parameters (a and p) the score test for p is a C(Q) 
test, as described in Section A.7.3 of the Appendix. 

By definition, the score equation for the intercept is zero when evaluated at the 
MLE for Q under the null hypothesis, or U (0)clo=o = 0. Then evaluating the 
score equation for /3 under the null hypothesis Ho: = 0, given the estimate 
ZO = G p o  of the nuisance parameter in (6.43) yields 

= 

,. 
(6.45) 

nleco 

P 1 + euo 
u (Go) = a - - = a - n l m l / ~  = a - E (alHo). 

This score equation-can be viewed as arising from a profile likelihood of the form 
L(61p=~,po) = L(00).  Thus the restricted MLE of the parameter vector under the 
null hypothesis is 0 0  = ( G p 0  

To obtain the score test we also need I (0)-' evaluated underH0: /? = 0. Under 
Ho, ?rl = 7r2 = ?r, from (6.42) it follows that 

,. 

(6.46) 

Substituting ?r1 = ~2 = K into the expressions for I (0 )  in (6.30), and evaluating 
at the estimate ?, we obtain the estimated information 

(6.47) 

and the inverse 

As shown in Section A.7.3, the efficient score test for Ho: /3 = 0, given the 
estimate of the nuisance parameter 21p=o evaluated under this hypothesis, is of the 
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form 

X 2  = [.(GO) (2 U (G.)p] I (Go)-1 [. ( G o ) a  U (6.49) 

= I" u (6,)pI I (oo) - l  [o u ( g O ) J T  

= u (Go); [I u ( G o ) P  I P 

where, by definition, U (50) = [U (0)a]ls,P=o = 0. From (6.48), the desired 

element of the inverse estimated information corresponding to ,B evaluated under 
HO is 

a 

The resulting eficient score test is 

which equals Cochran's test for the 2 x2 table. 

6.3 2 x 2 TABLE, CONDITIONALLY 

(6.50) 

(6.51) 

Conditioning on both margins fixed, Section 2.4.2 shows I..at the IikelihooL hnction 
for the 2 x 2 table is the non-central hypergeometric with parameter 'p being the odds 
ratio. Again, it is convenient to parameterize the model in terms of the log odds 
ratio, ,B = log(cp). Then from (2.57), the log likelihood is 

with only one parameter 0. The score equation then is 

= a - E (.lo) 
The estimating equation for the MLE of p is U (p)  = 0 which implies that 

(6.52) 

(6.53) 
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for which there is no closed-form solution; see Birch (1964). 
However, the solution is readily obtained by an iterative procedure such as 

Newton-Raphson iteration described subsequently. To do so requires the expres- 
sions for the Hessian or observed information. Using a summary notation such that 
Ci = (7)  (m:yi), the observed information is 

Thus the observed and expected information is 

i ( P )  = I ( P )  = E [a21P] - E = V (alp). (6.56) 

Although the MLE must be solved for iteratively, the score test for Ho: P = 
PO = 0 is readily obtained directly. From (6.53), then 

(6.57) 

When the information in (6.56) is evaluated under the null hypothesis with Po = 0, 
the expected information reduces to 

m1n1 u ( P o )  = a - E (alHo) = a - - 
N '  

(6.58) 711 n2mlm2 I ( P o )  = v (alP0) = v, (a) = N 2  ( N  - 

based on the results presented in Section 2.6.3. Therefore, the score test is 

(6.59) 

which is the Mantel-Haenszel test. 

6.4 SCORE-BASED ESTIMATE 

In a meta-analysis of the effects of beta blockade on post-myocardial infarction 
mortality, Yusuf, Peto, Lewis, et al. (1985) and Pet0 (1987) employed a simple es- 
timator of the log odds ratio that can be derived as a score equation-based estimator. 
Generalizations of this approach are also presented by Whitehead and Whitehead 
(1991), based on developments in the context of sequential analysis that are also 
described in Whitehead (1992). 

In general, consider a likelihood in a single parameter, say 0, where the likelihood 
is parameterized such that the null hypothesis implies Ho: 0 = 00 = 0. Then 
consider a Taylor's expansion of U (0) about the null value 00 so that 

u (el = u (0,) + (e - 0,) u' (0,) + ~ ~ ( 4  (6.60) 
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for u E ( e , e O )  Under a sequence of local alternatives where 0, = 0, + S/J;;, the 
remainder vanishes asymptotically. Since Bo = 0, then asymptotically 

u (el E u (e,) + eu’ (e , )  . (6.61) 

Taking expectations yields 

E [u (ell 2 E [u (e,)] + eE [u’ (a,)]  . (6.62) 

Since E [U ( O ) ]  = 0 and E [U’ (OO)] = E [H (O0)] = - I  (0,) then, asymptotically 

Therefore, the score-based estimate is 

(6.63) 

(6.64) 

which is consistent for 0 under local alternatives. As will be shown in Section 6.7, 
this score-based estimate equals the first step estimate in a Fisher Scoring iterative 
solution for the maximum likelihood estimate of the parameter when the initial 
(starting) estimate of the parameter is the value 00. 

From Section A.6.2 of the Appendix, the asymptotic distribution of the score 

given the true value of 0 is U ( 8 )  = N [O, I ( e ) ] .  From (6.61), asymptotically 
U (0,) 2 U (Q) - BU’ ( O o ) ,  where U ( 0 )  converges in distribution to a normal 
variate, and from the law of large numbers, -BU’(e,) 5 BI(00). Therefore, from 
Slutsky’s Theorem (A.43), asymptotically 

d 

and asymptotically 

$ k N p , - ] .  (6.66) 

Assuming that approximately I ( 0 )  = I (&), as will apply under local alternatives, 
then 

(6.67) 

and asymptotically 

(6.68) 
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Example 6.2 log Odds Ratio 
Under the conditional hypergeometric distribution for the 2 x 2 table with fixed 
margins as in Section 6.3, the parameter of the likelihood is the odds ratio ‘p = ep,  
where 9 = /3 = log(0R).  Using the log odds ratio, rather than the odds ratio 
itself, yields a value zero for the parameter under the null hypothesis (Po = 0) as 
required for the above. Therefore the score-based estimate is 

(6.69) 

where the numerator is presented in (6.57) and the denominator in (6.58). Thus the 
score-based estimate of the log odds ratio is 

with estimated variance 

(6.70) 

(6.71) 

Note that this variance estimate differs from Woolf s estimate that is also the inverse 
infonnation-based estimate as shown in Section 6.2.2. 

Example 6.3 Ulcer Clinical Trial 
Again, consider only the first stratum in the ulcer clinical trial data from Example 
4.1. Then ô R = 0.8307 and log= = -0.18540 with V logOR = 0.1880 

based on the &method. The score-based estimate of 9 = log(0R)  is based on 
a - E (a[&) = -0.98876 and V, (u)  = 5.4033. The ratio yields ê  = -0.18299 

with large sample variance V 13 = 1/5.4033 = 0.18507. Both quantities are 
close to those obtained using the &method. 

I -1 

(-) 

6.5 STRATIFIED SCORE ANALYSIS OF INDEPENDENT 2x2 
TABLES 

Now consider the case of a stratified analysis with K independent 2 x 2  tables. Day 
and Byar (1979) used the logit model with a product binomial likelihood for each 
of the K tables to show that Cochran’s test of association can be derived as a C(a) 
test. However, it is somewhat simpler to show that the Mantel-Haenszel test can be 
obtained using the conditional hypergeometric likelihood. Here both developments 
are described. As a problem, it is also shown that the Day and Byar approach can 
be employed to yield an efficient score test under a log risk model that equals the 
Radhakrishna test for a common relative risk presented in Section 4.7.2. 
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6.5.1 Conditional Mantel-Haenszel Test and the Score Estimate 

In a stratified analysis with K independent 2x2 tables, assuming a common odds 
ratio under Ho: = . . . = PK = P, the conditional hypergeometric likelihood 
in (2.57) involves only a single parameter 'p = OR = e'. Then the resulting 
likelihood is the product of the hypergeometric likelihoods for each of the K strata 

L(P)  = P (aj I nlj, mlj ,  Nj, P I .  (6.72) 

Thus the total score is U ( P )  = E j  Uj ( P )  and the total information is I ( P )  = 
C .  I .  (P) .  To obtain the MLE requires an iterative solution; see Example 6.7 in 
Section 6.5. However, the estimate is readily obtained under the null hypothesis. 

K 

j =1  

3 .' 

Under Ho: P = PO = 0, from (6.57) then 

(6.73) 

and from (6.58) 

I (00) = xi Ij ( P O )  = C ,  V, ( a j )  * (6.74) 
3 

Therefore, the efficient score test is 

(6.75) 

which equals the Mantel-Haenszel test X,$MH) in (4.8). Therefore, the Mantel- 
Haenszel test is an asymptotically efficient test of HO against Hi: = . . . - - 
P K  = P # O .  

Also, the score-based estimate of the common log odds ratio P = log (OR) is 

with estimated variance 

(6.76) 

(6.77) 

Example 6.4 Ulcer Clinical Trial 
For a stratified-adjusted analysis of the ulcer clinical trial data from Exercise 4.1 
combined over strata, as shown in Table 4.3, the M V k E  or logit estimate of the 
common log odds ratio for these three 2x2 tables is 8 = 0.493, with estimated 
variance V 8 = 0.0854. The corresponding Mantel-Haenszel estimate of the log 

odds ratio is 0 = 0.491, with the Robins, Breslow and Greenland (1986) estimated 
variance V 0 = 0.0813. The score-based estimate involves Cj (Oj - E,) = 

6,094 and Cj  V, ( a j )  = 12.36. These yield ê  = 0.493, with variance V 8 = 

0.0809, again comparable to the M V L E  and Mantel-Haenszel estimates. 

- (1) 
- (-1 

(-1 
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6.5.2 

In many applications, the model involves one parameter of primary interest and one 
or more nuisance parameters, as illustrated by the efficient score test for the 2 x 2 
table under a logit model in Section 6.2.3.3. In such cases, the score test for the 
parameter of interest is a C(a)  test as described in Section A.7.3 of the Appendix. 
Another such instance is the score test for the common odds ratio using a product 
binomial likelihood within each stratum described by Day and Byar (1979). 

Consider a logit model for the K independent 2 x 2 tables with a common odds 
ratio OR = ep, where the probabilities (7r2j) are allowed to vary over strata. 
Applying a logit model to each table as in Section 6.2.2, the model yields a vector 
of K + 1 parameters 8 = (a1 . . , CYK P)T,where aj refers to the intercept or log 
background risk for the j th  table (j  = 1 , .  . . , K) and @ represents the assumed 
common log odds ratio. Thus the {aj} are nuisance parameters that must be jointly 
estimated under the null hypothesis Ho: /3 = PO = 0. The resulting score test for 
P is a C(a)  test and it equals the Cochran test for a common odds ratio presented 
in Section 4.2.4. The details are derived as a problem to illustrate this approach. 

For the K independent 2x2 tables from each of the K independent strata, the 
compound product binomial likelihood is the product of the stratum-specific likeli- 

Unconditional Cochran Test as a C ( a )  Test 

hoods suchas 

K 

L(al ,  * * a K ,  P )  = n Lj(ajr P ) .  
j=l  

For the j t h  stratum, the likelihood is a product-binomial 

with probabilities 

(6.78) 

(6.79) 

(6.80) 

where it is assumed that /31 = . . . = PK = /3. In this case, since 8 is a K + 1 
vector, then a score test for Ho: /3 = PO = 0 entails a quadratic form evaluated as 

(6.81) 

where U 60 is the score vector for the K+l parameters evaluated at the vector of 

estimates obtained under HO designated as 50. Thus 50 = (GI(o) . . . GK(o)  0) , 

where G j ( 0 )  is the MLE for aj that is obtained as the solution to --Ip=po = 

(- ) T 

ae 
aai 
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However, when evaluated at the MLEs { 6 j ( o ) }  of the {oj} estimated under the 
null hypothesis where p = PO, then each respective element of the score vector is 
zero. Thus the score vector 

u(&) = [. (go) f f l  .. . u (50) a K  u (&)PI = [o . . . 0 U (GO) P ] (6.82) 

is a single random variable augmented by zeros, where 

and 6 = (&(o) . . . 6 ~ ( 0 ) ) ~ .  Then the quadratic form reduces to simply 

x2 = [U(GO)pl2I , 

(6.83) 

(6.84) 

where I (50) ’ = [I ($0) -‘I is the diagonal element of the inverse information 

matrix corresponding to the parameter /3 and evaluated at /3 = PO. Thus X2 is 
distributed asymptotically as chi-square on 1 df. 

As a problem it is readily shown that 6 j ( o )  = log(m~/rnzj)  and that the 
resulting C(a) score statistic for P is 

P 

(6.85) 

Then under Ho: X I  = 7r2 = K, from (6.30) the information matrix has elements 

(6.86) A m1jm2j qeo),j = rj (1 - r j )  ivj = ~ 

Nj 

and I ( f90)a j ,ak  = 0 for j # Ic since the strata are independent. Therefore, the 
estimated information matrix is a patterned matrix of the form 

(6.87) 

A 

where = diag{l($o),, . . . is a K x K diagonal matrix. 

The required element of the inverse matrix I(&)P = 

using the expression for the inverse of a patterned matrix presented in (A.3) of 
Section A.1.2 of the Appendix. Then it is readily shown that 

(6.88) 
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and that 

(6.89) 

which is Cochran’s test X$(,) in (4.12). Note that in order to compute the test 
one does not need to solve for the estimates of the nuisance parameters, the { C j } .  

Gart (1985) used a similar model parameterized using the log link where n1j = 
eaj+P and nzj = ea j ,  in which case /3 = log(RR). The resulting score test 
equals Radhakrishna’s test for a common relative risk (see Problem 6.7). Gart and 
Tarone (1983) present general expressions for score tests for the exponential family 
of likelihoods, which includes the binomial with a logit link as above but not the 
relative risk model of Gart (1985). 

6.6 MATCHED PAIRS 

6.6.1 Unconditional Logit Model 

Now consider a likelihood-based analysis of a sample of N pairs of observations 
that have been matched with respect to the values of a set of covariates, or that 
are intrinsically matched such as before-and-after measurements from the same 
subject. As in Sections 5.3 and 5.4, consider the analysis of a prospective study 
in which pairs of exposed and non-exposed individuals are compared with respect 
to the risk of developing a disease, or experiencing a positive outcome. For the 
j t h  member ( j  = 1,2)  of the ith pair (i = 1,. . . , N ) ,  let the binary indicator 
variable Xij  denote the conditions to be compared where xij = 1 denotes the 
exposed (E) member and xij = 0 denotes non-exposed (E)  member. Then let Kj 
denote the outcome of each pair member, where yij = 1 if the i j th  subject has a 
positive outcome (D), 0 if not (a). If we use the convention that j = 1 refers 
to the exposed (E) member and j = 2 to the non-exposed (E) member, then the 
observed data marginally in aggregate form the 2 x 2 table 

where the underlying probabilities are ( ~ 1 1 ,  n12, nz1, nzz) for the four cells of the 
table. The number of discordant pairs is M = 7212 + 7121 = f + g, where E (M) = 
ndN, T d  = n12 + nz1 being the probability of a discordant pair. 

For the ith pair a simple logistic model can be used to describe the odds ratio 
allowing for the underlying probabilities of the outcome to vary over pairs. Within 
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the ith pair, since the exposed and non-exposed individuals were sampled indepen- 
dently given the matching covariate values, then as in Section 5.4.1 we can define 
the conditional probabilities of the outcome as 

nil = P ( y i l  = 11 ~ i l  = 1) = Pi (DIE) = P(DIE, t.i) ,and (6.91) 

xi2 = P (y i2  = 11 xi2 = 0) = Pi (DIE) = P (DIE, zi) . 
In terms of the notation of Section 5.4.1, for a matched-pair with shared covariate 
value z, then ? ~ i l  = TI.,. and 7ri2 = T . ~ , ~ .  

Now, as originally suggested by Cox (1958b), we can adopt a logistic model 
assuming a constant odds ratio for all N pairs of the form 

log (A) = f f i  + p z i j ,  i = l ,  ..., N ; j = l , 2 .  
1 - xij 

(6.92) 

Therefore, the log odds ratio, or difference in logits for the exposed and non-exposed 
members, is 

As illustrated by the Mantel-Haenszel construction for matched pairs in Section 
5.4.4, within each pair the members are conditionally independent so that the likeli- 
hood is a product binomial for the ith independent pair. Using the logistic function 
(inverse logits) for each probability, the likelihood is 

&(ail P )  a (6.94) 

Therefore, the total log likelihood for the complete sample of N matched pairs up 
to a constant is e = xi log Li = xi  l,,  which equals 

The resulting score equations for the parameters 6 = (a1 . . . a~ P)T are 

for i = 1, ..., N and 

(6.97) 

Thus in order to estimate the log odds ratio P, it is also necessary that we jointly 
estimate the N nuisance parameters {ai} as well. Since the number of parameters 
equals N + 1, this yields an unstable estimate of P, the bias of which increases 
with N (cf: Cox and Hinkley, 1974). 
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6.6.2 Conditional Logit Model 

However, Cox (1958b) showed that the assumed common log odds ratio /3 can be 
estimated without simultaneously estimating the N nuisance parameters {a,} by 
applying the principle of conditioning originally attributed to Fisher (cf: Fisher, 
1956). Since the maximum likelihood estimator for a parameter is a function of the 
asymptotically sufticient statistic for that parameter, then from the log likelihood in 
(6.95), the number of positive responses within the i th pair, Si = 2/ i l  + yi2, is the 
sufficient statistic for the parameter a i ,  where Si = 0 , l  or 2. In a loose sense this 
means that the ancillary statistic Si captures all the information about the nuisance 
parameter a i  in the data and that inferences about the additional parameters in the 
data (the p)  may be based on the conditional likelihood, after conditioning on the 
values of the ancillary statistics. 

The conditional likelihood then is L(,f?)p = nc, L(P)ils,, where the condi- 
tional likelihood for the ith pair is 

since Si depends explicitly on the values of (yil ,  yi2). However, referring to the 
2x2 table in (6.90), yil = yi2 = 0 for the h pairs where Si = 0. Thus for these 
pairs, the conditional likelihood is P (yil = 0, yi2 = 0 1 Si = 0) = 1. Likewise, 
yil = yi2 = 1 for the e pairs where Si = 2 so that P (yil = 1,  yi2 = 1 1 S = 2) = 
1. Therefore, each concordant pair (Si = 0 or 2) contributes a constant (unity) to 
the conditional likelihood and provides no information about p. 

Conversely, there are M discordant pairs where Si = 1, f of which with prob- 
ability 

and g with probability 
eai 

. (6.100) 

The total probability of a discordant pair, or P(Si = l), is the sum of these two 
probabilities. Therefore, the conditional likelihood is 

1 
p ( y i l =  0, Yi2 = 1) = (1 - nil)  Ti2 = ( + ..,+p) (z) 

(6.101) 

since only the discordant pairs contribute to the likelihood. 
The resulting conditional likelihood can be expressed as 

L(P)lS=l = (6.102) 
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where one, but not both, of the exponents equals 1, the other 0. Then, for the f 
pairs where yil (1  - yi2) = 1, as a problem it is readily shown that 

and for the g pairs where yi2 (1 - yil) = 1 that 

Thus the conditional likelihood is 

= (i$-)f(i&)g ’ 

which depends only on P and not on the nuisance parameters {ad} that appear in 
the unconditional likelihood. 

The resulting score equation for /3 is 

which, when set to zero, yields the MLE 

P = log ( 5 )  
The observed information is 

and the expected information is 

E ( M )  ep 
I ( @ )  = 

(1  + e q 2  . 

(6.106) 

(6.107) 

(6.108) 

(6.1 09) 

Evaluating the expected information at the MLE and conditioning on the observed 
value of M yields the estimated information 

- fg I ( P )  = 

Thus the large sample variance of the estimate is 

(6.110) 

(6.111) 
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as obtained in Section 5.4. 
It is also instructive to note that the conditional likelihood in (6.105) is identical 

to the marginal conditional binomial likelihood obtained by conditioning on the 
total number of discordant pairs (M) as presented earlier in (5.28) of Section 5.3.1. 
That conditional likelihood is 

(6.1 12) 

which, apart from the constant, equals the conditional logistic regression model 
likelihood where 

(6.113) 

6.6.3 Conditional Likelihood Ratio Test 

The conditional likelihood in (6.105) then provides a likelihood ratio test for the 
hypothesis Ho: p = 0 of no association between exposure and the outcome in the 
population after matching on the matching covariates. To simplify notation, desig- 
nate the conditional likelihood in (6.105) as simply Q). Under this conditional 
logit model, the null conditional likelihood has no intercept and thus is simply 
L ( ~ ) I + ~  = -M log(2). The conditional likelihood evaluated at the conditional 
MLE a then yields the likelihood ratio test statistic 

(6.114) 

which is asymptotically distributed as chi-square on 1 df 

6.6.4 Conditional Score Test 

Now consider the score test for Ho: p = 0 in the conditional logit model. It is 
readily shown that 

and that 

Therefore, the efficient score test is 

(6.115) 

(6.1 16) 

(6.117) 

which is McNemar’s test. 
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Example 6.5 Hypothetical Data 
Consider the simple example where the matched 2 x 2  table has discordant fre- 
quencies f = 8 and g = 15. Then the likellhood ratio test from (6.114) yields 
X z R  = 2.164, which is not significant at the 0.05 level. The score or McNemar’s 
test yields X 2  = 2.13. 

6.6.5 Matched Case-Control Study 

Now consider a case-control study with matched pairs consisting of a case with the 
disease (D) and a control without the disease (D), where the prior exposure status 
of each has been determined retrospectively (E or B). In this model, being a case 
or control is the independent variable and having been exposed versus not is the 
response or dependent variable. Using a binary indicator variable {yij} to denote 
exposure (E) versus not (B), and an indicator variable {xij} to denote having the 
disease or being a case (D) versus a control (o), then the conditional probabilities 
associated with the i th  matched pair are 

4ij = P ( E l q )  = P (yij = l (z . , )  Y (6.118) 

for i = 1, . . . , N and j = 1,2. Note that the {sij} and the {yij } refer to the 
independent and dependent variables, respectively, under retrospective sampling, 

As for the analysis of matched pairs from a prospective study in Section 6.6.2, 
assume a logit model for these conditional probabilities such that 

(6.119) 

Then the marginal retrospective odds ratio for the ith matched pair is 

Using the prior probabilities or prevalences P ( D )  and P(fs )  and applying Bayes 
theorem, as in Section 5.5,  it is readily shown that the retrospective odds ratio 
equals the prospective odds ratio 

(6.12 1) 

Therefore, the results in Sections 6.6.1-6.6.4 also apply to the analysis of odds 
ratios in a matched case-control study. These conclusions are identical to those 
described in Section 5.5,  where it is shown that = log(=) = log(f/g). An 
example is presented in Example 5.8.  

h 

6.7 ITERATIVE MAXIMUM LIKELIHOOD 

In many cases, a model is formulated in terms of a set of parameters 8 = (el . . . O p ) ,  
where the MLE estimating equation for 8 cannot be solved in closed form. For 
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example, under an appropriate model, the probabilities of a C category multinomial 
{ri} may be a finction of a smaller set of p 5 C parameters. Although the p 
estimating equations may admit a simultaneous unique solution, meaning that the 
likelihood is identifiable in the parameters, no direct solution may exist, or may be 
computed tractably. In such cases, an iterative or recursive computational method is 
required to arrive at the solution vector. The two principal approaches are Newton- 
Raphson iteration and Fisher scoring, among many. Readers are referred to Thisted 
(1988), among others, for a comprehensive review of the features of these and other 
methods. 

6.7.1 Newton-Raphson (or Newton's Method) 

Consider the scalar parameter case and assume that we have an initial guess as 
to the value of the parameter that is "in the neighborhood" of the desired solution 

starting value e^co), we have 

Taking a Taylor's expansion of the estimating equation U 

0 = u ($) = u (8")) + ($- 9')) u' (go)'> + Rz , (6.122) 

which implies that 

(6.123) 

Because Newton's method uses the Hessian at each step, this is equivalent to using 
the observed information function. This equation is then applied iteratively until 0 
converges to a constant (the desired solution) using the sequence of equations 

fo r i=O,1 ,2  , . . .  . 

characterized as 
For the case where 6 is a vector, the corresponding sequence of equations is 

(6.125) 

The MLE is obtained when the solution U ( 8 4Ci+1') = 0 by definition. 
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Fk. 6.2 Two steps of a Newton-Raphson iterative solution of a score estimating equation. 

0 

In the univariate case this can be pictured graphically, as shown in Figure 6.2, 
where -U ($(i)) / U t  ($(("I) is the step size and -U 0 ') determines the direction 
of the step as shown in (6.123) above. The initial estimate is often the value expected 
under an appropriate null hypothesis or may be an estimate provided by a simple 
non-iterative moment estimator when such exists. Then the above expression is 
equivalent to determining the tangent to the log likelihood contour and projecting 
it to the abscissa to determine the next iterative estimate. This process continues 
until the process converges. 

The Newton-Raphson iteration is quadratic convergent with respect to the rate 
at which U (g) -+ 0. However, it is also sensitive to the choice of the initial or 
starting value. 

(-(' ) 

6.7.2 

Fisher (1935) proposed a similar procedure that he termed the method of scoring. 
Fisher scoring employs the estimated expected information to determine the step 
size rather than the Hessian (or observed information). Here the updated iterative 
estimate at the (i + 1) th step is obtained as 

Fisher Scoring (Method of Scoring) 

- - u(&)  
ei+l = ei + i = 0,1,2,. . . 

I ( B ? )  
(6.127) 
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In the multi-parameter case the vector estimate is obtained as 

(6.128) 

Again note that step size is determined by I (&) and the direction by U di . 
Scoring methods generally do not converge to a solution as quickly as does 

Newton-Raphson. However, the Newton-Raphson cethod is much more sensitive 
to the choice of initial values. If the initial estimate Q(O) is far off, it is more likely 
to provide a divergent solution. 

Example 6.6 Recombination Fraction 
These computations are illustrated by the following well-known example from 
Fisher (1925) of a quadrinomial distribution where the four probabilities are each 
a hnction of a single parameter 0 ( c j  Thisted, 1988). Consider the characteristics 
of a crop of maize where categories of phenotypes can be defined from the com- 
bination of two characteristics: consistency (starch, A, versus sugar, 3) and color 
(green, B ,  versus white, B), where the (A ,  B )  phenotypes are dominant traits and 
- the ( A ,  B )  traits are recessive. The probabilities of the four phenotypes (AB,  AB, 
AB, m) of the two traits are each a finction of the parameter 8 of the form 

r 1 

-- 

P ( A B )  = r1 = (2 + e) /4 

P(AB)  = P ( X B )  = r2 = ~3 = (1 - 0 )  /4 
(6.129) 

P(AB) = n4 = e/4,  

where 0 < 6 < 1. The recombination fraction is obtained as a. When the genes 
that determine each trait are in loci on different chromosomes then the traits are 
independent and occur in the Mendelian ratios of 9:3:3: 1 for which 0 = 0.25. Thus 
we wish to estimate B and conduct a test of the independence null hypothesis Ho: 

Fisher (1925) presents a sample of N = 3839 observations with frequencies 
x1 = #AB = 1997, 22 = #AB = 906, 23 = #ZB = 904, and 54 = #m = 
32. The likelihood function is a quadrinomial with 

e = ea = 0.25. 

(6.130) 

Therefore, 

xj log ( T j )  = z1 log (2 + e )  + (x2 + x3) log (1 - 0 )  + 54 log (0 )  
OC c:=, 

(6.131) 

and the score equation is 

(6.132) 
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Table 6.1 Newton-Raphson Iterative Solution for the MLE 

i 

0 0.05704611 -387.740680 -12340.838 

1 0.02562679 376.956469 -51119.245 

2 0.03300085 80.1936782 -31802.060 

6 0.03571230 -0.00000000 -27519.223 

which is a quadratic function in 8.  Although we could solve for 0 directly as the 
positive root of the quadratic equation, we will proceed to solve for the MLE of 0 
using iterative computations. 

The Hessian is 

and the expected information function is 

2 

In many problems, the iterative solution can be accelerated by starting with a 
good initial non-iterative estimate of the parameter, such as a moment estimator. 
For this model, a simple moment estimator for 8 is readily obtained (see Problem 
6.9). Each frequency provides a separate moment estimator of 0, for example 

(6.135) 

Averaging these estimators from the four frequencies provides the initial moment 
estimator 

e^C0) = ( 2 1  - 2 2  - 2 3  + 2 4 )  / N  (6.136) 

which yields e^cO) = 0.05704611 for this example. 
Using 8') at the initial step yields 

1997 (906+904) 32 + - = -387.74068038 (6.137) Po') = 2.057 - 1 - 0.057 0.057 
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Table 6.2 Fisher Scoring Iterative Solution for the MLE 

i ê c4 u ê c4 I 

I 0.03698326 -33.882673 28415.310 

0 0.05704611 -387.740680 19326.302 

2 0.03357908 -2.157202 29277.704 

6 0.03571232 -0.00051375 29336.524 

7 0.03571230 -0.00003182 29336.537 

8 0.03571230 -0.00000197 29336.538 

1997 1810 32 
(2.057)2 (1 - 0.057)2 + 02 = -12340.84. (6.138) 

Therefore, the first step in Newton-Raphson iteration yields the revised estimate 

Table 6.1 presents the values of $(a) at each step of the Newton-Raphson it- 
eration, the values of the efficient score U and the values of the Hessian 

U' (g(i))  values. Newton-Raphson required six iterations to reach a solution to 

eight decimal places. The MLE is 8  ̂ = 0.03571230 and the estimated observed 
= 27519.223. Therefore, the estimated variance 

estimate obtained as the inverse of the estimated observed information is $ = - = 3.6338 x 
Table 6.2 presents each step of the Fisher Scoring iterative procedure with the 

estimated information that determines the step sue. Fisher scoring required eight 
iterations. The initial estimated information is 

+ '1 = 19326.302, (6.139) I ( g o )  ) = - 3839 "+ 2 
4 2.057 1 - 0.057 0.057 

which yields the first step estimate 8 l )  = 0.057 + (-) = 0.0369833. 
The remainder of the iterative calculations are shown in 
convergent iteration the estimated expected information 
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which yields a slightly different estimate of the variance 

= 3.4087 x (6.140) 
1 

($) = 29336.538 
Now consider a test of independence of loci or Ho: B = 0.25. The Wald 

Test using the variance estimate V, 8 I 8 obtained from the estimated 
information is 

X' = (g- 0.25)2 /PI (g) = (g- 0.25)'I (g) 
= (0.0357 - 0.25)2 (29336.54) = 1347.1, 

- (-1 = (-1 
(6.141) 

whereas the efficient score test is 

X 2  = U (0.25)2 / I  (0.25) = (-1397.78)' /6824.89 = 286.27, 

both of which are highly significant on 1 df. Even though the score test is less 
significant, it is preferred because it uses the variance estimated under the null 
rather than under the alternative hypothesis as in the Wald test. Thus the size (Type 
I error probability) of the Wald test may be inflated. 

The likelihood ratio test is computed as X 2  = -2 log L (0.25) - log L 8 , 

where the log likelihood is log L ( 0 )  N C j  xj log [ ~ j ( 8 ) ]  = F(8). Evaluating each 

yields F(0.25) = -4267.62 under the tested hypothesis and e B = F(0.0357) = 

-4074.88 globally. Therefore, the likelihood ratio test is X 2  = 2(4267.62 - 
4074.88) = 385.48. 

Example 6.7 
An iterative procedure such as Newton-Raphson is required to compute the MLE 
of the odds ratio from the conditional hypergeometric distribution for a 2x2  table 
with fixed margins, or for a set of independent tables in a stratified model with a 
common odds ratio. From Section 6.5.1, the score vector for K independent strata 
is 

[ (-11 
- (7 

Conditional MLE, Ulcer Clinical Trial 

and the information is 

K K 
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Table 6.3 Newton-Raphson Iterative Solution for the Conditional MLE for the Ulcer Clin- 
ical Trial Data of Example 4. I 

i u (p) 
0 1.0 6.09378 -12.3594 

1 1.49305 1.14934 -12.2682 

2 1.58673 0.40382 -12.2314 

11 1.64001 0.00021 -12.2091 

12 1.64003 0.00008 -12.2090 

where Cij = ( n 2 ~ )  (m'':-i). 

Consider the stratified analysis of the ulcer clinical trial presented in Example 
4.1. Applying (6.124) recursively using these expressions provides the MLE and 
its estimated variance. The computations are shown in Table 6.3. Using the null 
hypothesis value as the starting point (p = 0), the solution required 12 iterations 
to reach a solution to 5 places. The resulting estimate of the MLE is ,6 = 0.49472 
with estimated variance p(F) = 0.0819. The estimated common odds ratio is 

= 1.64. These are close to the MVLE estimates presented in Table 4.3 for 
which log(=) = 0.493 with estimated variance 0.0854 and = = 1.637. 

6.8 PROBLEMS 

6.1 
as binomial with P ( X )  = B (z; N ,  n) as in (6.1). 

sented in (6.3): 

Consider a sample of N observations where the number of events is distributed 

6.1.1. Show that the score equation for the binomial probability is U ( T )  pre- 

6.1.2. That the MLE of T is p = x / N ;  and 
6.1.3. The expected information is I ( T )  presented in (6.6). 
6.1.4. Show that i(?) = I(?) in (6.8). 
6.1.5. Show that the estimated large sample variance is estimated as V(Z) = 

Consider a 2 x 2 table with a product-binomial likelihood and assume that a 

6.2.1. Show that the likelihood and log likelihood are as presented in (6.19) and 

P(1 - P ) / N .  

6.2 
logit model applies as in (6.16). 

(6.20), respectively. 
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6.2.2. Then show that U ( e ) ,  = ml - nlnl - n2n2 in terms of a and p. 
6.2.3. Likewise, show that U(6J)p = a - n1 TI. 
6.2.4. In addition to the above derivations, show that the score equations can be 

obtained using the chain rule such as 

(6.144) 

6.2.5. Likewise, show that the H(0)p element of the Hessian matrix can be 
obtained as 

(6.145) 

which is of the common form d(uv)/d,B. Therefore, 

--+--- 
an, 8/32 ap an; a2e ap . 

an, a ( at?)] = [ ae a2n1 qqp=  --+-- [El:; ap ap 
(6.146) 

Solve for the other elements in like fashion. 
6.2.6. Jointly solving the F o  score equations in two unknowns, show that the 

MLEs are 6 = log ( b / d )  and /3 = log (ad /bc)  . 
6.2.7. Show that these estimates satisfy the expressions in Problems 6.2.2 and 

6.2.3. 
6.2.8. Then show that the expected information matrix is I(€') = I (a, p) as 

shown in (6.30) 
6.2.9. Show that the large sample covariance matrix of the estimates has ele- 

ments as shown in (6.36). 
6.2.10. From this, show that the estimate of the variance of p̂  without restric- 

tions, or c(p lH1) ,  is as shown in (6.37) and that this equals Woolfs estimate of 
the variance of the log odds ratio under the alternative hypothesis in (2.46). 

6.2.11. Then show that the Wald test for the null hypothesis Ho: p = 0 is as 
shown in (6.39). 

6.2.12. For the single 2 x 2  table used in Problem 2.11, compute the Wald test 
and compare it to the Mantel and Cochran tests computed therein. 

6.2.13. Evaluating the log likelihood under the null and alternative hypotheses 
as shown in Section 6.2.3.2, derive the expression for the likelihood ratio test in 
the 2 x 2  table presented earlier in (2.94) of Chapter 2. 

6.2.14. Evaluating the score vector under the null hypothesis, show that the 
score equation for p is as presented in (6.45) and that the estimated information 
matrix is as presented in (6.47). 

6.2.15. Then show that the inverse information matrix is as presented in (6.48) 
and that the efficient score test is equivalent to Cochran's test. 
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6.3 
the conditional hypergeometric probability in (2.57). 

formation in (6.55). 

Consider a 2x2  table with fixed margins for which the likelihood function is 

6.3.1. Derive the score equation V ( p )  in (6.53) and the expression for the in- 

6.3.2. Then show that (6.56) applies. 
6.3.3. Under the null hypothesis Ha: p = 0, derive the score equation V(pa) 

6.3.4. Then show that the efficient score test equals the Mantel-Haenszel test of 

6.3.5. Show that the score-based estimate of the log odds ratio is 

in (6.57) and the expression for the information in (6.58). 

Section 2.6.2 for a single 2x2  table as presented in (6.59). 

(6.147) 

and that the variance is as expressed in (6.71). 
6.3.6. Compute this estimate, its variance, and a 95% C.I. for the OR for the 

2 x 2 table used in Problem 2.11. 

6.4 For a 2x2  table with a product binomial likelihood as in Section 6.2, now 
assume a log risk model where log(xl) = LY + p and log(x2) = (Y so that ,d = 
log(x1/7r2) is the log relative risk. 

6.4.1. Show that 

c=1 d7r2 U ( O ) ,  = ml - - - - 
1 - 7 r 1  l - n z  

in terms of cr and p. 
6.4.2. Likewise show that 

(6.148) 

(6.149) 

h 

6.4.3. Solving jointly show that the MLEs are 2 = log(b/n2) and p = 

6.4.4. Then show that the expected information matrix is 
Iog(anz/bnl) = log(=). 

where & = x J ( l  - x i ) ,  i = 1,2. 

elements 
6.4.5. Also show that the large sample covariance matrix of the estimates has 
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6.4.6. Then show that the estimated variance of the log relative risk equals that 
presented in (2.37). 

6.4.7. Evaluating the score vector under the null hypothesis Ho: P = PO = 0, 
show that the estimate of (Y under HO implies that ii = ml/N,  where ? is the 
estimated common parameter in both groups. 

6.4.8. Then show that the score statistic for P is 

(6.152) 

Note that Ho implies that a:c = rn1:mz and that E[U(&)p]  = 0. 

P-element of the inverse estimated information matrix is 
6.4.9. Then evaluate the estimated information matrix under HO and show that 

6.4.10. Show that the efficient score test is 

(6.153) 

(6.154) 

6.4.11. For the single 2 x 2  table used in Problem 2.11, compute the score test 

6.4.12. Show that the score based estimate of the common log relative risk is 
and compare it to the tests computed previously. 

with estimated variance 

(6.155) 

(6.156) 

6.4.13. For the data in Problem 2.11, compute the score-based estimate of the 
log(RR) and its large sample variance and compare these to the simple estimates 
computed in Problem 2.11. 

6.5 Now consider a set of K independent 2 x 2 tables. Conditioning on the mar- 
gins of each table as in Section 6.5.1, the model assumes a conditional hypergeo- 
metric likelihood for each table with a common odds ratio ORj = cp = ep .  

6.5.1. From the likelihood in (6.52), derive the score equation V ( p )  in (6.142) 
and the information I(/?) in (6.143). 

6.5.2. Under Ho: p = 0, show that the score equation for p is as shown in 
(6.73) and the information is as shown in (6.74). 

6.53. Show that the efficient score test of HO in (6.75) equals the Mantel- 
Haenszel test for stratified 2 x 2 tables presented in Section 4.2.3. 
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6.5.4. Show that the score-based stratified-adjusted estimate of the common log 
odds ratio in (6.76) is 

and that 

I \ -1  

(6.1 5 8) 

6.5.5. For the stratified 2 x2 tables used in Problem 4.9, compute this estimate, 
its variance, and a 95% C.I. for the common OR. 

6.6 Consider the case of K independent 2x2 tables with a compound product 
binomial likelihood. Section 6.2.2 presents the score equations and Hessian for a 
single 2x2 table using a logit model with parameters a and p. Use these with the 
compound product binomial likelihood for K such tables presented in (6.78) and 
(6.79) in terms of the parameters 8 = (a1 . . . CYK ,8)T. 

6.6.1. Show that 

for j = 1,. . . , K; and that 

(6.160) 

6.6.2. Show that the elements of the Hessian matrix then are 

6.6.3. Under the hypothesis of no association in all of the tables, Ho: p = 
Po = 0, show that Gjj(0) = log(mlj/rnzj) and that the score equation for p is as 
presented in (6.85). 
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6.6.4. Then derive the elements of the estimated information matrix as presented 

6.6.5. Also derive the expression for I(&-,)p under HO in (6.88). 
6.6.6. Show that the efficient score statistic is Cochran’s test as shown in (6.89). 

Similarly, assume that there is a common relative risk among the K 2x2  

in (6.86). 

6.7 
tables represented by a log link as in Problem 6.4 above, where /I = log(RR). 

6.7.1. Under Ho: /I = PO = 0, show that the score equation for arj is 

and that the solution is 

6.7.2. Under Ho, show that the score statistic for /I is 

(6.1 62) 

6.7.3. Then evaluate the inverse information matrix under HO and show that the 
@-element of the inverse information matrix is 

(6.163) 

where ?j = mlj/Nj  is the estimated common probability in the j t h  stratum. 
6.7.4. Show that the resulting score test is 

(6.164) 

6.7.5. For comparison, show that the above expression is equivalent to that for 
the Radhakrishna asymptotically fully efficient test for a common relative risk pre- 
sented in (4.185) of Problem 4.4.3 based on (4.98) of Section 4.7.2. Gart (1985) 
presented an alternate derivation of the score test and its equivalence to the Rad- 
hakrishna test using a slightly different parameterization. 

6.8 Consider Cox’s (1958b) logistic model for matched pairs described in Section 
6.6.1. 

6.8.1. Starting with the unconditional likelihood described in Section 6.6.1, de- 
rive the expressions for the likelihood in (6.94) and log likelihood in (6.95). 

6.8.2. Then derive the score equations for the stratum-specific effects U(O),,  
in (6.96) and the common log odds ratio V(0)p in (6.97). 
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6.8.3. Then, conditioning on Si = (yi l  +yiz) = 1, show that the conditional 
likelihood in (6.102) can be expressed as 

6.8.4. Then show that the expressions in (6.103) and (6.104) hold. 
6.8.5. Show that this yields L ( p ) l ~ = ~  as in (6.105). 
6.8.6. Then derive l(,) in terms of f and M = f + g. 

6.8.7. Derive U (p) in (6.106) and show that a = log (f/g). 
6.8.8. Then show that i (p)  is as expressed in (6.108) and I (@) as in (6.109). 

6.8.9. Then show that V (a)is as expressed in (6.111). 

6.8.10. Under Ho: @ = 0, derive the likelihood ratio test presented in (6.114). 
6.8.11. Derive the efficient score test statistic in Section 6.6.4 and show that it 

equals McNemar's statistic. 

6.9 Consider the recombination fraction example presented in Section 6.7.1. 
6.9.1. Based on the assumed pobabilities, show that a simple moment estimator 

of the recombination fraction is B ( O )  = ( 2 1  - 22 - 23 + 2 4 )  / N .  
6.9.2. Either write a computer program or use a calculator to fit the model 

using Newton-Raphson iteration convergent to eight decimal places. Verify the 
computations presented in Table 6.1 

6.9.3. Do likewise, using Fisher scoring to verify the computations in Table 6.2. 

6.9.4. Using the final MLE e" and estimated observed information i 8 from 
the Newton-Raphson iteration, which provides an estimate of the variance of the 
estimate, compute the 95% C.I. for 0. 

6.9.5. Likewise, using the final estimated expected information from Fisher scor- 
ing, compute a 95% C.I. for 8. 

6.9.6. For Ho: B = 80 = 0.25 compute the Wald, score, and likelihood ratio 
tests. 

6.10 Consider the estimation of the conditional MLE of the log odds ratio /I based 
on the conditional hypergeometric distribution. 

6.10.1. For a single 2x2 table, use the score equation in (6.53) and the observed 
information in (6.55) as the basis for a computer program to use the Newton- 
Raphson iteration to solve for the MLE-of the log odds ratio @ and to then evaluate 
the estimated expected information I ( @ ) .  

6.10.2. Apply this program to the data from Problem 2.11 and compare the point 
estimate of the log odds ratio and its estimated variance, and the 95% asymmetric 
confidence limits for the odds ratio, to those computed previously. 

6.10.3. Also, generalize this program to allow for K independent strata as in 
Section 6.5.1 and Example 6.7. 

6.10.4. Apply this program to the data from Example 4.1 to verify the compu- 
tations in Table 6.3. 

(-7 



PROBLEMS 245 

6.11 Now consider the maximum likelihood estimate of the common odds ratio 
in K independent 2 x 2  tables based on the compound product-binomial likelihood 
of Section 6.5.2 and Problem 6.6 above. 

6.11.1. Use the expressions for the score equations and the Hessian matrix to 
write a program for Newton-Raphson iteration to jointly solve for the MLE of the 
vector 8. 

6.11.2. Apply the Newton-Raphson iteration to the set of 2 x 2 tables in Problem 
4.9 to obtain the MLE of the common log odds ratio and its estimated variance, 
and the 95% asymmetric confidence limits for the odds ratio, and compare these to 
those computed previously. 



7 
Logistic Regression Models 

The previous chapter describes the analysis of 2 x 2  tables using a simple logit 
model. This model provides estimates and tests of the log odds ratio for the proba- 
bility of the positive response or outcome of interest as a function of the exposure 
or treatment group. Now consider the simultaneous estimation of the effects of 
multiple covariates, perhaps some categorical and some quantitative, on the odds 
of the response using a logistic regression model. We first consider the logistic 
regression model for independent observations, as in a cross-sectional, prospective 
or retrospective study. The treatment herein is based on the work of Cox ( 1970) and 
others, using maximum likelihood as the basis for estimation. Later we consider 
the conditional logistic model for paired or clustered observations, as in matched 
sets, described by Breslow (1982). An excellent general reference is the book by 
Hosmer and Lemeshow (1989). 

7.1 UNCONDITIONAL LOGISTIC REGRESSION MODEL 

7.1.1 General Logistic Regression Model 

In keeping with the notation in a single 2 x 2  table, we start with a prospective cohort 
or cross-sectional sample of N observations of whom ml have the positive response 
(for example, develop the disease) and m2 do not. For each subject, the response 
is represented by the binary dependent variable Y, where for the ith subject yi = 1 
if a positive response is observed, 0 if not. We assume that the probability of the 
positive response for the ith subject, ~i(xi, 6 )  = P(yi = 1 I xi, 6 )  can be expressed 
as a function of the p covariate vector xi = (z ;~  . . . and parameter vector 
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8 = ( a  PI . . . P J T .  The covariates can be either quantitative characteristics or 
design effects to represent qualitative characteristics. We then assume that the logit 
of these probabilities can be expressed as a function of the p covariates, such as a 
linear function of the parameters 8 of the form 

log [ '1 = CY + zip = a + cp x& , 
1 - 7ri 3=1 

(7.1) 

where ni = 7ri(zir 8 )  and p = (PI . . . /3p)T. This implies that the probabilities 
can be obtained as the logistic function (inverse logit) 

eatmlP 1 
(7.2) - Ira = - 

1 + eata:P 1 + e-(a+a:P) 

Since the ith observation is a Bernoulli variable {y,}, then the likelihood in terms 
of the probabilities R = (nl . . . 7 r ~ )  is 

N _. 

L(n) = JJ 7 r y  (1 - ?Ti)- . 
i=l 

(7.3) 

Expressing the probabilities as a logistic knction of the covariates and the parame- 
ters yields 

Likewise, the log likelihood in the probabilities is 

and that in the corresponding model parameters 8 is 

The score vector for the parameters is 

The score equation for the intercept is 
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where E ( y i J s i )  = xi.  The score equation for the j t h  coefficient is 

which is a weighted sum of the observed value of the response ( y i )  minus that 
expected under the model. 

Note that each sczre equatkn involxes the complete parameter vector 6. The 
MLE is the vector 6 = (& . . . pp)T that jointly satisfies U ( 0 )  = 0; or 
the solution obtained by setting the p + 1 score equations to zero and solving 
simultaneously. Since closed-form solutions do pot exist, the solution must be 
obtained by an iterative procedure such as the Newton-Raphson algorithm. 

Note that an important consequence of the score equation for the intercept is that 
setting U (e), = 0 requires that the MLE for a and the estimates of the coefficients 
jointly satisfy V(P)a = ml - = 0 where ??i is the estimated probability 
obtained upon substituting &+ z /p  into (7.2). Thus the mean estimated probability 
is 2 = Ci Qi /N = m l / N .  

The observed information i(0) = - H ( 6 )  has the following elements. For i (O),  
we require 

,a+x::P 
(7.10) 

axi 
- =  - xi (1 - X i )  
~ C X  (1 + ea+e:fi)2 - 

so that 

(7.11) 

Likewise, it is readily shown that the remaining elements of the observed informa- 
tion matrix for l I j < k 5 p are 

(7.13) 

Since i(6) can be expressed in terms of the probabilities { x i }  or the parameters 
{ O } ,  then i (6)  = I ( 0 )  and the observed and expected information are the same for 
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this model. Also, since V(yilzi) = 7 ~ i  (1 - ~ i )  under the model, then the elements 
of the information matrix are weighted sums of the model based variances, such as 

Using the elements of the Hessian matrix, the vector of parameter estimates 
can be solved using the Newton-Raphson iterative procedure, or another algorithm. 
Wald tests and large sample confidence limits for the individual parameters, such 
as the j t h  coefficient Pj ,  are readily computed using the large sample variance 

F(&) = [‘(5)-l] obtained as the corresponding diagonal element of the esti- 

mated expected information, I ( @ .  The null and fitted likelihoods can also be used 
as the basis for a likelihood ratio test of the model, as described subsequently. 

Section 6.2.2 shows that the estimated coefficient in a simple logit model for a 
2x2 table is the MLE of the log odds ratio. Subsequently (see Section 7.2.1) we 
show that the estimated coefficients for binary covariates have the same interpre- 
tation in a multivariate logistic regression model. That is, if X j  is coded as 1 or 
0, then the estimated odds ratio for this covariate is zj = exp(&). Confidence 
limits on the coefficient then yield asymmetric confidence limits on the odds ratio. 

In some applications it is also of interest to obtain confidence limits for the 
predicted probability for an observation with covariate vector x . Let 2 denote the 
covariate vector augmented by the constant for the intercept 2 = (1 // z). Then 
the linear predictor is 

I ( @ ) p ,  = xi $jv(Yilzi). 

Pj 

Denoting the estimated variance of the estimates as 50 = (5) = I (6)-l, then 
the estimated variance of the linear predictor is 

Therefore, the 1 - cr level confidence limits on 77 are 

and the resulting confidence limits on the true probability R are 

(7.19) 

7.1.2 

Section 6.2.2 describes the logit model for the probabilities of a positive response 
or of developing the disease (D) in a single 2x2 table. That model is a special case 
of the more general model above. Consider the case where zi is a single binary 
covariate for all subjects: zi = 1 if E, or 0 if F,  for exposed versus not. Then the 

Logistic Regression and Binomial Logit Regression 
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Table 7.1 Incidence of Coronary Heart Disease in the Framingham Study as a Function of 
Blood Pressure and Cholesterol Levels 

Category # CHD # Subjects (Intercept, Covariates) 
j aj nj (1, zlj ,  52j) 

data can be summarized in a 2 x 2  table with frequencies. 

m 

Then the logistic regression likelihood is 

(7.20) 

d 
= 7r; (1 - 7rJ7r; (1 - 7 4  , 

which equals the product binomial logit model likelihood in (6.19) where 7r1 = 
P (DIE) = 7 ~ i : ~ , = 1  and ~2 = P (DIE) = K ~ : ~ , = O .  

Thus for a simple qualitative covariate, such as E versus E, an equivalent model 
can be obtained using the individual covariate values for all subjects, or using a 
product binomial logit model. The latter approach is also called binomial logit 
regression, or simply binomial regression. 

Binomial regression also generalizes to a higher-order contingency table layout 
where the covariate vector for each subject, xi, is now a vector of binary covariates, 
as illustrated in the following example. 

Example 7.1 Coronary Heart Disease in the Framingham Study 
Cornfield (1962) presents preliminary results from the Framingham Study of the 
association of cholesterol levels and blood pressure with the risk of developing 
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coronary heart disease (CHD) in the population of the town of Framingham, Massa- 
chusetts over a 10-year period. Cholesterol levels and blood pressure were measured 
at the beginning of the study and the cohort was then followed over time. For the 
purpose of illustration these predictor variables have been categorized as high ver- 
sus low values of serum cholesterol (XI: hichol = 1 if 2 200 mg/dL, 0 if <200 
mg/dL) and as high versus low values of systolic blood pressure (X2: hisbp = 1 
if 2 147 mm Hg, 0 if <147 mm Hg). Thus there are four possible configurations 
of the covariates, and for each configuration ( j  = 1 , .  . . ,4) the data consist of 
(aj, nj, xj), where aj is the number of patients developing CHD among the nj 
subjects enrolled into the cohort (or the number at risk) for subjects sharing the 
covariate vector xj = ( q j  z ~ j ) ~ .  From the sample of N = 1329 subjects, the 
data in each category of the covariates are presented in Table 7.1 (reproduced with 
permission). 

A logistic or binomial regression model could then be fit using a statistical pack- 
age such as PROC LOGISTIC in SAS with a data set containing two observations 
per stratum. For example, for the first stratum ( j  = 1) with two cells (1 = 1,2)  
the data are represented as 

Cell 0) 21 Y1 Fl 

1 1 0 0  1 10 
2 1 0 0  0 421 

(see Example 7.2). For each stratum or configuration of the covariates, the first 
observation specifies the number (F) with the response (y = 1) and the second 
specifies the number (F) without the response (y = 0). In this case the frequency 
F is also the weight for each term in the likelihood where 

1 = 1, .  . . , 8  in this case, and 

(7.21) 

(7.22) 

where Flyr = aj and Fl(1 - y1) = (nj - a j )  for the j t h  corresponding stratum 
or category in Table 7.1. This is the same as the likelihood for 1329 individual 
observations with one record per subject. 

An iterative solution is then required to fit the model. It is customary to start 
with an initial value of the coeficient vector evaluated under the null hypothesis, 

that is, using 0 = 0 for the coefficients. The initial value for the intercept may be 
set to that for the simple logit model for a 2x2  table in (6.43): G(') = log [ml/mz]. 
For this example m l / ( N  - ml) = 92/1237 and G(O) = -2.5987. The solution 
converges to eight places after only six iterations, as shown in Table 7.2. Since 
I (0) = i (0) for logistic regression, then Newton-Raphson and Fisher scoring are 

equivalent. Thus I (8) at the final iteration provides the estimated covariance 
matrix of the coefficients. 

4 0 )  

-1  
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Table 7.2 Newton-Raphson Iterative Solution of Logit Model for Data in Table 7.1 

i P 
&('I -2.5986560 0.0000000 0.030690 -0.026380 -0.0145450 

0 B!') 0.0000000 19.665914 -0.026380 0.047753 -0.0028450 

pr' 0.0000000 18.663657 -0.01 4545 -0.002845 0.0586903 

&(') -3.3889060 - 16.78430 

1 Bll) 0.8859976 -10.34558 
,i?..') 1.0394225 -10.46654 

Z -3.6282170 -0.000000 

6 1.0301350 -0.000000 

3 2  0.9168417 -0.000000 

0.0487293 -0.0396770 -0.0189040 

-0.0396770 0.0541921 -0.0010600 

-0.0189040 -0.0010600 0.0416894 

0.0612917 -0.0515490 -0.0210170 

-0.0515490 0.0678787 -0.0014840 

-0.0210170 -0.0014840 0.0485391 

Note that this is a main effects only model. Since there are four covariate 
categories, the saturated model would have three coefficients in addition to the 
intercept, the missing term being the interaction between the two covariates. This 
interaction model is described in Section 7.4. 

7.1.3 SAS PROCEDURES 

These calculations are readily performed by any one of a number of computer pro- 
grams that are available for the computation of logistic regression models. The 
SAS system provides four procedures that can be used for this purpose. PROC 
CATMOD was one of the earliest of these procedures. It implements the method of 
Grizzle, Starmer and Koch (1969), which fits generalizations of the binomial logit 
model. PROC NLIN is a general procedure for solving systems of equations that 
can be used to fit a family of models, including the logistic model, using iteratively 
reweighted least squares (mS). However, the user must provide the expressions 
for the IRLS weights and ppgramming code is required for additional computa- 
tions, such as computing I ( O ) ,  tests of significance and confidence limits for the 
parameters. It is far more convenient to use PROC LOGISTIC, a general compre- 
hensive procedure for fitting logistic regression models. A more recent program, 
PROC GENMOD, fits the wide family of generalized linear models (GLMs) de- 
scribed in Section A. 10 of the Appendix. These models are based on distributions 
from the exponential family that includes as a special case the logistic regression 
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model based on the binomial distribution. The GENMOD procedure provides some 
features not available through PROC LOGISTIC. 

In logistic regression we wish to model the probability of either a positive or 
negative outcome or characteristic (D versus D) by expressing the log odds (logit) of 
one of these probabilities as a function of the covariates. Herein we have employed 
the usual convention that the data analyst is interested in describing covariate effects 
on the odds of a positive response (D) through an assessment of the covariate effects 
on the log odds, say log(O,), where the odds of the positive response associated 
with a given value of the covariate vector z is 

(7.23) 

In describing the odds in this manner, the negative (D) category is considered the 
reference category or the denominator for the calculation of the odds ratio. 

and D can be coded as any unique 
pair of values: (0,l) or (1,2), and so on. The default convention in PROC LO- 
GISTIC is that the highest numbered (or last) category is used as the reference 
category. Thus if Y is coded such that D = 0 and D = 1, or as D = 1 and D = 2, 
then the default in PROC LOGISTIC is to use the highest numbered category D 
as the reference category in these cases rather than D as in (7.23) above. In such 
cases, the DESCENDING option must be used to ensure that the program uses the 
category corresponding to the desired D as the reference category. 

Other useful options include the COVB, which computes the estimated covari- 
ance matrix of the estimates, and RL (or risk limits), which computes the estimated 
odds ratios associated with each covariate. 

Example 7.2 Coronary Heart Disease in the Framingham Study 
For the above example, the SAS program in Table 7.3 would perform the logistic 
regression analysis. The SAS output is presented in Table 7.4 (other extraneous 
information deleted). The program first presents the score and likelihood ratio tests 
of significance of the overall model, which in this case is the null hypothesis that 
the two regression coefficients are zero. Each is highly significant. These tests are 
discussed later. This is followed by the estimates of the model parameters, standard 
errors, and Wald tests for the individual parameters. 

In this example, the RL option provides the estimated odds ratio associated with 
the two binary covariates, each adjusted for the effect of the cther. The effect 
of high versus low cholesterol, adjusting for blood pressure, is = 1.0301 with 
an estimated odds ratio of ORH,L = e1.0301 = 2.801. This indicates that high 
cholesterol is associated with a 180% increase [(2.801-1)~100] in the odds of 
CHD (adjusted for the effects of blood pressure). The inverse provides the decrease 
in odds associated with low versus high cholesterol, or SL:H = e-l.0301 = 0.357, 
which indicates a 64.3% decrease in the odds of CHD [(1-0.357)x 1001. Similarly, 
,& = 0.9168 is the effect of high versus low systolic blood pressure adjusted for 
serum cholesterol which yields an odds ratio Of O ~ R H : L  = 2.501, indicating a 150% 

The dependent variable Y that designates 

h 
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Table 7.3 SAS Program for the Framingham CHD Data in Table 7.1 

data one; input  hichol  hisbp chd frequncy; cards; 
0 0 1 1 0  
0 0 0 421 
0 1 1 1 0  
0 1 0 132 
1 0 1 3 8  
1 0 0 494 
1 1 1 3 4  
1 1 0 190 
I 

proc l o g i s t i c  descending; 
model chd = hichol  hisbp / rl; 
weight frequncy; 

run;  

increase in the odds among those with high SBP. The large sample 95% confidence 
limits are also presented for the odds ratio associated with each covariate. 

7.1.4 

Section 6.5.2 describes the derivation of the Cochran test of association for a com- 
mon odds ratio in K independent 2x2 tables as a score test in a logit model as 
described by Day and Byar (1979). In (6.80) the probabilities of a positive response 
in the j t h  stratum, 7r1j = Pj (DIE) and 7rzj = Pj (DIE), are expressed as logistic 
functions with parameters (01, . . . , ( Y K ,  p). An equivalent model could be fit 
using PROC LOGISTIC using the covariate vector for the ith subject 

Stratified 2 X 2 Tables 

where zi, = I (subject i E stratum j) is a binary indicator variable for mem- 
bership of the ith subject in the j t h  stratum, j = 2, .  . . , K, and zi = I (E) is 
the indicator variable for membership in the exposed group, i = 1,. . . , N. The 
associated parameter vector is 

where a is the stratum 1 effect, stratum 1 being the reference category in this case; 
7j is the difference between the j t h  stratum and the stratum 1 effects ( j  > 1); 
and p is the stratified-adjusted effect of exposure that is assumed to be constant 
for all strata, that is, p = log(0R) as in Chapter 4. In terms of the Day-Byar 
parametrization in Section 6.5.2, a1 G a and aj = a + y j .  
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Table 7.4 Logistic Regression Analysis of the Data in Table 7. I 

The LOGISTIC Procedure 
Model Fitting Information and 

Testing Global Null Hypothesis BETA=O 

Intercept 
Intercept and 

Criterion Only Covariates Chi-square for Covariates 

-2 LOG L 668.831 632.287 36.544 with 2 DF (p=O.OOOI) 
Score 36.823 with 2 DF (p=O.OOOI) 

Analysis of Maximum Likelihood Estimates 

Parameter Standard Wald Pr > Odds 
Variable DF Estimate Error Chi-square Chi-square Ratio 

INTERCPT 1 -3.6282 0.2476 214.7757 0.0001 . 
HICHOL 1 I. 0301 0.2605 15.6334 0.0001 2.801 
HISBP I 0.9168 0.2203 17.3180 0.0001 2.501 

Conditional Odds Ratios and 95% Confidence Intervals 

Wald 
Odds Confidence Limits 

Variable Unit Ratio Lower Upper 

HICHOL 1.0000 2.801 1.681 4.668 
HISBP 1.0000 2.501 I. 624 3.852 
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The linear predictor is then expressed as 

Therefore, 

(7.26) 

(7.27) 

eutYj+P eat?, 
x1j = Irzj = 2 < j I K ,  1 + e a + r j t P  1 + ea+?j 

Note that -yj represents the log odds ratio for stratum j versus the reference 
stratum 1 both for those exposed, and also for those non-exposed, that is, 

(7.28) 

and that the maximum likelihood estimate of the common odds ratio for exposure 
is O R M ~ E  = ep. 

Example 7.3 
As a problem the reader is asked to conduct a logistic regression analysis of the 
data from the ulcer healing clinical trial presented in Example 4.1. The MLEs of 
the odds ratios, the corresponding asymmetric Wald 95% confidence limits and the 
Wald test P-values for the model effects are 

h 

Clinical Trial in Duodenal Ulcers (Continued) 

Eflect ô R 95% C.I. p 5 
~~ ~ ~ ~ 

Stratum 2 vs. 1 2.305 0.861, 6.172 0.0964 
Stratum 3 vs.1 1.388 0.765, 2.519 0.2813 
Drug vs. Placebo 1.653 0.939, 2.909 0.0816 

Neither stratum 2 nor 3 has an effect on the overall risk that is significantly dif- 
ferent from that of the first stratum, which is consistent with the results of the test 
of stratum by healing presented in Section 4.4.3. The odds of healing is increased 
1.65-fold with drug treatment, which is not statistically significant. The estimated 
common odds ratio for drug treatment versus placebo, adjusted for stratum effects, 
and its confidence limits, are comparable to the Mantel-Haenszel and MVLE esti- 
mates presented earlier in Chapter 4, and the conditional MLE presented in Example 
6.7 of Chapter 6. 

7.1.5 

The logistic regression model is one of a family of binomial regression models 
for such data that employ different link fbnctions to relate the probability x to 
the covariates x. This family of models was first proposed by Dyke and Patterson 
(1952), who described a generalization of the ANOVA model for proportions. These 

Family of Binomial Regression Models 
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models are also members of the family of Generalized Linear Models described in 
Section A. 10 of the Appendix. 

For the ith observation, let ni be some smooth function of the covariates xi with 
parameter vector 8 = (a 01 . . . @ p ) T .  In GLM notation we assume a binomial 
error structure with a link function g( a )  that relates the probabilities to the covariates 
such that g(n) = a + zip. Thus x = g- ’ (a  + zip), where g-l(.) is the inverse 
function. In logistic regression, g(.) is the logit and g-l(.) is the logistic function 
(inverse logit). The link function g(.)  can be any twice-differentiable one-to-one 
function. 

The binomial likelihood and log likelihood in terms of the {ni} are given in 
(7.3) and (7.5). Using the chain rule, the score equations for the parameters are 
then obtained as 

ae an ae an 
an aa snap, u(8), = -- and u(e),, = -- (7.29) 

where an/apj = a [g- ’ (a + @)I /a&, j = 1,. . . , p .  From ( 7 3 ,  the resulting 
score equation for pj then is of the form 

which is a weighted sum of standardized residuals; and likewise for V(&. These 
expressions provide the elements of the score vector U(0) that provide the maximum 
likelihood estimating equations for the parameters. Then the elements of the Hessian 
are obtained as 

(7.3 1) 

for 1 5 j < k 5 p, from which the observed and expected information are obtained. 
These expressions are special cases of the more general equations for the family of 
GLMs described in Section A.10 of the Appendix. 

As a problem, the model equations for an exponential risk model are obtained 
using the simple log link, and for a compound exponential model using the com- 
plimentary log-log link. Also included in this family of models is probit regression 
using the inverse probit link. 

These models differ in the manner that the Bernoulli residuals {yi - Ti} are 
weighted in the score estimating equation. From (7.30), the score equation for the 
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j t h  coefficient pj can be expressed as 

with weights 

Wii = ( 1 ) a?ri 
Ti(1 - T i )  apj 

(7.32) 

(7.33) 

For example, in a logit link (logistic regression) model an/apj = xijTi(1 - ni) 
and the weights are wi = xij. However, in an exponential risk model with a log 
link, a.rr/a,f3j = xijni and the weights are wi = xij/(l - ni). 

7.2 INTERPRETATION OF THE LOGISTIC REGRESSION MODEL 

7.2.1 Model Coefficients and Odds Ratios 

In a logistic regression model, each estimated coefficient equals the estimated log 
odds ratio associated with a unit increase in the value of the covariate adjusted for 
all other effects in the model, or assuming that the values of all other covariates 
are held fixed. To see this, consider the effect of a single covariate, say the last 
X,. The effects of all the other p - 1 covariates in the model with fixed values 
(XI . . xp-l) are held constant, expressed as C = C,’=i xjpj. The effect of the 
last covariate is xPf lp ,  or simply xP. Then the model can be parameterized using 

First consider a binary covariate with only two categories coded as x = 1 if 
exposed (E), 0 if not exposed (F) .  Then the ratio of the odds for an exposed 
individual to those of.an individual not so exposed is 

x ’p  = c+ xp. 

(7.34) 

Therefore, the log(odds ratio)= p for x = 1 versus x = 0, or for E versus E. 
In some applications, however, such as in PROC CATMOD, a binary covariate is 
coded as a contrast using z = 1 if exposed (E) and x = -1 if not exposed (E) .  
As a problem it is readily shown that in this case exp(2P) = OR. 

Now consider a quantitative covariate. The odds ratio associated with a 1-unit 
difference in the value of the covariate is 

(7.35) 

Therefore, [A log(odds) 1 A x = 11 = p. Thus for a binary covariate coded 
such that Az = 1, and for any quantitative covariate, equals the log odds ratio 
associated with a unit change (increase) in the covariate. 

A 
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Similarly, the change in the log odds associated with a K-unit difference in the 
value of the covariate is [A log (odds) I A x = K] = KP with the associated odds 
ratio 

(7.36) 

and estimated standard error 

S.E. [KP] = IK(( S.E. (p) . (7.37) 

This also allows one to readily invert the odds ratio, or to describe the odds ratio 
associated with a K unit decrease in X using some K < 0. For example, if /3 < 0 
then this implies that there is a decrease in the odds associated with an increase in 
X; however, in many cases it is easier to explain the association in terms of the 
increase in the odds associated with a decrease in X. For example, if for a binary 
covariate, exposure is associated with a decrease in the odds,  ORE:^ < 1, then 
the increase in the odds associated with non-exposure is simply ORE:, = e-O. 
Likewise, if an increase in a quantitative covariate is associated with a decrease in 
the odds, then the relationship is readily inverted to describe the increase in odds 
associated with a decrease in the covariate. In both cases K = -1. 

For any K, the asymmetric 1 -0  confidence interval on the odds ratio associated 
with a K unit change in the covariate is obtained as 

(7.38) 

where V P is obtained from the corresponding diagonal element of the inverse 
estimated information matrix. 

Similar developments can be used to describe the effects of covariates on the 
response variable after transformations of either. For example, in a log-log linear 
model where log(y) is regressed on log(x) then the coeficient /3 for log(x) is such 
that the proportionate change in Y associated with a c-fold change in X is cP; see 
Problem 7.5. 

Example 1.4 DCCT Nephropathy Data 
Section 1.5 provides a description of the Diabetes Control and Complications Trial 
(DCCT) and presents the analysis of the cumulative incidence of the onset of mi- 
croalbuminuria that is the earliest sign of diabetic renal disease (early nephropathy). 
The life-table analyses of cumulative incidence are described in Chapter 9. An- 
other way to assess the effect of treatment on the risk of nephropathy is to examine 
the prevalence of microalbuminuria at a fixed point in time. Because the aver- 
age duration of follow-up was about six years, we present analyses of the factors 
related to the prevalence of microalbuminuria in those subjects evaluated at six 
years. Further, we consider the subset of 172 patients in the secondary intervention 
cohort with a high-normal albumin excretion rate (AER)  at baseline defined as 
15 5 AER 5 40. In addition to intensive versus conventional treatment group (int 

- (-1 
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Table 7.5 SAS Program for DCCT Nephropathy Data 

data renal; 

yearsdm=duration/l2; cards; 
input obsn micro24 int hbael duration sbp female; 

1 0  
2 0  
3 1  
4 1  
5 0  
6 1  
7 0  
8 0  
9 0  
10 0 
11 1 
12 0 
13 0 
14 0 
15 I 
16 0 

158 I 
159 0 
160 0 
161 0 
162 1 
163 1 
164 0 
165 0 
166 0 
167 1 
168 0 
169 0 
170 0 
171 0 
172 0 

... . 

I 

1 
0 
0 
0 
0 
1 
0 
I 
0 
0 
I 
1 
1 
I 
1 
I 

0 
1 
I 
1 
0 
0 
0 
1 
1 
0 
0 
0 
1 
0 
0 

9.63 
7.93 
11.20 
10.88 
8.22 
12.73 
8.28 
9.44 
7.44 
8.33 
9.89 
12.06 
9.01 
10.05 
9.60 
10.17 

11.80 
7.00 
9.00 
8.00 
12.50 
7.10 
8.60 
12.20 
11.70 
11.30 
6.80 
10.60 
8.70 
7.90 
10.10 

. . .  

178 
175 
126 
116 
168 
71 
107 
79 
176 
47 
135 
117 
35 
82 
70 
159 

157 
64 
141 
46 
99 
89 
139 
76 
118 
99 
41 
82 
101 
136 
127 

. . .  

104 1 
112 0 
110 I 
106 0 
110 I 
112 0 
116 I 
120 1 
120 I 
140 0 
126 I 
120 0 
128 1 
I10 1 
108 1 
121 1 

128 0 
126 0 
114 0 
131 0 
116 1 
114 0 
130 1 
106 1 
110 1 
122 I 
104 I 
106 I 
98 I 
126 0 
124 0 

. . .  . 

proc logistic descending; 
model micro24 = int hbael yearsdm sbp female 
/ rl covb rsquare; 

female=l -1; 
units exp=l -1 hbael=l yearsdm=l sbp=l 5 

run; 
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= 1 or 0, respectively), the analysis adjusts for the level (“h) of HbA1, at baseline 
(hbael), the prior duration of diabetes in months (duration), the level of systolic 
blood pressure in mm Hg (sbp), and gender gemale) (1 if female, 0 if male). 

The HbAl, is a measure of the average level of blood glucose control over the 
preceding 4-6 weeks. The measure employed here (hbael) is that obtained at the 
initial eligibility screening that reflects the level of control prior to participation in 
the trial. The underlying hypothesis is that the level of hyperglycemia and dura- 
tion of diabetes together determine the risk of further progression of complications 
of diabetes. Here the months duration is converted to years duration of diabetes 
(yeursdm). Risk of progression of nephropathy may also be associated with in- 
creased levels of blood pressure that lead to damage to the kidneys that also may 
increase the risk of progression of nephropathy. These effects may also differ for 
men and women. Thus the objective is to obtain an adjusted assessment of the ef- 
fects of intensive versus conventional treatment and also to explore the association 
between these baseline factors and the risk of nephropathy progression. The SAS 
program in Table 7.5 fits a logistic regression model using PROC LOGISTIC. The 
output from the program is presented in Table 7.6 (extraneous information has been 
deleted). 

The estimated coefficient for treatment group (int) is 3 = -1.5831 that equals 
the difference in log odds, or the log odds ratio, for intensive versus conventional 
treatment. The large sample 95% confidence limits on the log odds ratio are obtained 
as -1.5831 f (1.96) (0.4267) = (-2.4194, -0.7468). The estimated odds ratio, 
therefore, is ORl,c = e-1.5831 = 0.205 with asymmetric 95% confidence limits 
of (e-2.4194, e-0.7468) = (0.0890, 0.4739). These latter values are labeled as 
the Wald confidence limits because they correspond to confidence limits obtained 
by inverting the Wald test statistic for the parameter (described in Section 7.3.3 to 
follow). Thus intensive treatment results in a 79.5% reduction in the odds of having 
microalbuminuria after six years of treatment %ompared to conventional therapy. 

Because the odds ratio is less than one ( p  < 0), there is a decrease in risk 
(odds) in the intensive therapy group. The complement of this coefficient provides 
the increase in odds (odds ratio) for conventional versus intensive therapy, ORC:I = 

= 4.87 with asymmetric 95% confidence limits of (e0.7468, e2.4194) = (2.11, 
11.24). Thus conventional therapy yields a 4.87-fold increase in the odds versus 
intensive therapy. 

Similarly, the estimated coefficient for female gender (p^ = -0.0895) yields an 
odds ratio of O^RF:M = 0.410 for females versus males. The inverse yields an 
estimated odds ratio for males versus females of O^RM;F = 2.436 with 95% C.I. 
= (1.014, 5.854). 

Hbael is a quantitative covariate measured in percent, since it the percent of 
red cells (hemoglobin) that have been glycosylated in reaction with free glucose in 
blood. Thus the estimated coefficient p = 0.5675 is the difference in log odds (the 
log odds ratio) for each one percentage higher HbA1,; such as the difference in the 
log odds for two subjects, one with a HbA1, of 8 and another 9, or one a value of 
10 and another 11. The 95% C.I. is 0.5675f (1.96) (0.1449) = (0.2835,0.8515). 

h 

h 
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h 

Thus the estimated odds ratio associated with a one percent higher HbA1, is OR = 
e0.5675 = 1.7639 with 95% Wald C.I. of (e0.2835, e0.8515) = (1.328,2.343). 

Similarly, the estimated coefficient for years duration (p = 0.0096) implies an 
odds ratio of 1.010 per year greater duration with 9 5 ~ h  C.I. (0.891, 1.144); and 
the estimated coefficient for systolic blood pressure (p = 0.0233) implies an odds 
ratio of 1.024 per mm Hg higher pressure with 95% C.I. (0.983, 1.066). However, 
a one mm Hg difference in blood pressure is a small difference with respect to 
the distribution of blood pressure values with a mean of 115.6 and S.D. of 11.3. 
Thus it is more relevant to describe the odds ratio associated with_perhaps a 5 mm 
Hg higher pressure (K = 5). The associated log odds ratio is 5p = 0.1165 with 
S.E. = 5 (0.0208) = 0.104 and 95% C.I. of (-0.087, 0.320). The corresponding 
odds ratio is ô R = e0.1165 = 1.123 with 95% C.I. = (e-0.087,e0.320) = (0.917, 
1.377). 

Using the expressions in (7.36) and (7.37) it is also possible to invert the rela- 
tionship for a quantitative covariate. For example, the coefficient for the HbAI, 
implies a reduction in risk as the HbA1, is reduced. From the coefficient and its 
S.E., for a 2 percentage reduction in HbA1, (K = -2), the corresponding coeffi- 
cient is (-2)0.5675 = -1.135 with S.E. = 2(0.1449) = 0.2898. These yield an 
odds ratio of 0.321 with 95% C.I. (0.182, 0.567). 

PROC LOGISTIC includes an option for a UNITS specification, as is shown in 
Table 7.5. The output in Table 7.6 provides the odds ratio associated with a one- 
unit change for each covariate and that associated with each of the units change 
specified in the UNITS statement. 

Table 7.6 also presents the estimated covariance of the coefficient estimates 
obtained as the inverse of the estimated information matrix. This is generated by 
the COVB option. This covariance matrix is useful for computing the variance 
of an estimated probability and in other computations, such as the robust variance 
covariance matrix, which will be described later. 

7.2.2 Partial Regression Coefficients 

Any regression model has three main components, as exemplified by the GLM 
family described in Section A. 10 of the Appendix. 

First is the structural component, which specifies the nature of the link between 
the conditional expectation and the covariates, such as 

E ( y i l z i )  = pi and g(pi) = a + (7.39) 

so that 

E (yilzi) = 9-l ( a  + zip) (7.40) 

for some link function g( . )  of the linear predictor 7 = a + zip. In ordinary 
multiple regression g is the identity link. In logistic regression g is the logit link. 
The predictor may be non-linear and, in some cases, such as generalized additive 
models (Hastie and Tibshirani, 1990), it is replaced by some smooth function of 
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Table 7.6 Logistic Regression Analysis of DCCT Nephropathy Data 

The LOGISTIC Procedure 
Model Fitting Information and Test of HO: BETA=O 

Intercept 
Intercept and 

Criterion Only Covariates Chi-square for Covariates 
-2 LOG L 191.215 155.336 35.879 with 5 DF (p=O.OOOI) 
Score 33.773 with 5 DF (p=O.OOOI) 

RSquare = 0.1883 Max-rescaled RSquare = 0.2806 

Analysis of Maximum Likelihood Estimates 
Parameter Standard Wald Pr > 

Variable DF Estimate Error Chi-square Chi-square 
INTERCPT I -8.2806 3.0714 7.2686 0.0070 
INT I -1.5831 0.4267 13.7626 0.0002 
HBAEL 1 0.5675 0.1449 15.3429 0.0001 
YEARSDM 1 0.00961 0.0636 0.0228 0.8799 
SBP 1 0.0233 0.0208 1.2579 0.2620 
FEMALE I -0.8905 0.4473 3.9641 0.0465 

Odds 
Ratio 

0.205 
1.764 
1 * 010 
1.024 
0.410 

Conditional Odds Ratios and 95% Confidence Intervals 
Wald 

Odds Confidence Limits 
Variable Unit Ratio Lower Upper 
INT I. 0000 0.206 0.089 0.474 
INT -1.0000 4.870 2.110 11.240 
HBAEL I. 0000 1.764 I .328 2.343 
YEARSDM 1.0000 1.010 0.891 1.144 
SBP 1.0000 1.024 0.983 1.066 
SBP 5.0000 1.123 0.917 1.377 
FEMALE 1.0000 0.410 0.171 0.986 
FEMALE -1.0000 2.436 1.014 5.854 

Estimated Covariance Matrix 
Variable INTERCPT INT HBAEL YEARSDM SBP FEMALE 
INTERCPT 9.43355 -0.0125 -0.2582 -0.0401 -0.0550 -0.1975 
INT -0.0125 0.18211 -0.0097 -0.0005 0.00032 0.02425 
HBAEL -0.2582 -0.0097 0.02100 0.00154 0.00044 -0.0158 
YEARSDM -0.0401 -0.0005 0.00154 0.00405 -0.0001 -0.0023 
SBP -0.0550 0.00032 0.00044 -0.0001 0.00043 0.00243 
FEMALE -0.1975 0.02425 -0.0158 -0.0023 0.00243 0.20005 
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the covariates. The estimated model then provides an estimate of the nature of 
the association under the assumed model. If one assumes that the logit is a linear 
function of the covariate, then the model provides an “optimal” estimate of the slope 
of the relationship. However, this does not guarantee that the estimated model is 
correct. Thus it is important to assess the adequacy of the model specifications 
using techniques such as residual analysis or the analysis of value-added plots, 
in addition to fitting different expressions for the predictor, such as polynomials 
or logarithms, and so forth, when analyzing data using these methods. Excellent 
references for these assessments are Pregibon (1981) and Hosmer and Lemeshow 
(1989), among many. Many of these model diagnostics are available through PROC 
LOGISTIC. Model diagnostics, however, will not be assessed herein. 

Second is the random component, which is usually assumed to be of the form 

where the random errors ~i are assumed to be independent of the conditional ex- 
pectation pi and where the errors have some distribution ~i - f (E) with mean zero 
and a variance that may be some function of the expectation expressed as 

E(&i) = 0, (7.42) 

In ordinary multiple regression we assume that the { ~ i }  are i.i.d. with E ( E ~ )  = 
0 and constant V(Q) = u:. In logistic regression we assume that the Y ,  are 
independent (but not identically) distributed Bernoulli variables with mean pi = ?ri 
so that E ( ~ i )  = 0 and V ( ~ i l ~ i )  = uz(~i) = ~ i (  1 - ~ i ) .  The random component 
specification, in effect, determines how each individual observation is weighted in 
the computation of the estimates of the model parameters. 

For example, in a multiple regression model fit using ordinary least squares, 
constant variance is assumed such that each observation has equal weight in the 
computation of the sum of squared errors, the objective function to be minimized. 
However, if homoscedastic errors do not apply, then the model is fit using weighted 
least squares, where each observation is weighted inversely to its variance. Simi- 
larly, in a GLM the score equation (A.244) is a weighted sum of residuals with 
weights inversely proportional to the u:(pi). In addition, the link function also 
affects the way each observation is weighted as shown in Section 7.1.5. 

The above two components of regression models are described in every modem 
text on regression. However, there is a third component of importance - the 
covariate specification - which is rarely discussed. Any model includes a specific 
set of covariates (XI . . . Xp), where the elements are selected from a larger set 
Xj E R,, R, being the set of possible covariates in the model. If one adds or 
subtracts a covariate from the model, where a transformation of a measurement 
is considered a new covariate, then the meaning of the coefficients for the other 
covariates in the model changes, not just their values. 

For example, consider an ordinary regression model with two covariates XI and 
Xp. To be mathematically precise, the structural component of the assumed model 
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should be expressed as 

If 2 3  is now added to the model, then the precise model specification is that 

In general, these sets of coefficients differ, so that 

(7.45) 

Thus the value, and more importantly the meaning, of each coefficient depends ex- 
plicitly on the other covariates in the model. Each coefficient is a partial coefficient 
adjusted for the other covariates in the model. 

In a simple normal errors regression model, when all effects in the design matrix 
a: are jointly orthogonal (uncorrelated) such that a:'= is a diagonal matrix, then the 
coefficients for each covariate are unique and are unchanged in all reduced models 
containing subsets of the original p covariates. If the covariates are correlated, then 
the coefficients in any reduced model will change from one model to the next (cf: 
Snedecor and Cochran, 1967, p. 393). In a logistic regression model, however, 
even when the covariates are uncorrelated, the value and the meaning of model 
coefficients change when variables are added to or removed from a model because 
the link g (.) is the logit, a non-linear function. Thus the meaning of each coefficient 
depends explicitly on the set of covariates included in the model. 

To see this, consider the case of only two covariates where XI and X2 are 
independent. The logistic model specifies that 

E (Y I 2 1  I 22) = 9-1 ("IP1,Pz + 21Plla,Pz + Z2P2Ia,P, 1 I (7.46) 

where g(.) is the logit and g-l(.) is the logistic function (inverse logit). If we now 
drop X2 from the model, then we obtain the reduced model 

E (9 I 21) = 9-1 ("[PI + Z I P l l a )  * (7.47) 

However, from (7.46) it follows that the reduced model satisfies 

E (Y 1 2 1 )  = Exz [ E  (Y 1x1, 22)1 (7.48) 

= Ex2 [g-' ("IP1,Pz + 21Plla,P2 + 22P21a,P1)] * 

Were it not for the logistic function g-' (s), then E x ,  ( ~ 2 P 2 ( ~ , p ~ )  might be absorbed 
into the intercept and Plla = p 1 ~ ~ , p ~ .  However, with the logit link, P1la # Plla,02, 
even when X1 and X2 are independent; see also Problem 7.6. 
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7.2.3 Model Building: Stepwise Procedures 

As with any regression procedure, it is possible to build a logistic regression model 
that meets some specified criteria for optimality or superiority for a given data set. 
Model building refers to an iterative process by which one explores the sensitivity 
of the model to each of the three components of the model specification: (1) the 
structural relationship represented by the expression for the predictor (linear or non- 
linear) and the link function; (2) the error distribution and the correlation structure 
of the errors, if any; and (3) the elements of the covariate vector that are included 
in the model. 

Various diagnostic tools, such as residuals, can be used with logistic regression 
to assist in the specification of the form of the prediction and link functions and 
the error distribution. See Pregibon (1981) and the text by Hosmer and Lemeshow 
(1989). For example, the value-added plots can serve as a visual aid to determine 
whether a linear or non-linear covariate effect best fits the data. Hastie and Tib- 
shirani (1 990) describe a general approach to determine the structural elements of 
a model using generalized additive models. In these models, rather than specifying 
a form for the predictor and the link function, local “non-parametric” smoothing 
algorithms such as a kernel or spline smoother are applied to the relationship be- 
tween X and Y to estimate E(yJz) as some smooth function of X with a possibly 
irregular shape. However, these models are computer intensive and have the disad- 
vantage that individual coefficients no longer describe the effects of covariates on 
the risk of the response in direct terms such as a partial odds ratio. 

Of the three model components, covariate selection is the easiest and most com- 
monly explored using some optimization algorithm such as stepwise model building. 
In stepwise models, one starts with a full model comprising the complete set of say 
p candidate covariates, including transformations of covariates such as quadratic 
and higher-order effects and interactions. The object is to identify a subset of 
T 5 p covariates that yield a “best fitting” model according to some criteria. One 
approach is to fit all 2P - 1 sets of one or more covariates and to then select the 
model with the greatest model likelihood ratio test value, or perhaps the smallest 
model P-value, among many possibilities. This would be computationally tedious. 
As an approximation to this approach for normal errors multiple regression models, 
Efroymson (1960) suggested a stepwise procedure starting with forward covari- 
ate selection followed interchangeably with backward elimination based on some 
criterion. That most commonly used is a test of significance of each covariate, 
adjusting for the other covariates in the model. Most computer programs for re- 
gression models afford the option for some variation of stepwise model building, 
including PROC LOGISTIC in SAS. 

In forward selection all remaining candidate covariates not in the model are tested 
to determine that one, if any, that best meets the inclusion Criteria, usually a P-value 
5 (YE, the minimum significance level for entry into the model, termed the SLE 
in SAS. At the initial step with no variables yet added to the model, all p candidate 
covariates are tested for inclusion, and the most significant is added provided that 
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its P-value is 5 ( Y E .  The process continues until no additional covariates meet the 
criteria for inclusion. 

Conversely, in backward elimination, one starts with the full model of p candidate 
covariates and tests each covariate, in turn, to determine that one which has the 
smallest contribution to the model, such as that with the largest P-value. That 
covariate is then eliminated from the model provided that its P-value 2 as, the 
maximum significance level for staying in the model, termed the SLS in SAS. The 
model is then refit and the process repeated until none of the covariates remaining in 
the model meet the criteria for elimination. Mantel (1970) suggested that backward 
elimination was preferred to forward selection because it required fewer models to be 
fit, and because it would more likely identify synergistic combinations of covariates 
that contributed to the model when the covariates individually (marginally) did not. 

More information about such model building procedures is provided by one of 
the many standard texts on linear regression models. In a normal errors linear 
model with all p covariates, the variance of the estimates is a function of the mean 
square error on N - p - 1 df that also serves as the denominator in the F-tests 
of significance of the coefficients in the model. In this case, the variance of the 
coefficient estimates is reduced as the number of extraneous covariates is deleted. 
Also, the variance of the estimate of the predicted values (the G) is also reduced. 

However, a feature of model building that often is not addressed in standard texts 
is the fact that any inferences about a model have been compromised by the applica- 
tion of any of the above optimization criteria to select the model. For example, any 
confidence limits, tests of significance or P-values obtained following a stepwise 
covariate selection procedure are highly biased and are virtually worthless. See, for 
example, Freedman (1983), Miller (1984) and Freedman and Pee (1989), among 
many. Thus there is a trade-off between the reduction in variance of the estimates 
and the potential increase in bias of the estimates associated with “stepwise” model 
building. 

In the normal errors linear model, Freedman (1983) presents limiting expressions 
for the value of the model F-test when a one-stage deletion at level as is conducted. 
That is, all covariates not significant at the as level in the full model are deleted at 
once and the model is refit. For example, if one starts with N = 100 observations 
with p = 50 covariates and applies a one-stage deletion with as = 0.25, then 
under the null hypothesis wherein all 50 covariates represent noise, on average 12.5 
(= p x as) covariates will be selected and the F-statistic value will be about 3.95, 
which would have a p I 0.0001 on 12, 87 df. Thus the data-dependent selection 
of covariates grossly inflates the test statistics. Unfortunately, there is no simple 
way to correct for this inflation. 

In addition, the estimates of the model coefficients following model selec- 
tion are biased. Consider the simple linear model with two covariates suck that 
E(y  1x1, x2) = a + x1P1 + ZZ&. To simplify matters, assume that V(&)  = 
V(P2) = u$ and that we always select either X1 or X2 in the final reduced model, 

depending on wheth_er > or c ,& respectively. Miller (1984) then presents 
computations of E(/% Jsel) or the expected value of & given that X1 was selected 
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0.3 
0.6 

for inclusi2n i,n the reduced model. Even when X1 and X, are uncorrelated, such 
that Cov(P1, Pz) = 0, the following are the values of E(P1 Isel) as a function of 
Pz and u$ when the true value of P1 = 1.0: 

1.01 1.05 1.17 1.35 1.57 
1.10 1.15 1.28 1.46 1.66 
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reduced models containing different collections of covariates, where each model 
performs equally well according to some criterion. 

There is a large literature on indices of the adequacy of reduced models, such as 
Mallow’s C, (Mallows, 1973) and Akaike’s Information Criterion (Akaike, 1973) 
that assess in some sense the bias introduced in reduced models. However, these are 
global measures that do not help assess the actual level of significance associated 
with the reduced model or the selected covariates, or to assess the true importance of 
any individual covariates selected or not selected. There is also a growing literature 
on cross-validation techniques to assess model fit by eliminating lc observations 
from the data set, fitting the model from the N - k remaining observations and 
then applying the model to the k omitted observations. This is also termed the 
“leave one out” method (k = 1) or many-fold cross-validation (k > 1). An overall 
assessment of model fit is then obtained by averaging or aggregating over the (T) 
possible combinations. Recently, Thall, Simon and Grier (1992) and Thall, Russell 
and Simon (1997) described such many-fold cross-validation and data splitting as 
a basis for reduced model selection to ensure that selected covariates are predictive 
when applied to independent observations. Others, such as Breiman (1992) use the 
bootstrap and related ideas to validate selected models. Such techniques allow one 
to differentiate true signal from mere noise in the data; however, they can be very 
computer intensive. 

7.2.4 Disproportionate Sampling 

Truett, Cornfield and Kame1 (1967) showed that a logistic model could be used in 
conjunction with a linear discriminant function to provide an estimate of the poste- 
rior probability P (D~z) of membership in the index population of subjects with the 
positive response or disease given the covariate vector z. This posterior probability 
depends explicitly on the prior probability of the response or the prevalence of the 
disease in the population. In a general random sample from the population, the 
sample fraction with the disease provides an unbiased estimate of this prior preva- 
lence; that is, p l  = m l / N  and E(p1) = P ( D ) .  In some cases, however, one does 
not have a general random sample but rather two separate disproportionate samples 
of ml of those with the response (D) and m2 of those without (D). In this case 
the score equation for the intercept (7.8) requires that p l  = ? = xi n^j/N, where 
E(p1) # P (D). Therefore, the estimated posterior probabilities obtained from the 
estimated model coeficients are biased. 

Anderson (1972), however, shows that unbiased estimates of the posterior prob- 
abilities are readily obtained by subtracting a constant from the intercept that yields 
a model of the form 

(7.49) 

When applied to the linear predictor in (7.16) this also yields unbiased estimates 
of the confidence limits for the posterior probabilities. This modification of the 
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model, however, has no effect on the estimates of the coefficients, the estimated 
information matrix, or any of the other characteristics of the model. 

7.2.5 Unmatched Case Control Study 

Previously in Section 5.1.1 we showed that the retrospective odds ratio of expo- 
sure given disease derived from the unmatched retrospectively sampled case-control 
2 x 2  table is an estimate of the population prospective odds ratio of disease given 
exposure. This suggests that logistic regression can be applied to the analysis of 
such studies to estimate the covariate effects on the retrospective odds ratio that can 
be interpreted as prospective odds ratios. Although cases (D) and controls (B) 
are almost always disproportionately sampled in such studies, nevertheless, from 
the preceding results, allowance for the true prevalence of cases and controls serves 
only to add a constant to the intercept or linear predictor, affecting nothing else. 
See also Breslow and Day (1980). 

Example 7.5 Ischemic Heart Disease 
Dick and Stone (1 973) present an unmatched case-control study comparing 146 men 
with ischemic heart disease (the cases) to 283 controls selected from the general 
population of males within the same age range as the cases (30-69 years). The 
study assessed the influence of hyperlipidemia (HL) versus not, smoking at least 
15 cigarettedday (SM) versus not, and hypertension (HT, diastolic blood pressure 
2 95 mni Hg). Each covariate is coded as a binary indicator variable, 1 if yes, 0 
if no. The data are 

f i L  SM HT #Cases #Controls 

0 0 0  15 
0 0 1  10 
0 1 0  39 
0 1 1  23 
1 0 0  18 
1 0 1  7 
1 1 0  19 
1 1 1  15 

82 
37 
81 
28 
16 
12 
19 
8 

(reproduced with permission). The logistic regression model estimates of the para- 
meter, S.E., odds ratio and 95% confidence limits (ORL and OR") for each effect 
are 

Efect 5 S.E. OR ORL ORu 
Intercept -1.5312 0.2048 
Hyperlipidemia ( H L )  1.0625 0.2316 2.894 1.838 4.556 
Smoking (SM) 0.7873 0.2185 2.198 1.432 3.372 
Hypertension (HT) 0.3262 0.2242 1.386 0.893 2.150 

In such a model, the intercept has no direct prospective interpretation. Each of 
the estimated coefficients, however, provides an estimate of the log retrospective 
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and the log prospective odds ratio for each risk factor adjusting for the other risk 
factors in the model. Hyperlipidemia has a nearly threefold greater odds of ischemic 
heart disease than not, and smoking has over a twofold greater odds than not. 
Hypertension produces a modest increase in the odds. 

7.3 TESTS OF SIGNIFICANCE 

7.3.1 likelihood Ratio Tests 

7.3.1.1 Model Test In most applications there is no reason to conduct a test of 
significance of the value of the intercept a that, in effect, describes the overall mean 
or background odds against which the effects of covariates are assessed. Rather we 
wish to conduct a global hypothesis test of the overall model covariate coefficients 
Ho: p = 0 against H I :  P # 0 for P = (PI . . . &)* given a in the model. 
Expressed in terms of the hypothesized true likelihood, under the null hypothesis 
the true model is the null model or Ho: L = L (a) and that under the alternative 
is H I :  L = L (a,P). Therefore, as shown in Section A.7.2 of the Appendix, the 
likelihood ratio test is 

x; = -2log = - 2 l o g L ( 6 )  - [ -2 logL ( 6 , B ) ] .  (7.50) 

Under Ho, Xz N x2 on p df. This is the termed the Likelihood Ratio Model 
Chi-square Test. 

For example, in ordinary normal errors multiple regression, from (A.137) it 
is readily shown that - 2  log L (6) is proportional to the total SS(Y), whereas 

-2logL ( 6 ,P  -) is proportional to the Error SS. Therefore, a model likelihood 
. .  

ratio Xi test in a normal errors regression model is proportional to the Regression 
ss. 

7.3.1.2 Test of Model Components Offen it is of interest to test a hypothesis 
concerning specific components of the coefficient vector. In this case the coefficient 
vector for the full model of p coefficients is partitioned into two subsets of q and T 

coefficients (p L q + r )  such as P = (p, // P,) and we wish to test Ho: PT = 0. 
Again, it should be emphasized that this hypothesis should be formally expressed 
as Ho:  Prlq = 0, that is, a hypothesis with respect to the partial contribution of 
PT to a reduced model that contains only the subset Pq. In this case, the null and 
alternative hypotheses HoT: Prlq = 0 and HI,: PTlq # 0 imply 
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Then as shown in Section A.7.2.2 of the Appendix, the likelihood ratio test is 

(7.52) 

= [-2logL (6 ,pq ) ]  - [-2logL ( 6 4 ]  ! 

which equals the change in -2  log L when Pr is added to, or dropped from, the 
model. Under the reduced model null hypothesis, XiTl,, N x2 on T df. 

In order to compute this statistic both the full and reduced models must be 
fit. The test can then be obtained as the difference between the likelihood ratio 
model chi-square statistics Xipl,, = Xi - X2 pq , the -2 log L (a) canceling from 
the expressions for each model X2 to yield (7.52) above. 

Likewise, a likelihood ratio test can be computed for an individual component 
of the parameter vector by fitting the model with and then without that variable 
included in the model. To conduct this test for each component of the model 
requires using PROC LOGISTIC to fit p sub-models with each variable, in turn, 
eliminated from the full model. However, the SAS procedure GENMOD will 
compute these likelihood ratio tests directly through its TYPE3 option. See Section 
7.3.4. 

7.3.2 Efficient Scores Test 

7.3.2.1 Model Test As shown in Section A.7.3 of the Appendix, the efficient 
scores test for the model null hypothesis Ho: P = 0 is based on the score vector 
U(O) and the expected information I (O) ,  each estimated under the tested hypoth- 

esis, designated as U 80 and I 8 0  , respectively. Since 0 = (a // p ) ,  and 
the tested hypothesis specifies that P = 0, then the MLE estimated under this hy- 
pothesis is the vector 0 0  = (20 // 0) .  Thus we need only obtain the MLE of the 
intercept under this hypothesis, designated as SO. 

Again, let ml = # (y; = 1) = Ci yi and m2 = # (y; = 0) = xi  (1 - yi) = 
N - ml. Evaluating (7.8) under Ho: p = 0 yields 

(- 1 (-) 

(7.53) 
N 

- m l - N 7 i = 0  
i -1  

such that 

and 

2 ml 
N 

x = -  

60 = log ($%) = log (2)  

(7.54) 

(7.55) 
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By definition, the resulting score for the intercept evaluated at the MLE is 

0 o ) a  = KJ(~)allzo,p,o = 0. (7.56) 

Given the estimate 60, the score equation for each coefficient as in (7.9) is then 
evaluated under the tested hypothesis. The score for the j th  coefficient is then 

(7.57) 

where Zj(1) is the mean of Xj among the ml subjects with a positive response 
(yj = 1) and Zj is the mean in the total sample of N observations. Thus the 
score for the j th  coefficient is proportional to the observed mean of the covariate 
among those with the response minus that expected under the null hypothesis. If the 
covariate is associated with the risk of the response then we expect that Zj(1) # Zj. 
For example, if the risk of the response increases as age increases, then we would 
expect the mean age among those with the response to be greater than the mean 
age in the total population. On the other hand, if there is no association we expect 
Zj(l) to be approximately equal to ~ j .  Therefore, the total score vector evaluated 
under HO is 

(7.58) 
T u ( g o )  = ml [o (5* (1 )  - Z1) * ’ * (ZP(1) - TP)l 

T T  
= ml [o II (E(1) - 3) ] . 

The information matrix estimated under Ho, I (GO) = I(O)Izo,p=0, then has 
elements obtained from (7.1 1)-(7.15) that are 

(7.59) 

Therefore, the estimated information matrix under HO is 

where z is the N x (p + 1) design matrix, the first column being the unit vector. 
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For given do, since U N [0, I (&)I ,  then the model score test is the 

quadratic form 

(7.61) 

which is asymptotically distributed as chi-square on p df under the model null 
hypothesis Ho: p = 0. 

Asymptotically, a score test is hlly efficient as shown in the Appendix, Section 
A.7.3. Computationally the test can be obtained without actually fitting the model, 
that is, without obtaining the MLEs of the parameter vector and the associated 
estimated information. Thus the score test can be computed for a degenerate model 
or one for which the Newton-Raphson iteration does not converge. However, when 
a convergent solution exists, the Likelihood Ratio Test, in general, is preferred. 
When the model is degenerate, then it implies either that there is a linear dependency 
among the covariates, or that a covariate has nearly constant values among those 
with a positive or negative response. In such cases the model should be refit after 
the suspect covariate(s) have been removed, in which case the score test from the 
degenerate model becomes irrelevant. 

7.3.2.2 Test of Model Components Similarly, it would be possible to conduct 
a score test of specific components of the coefficient vector. However, the score 
test in this instance offers few advantages over the likelihood ratio test, especially 
considering that the latter is readily obtained by fitting the full and reduced models 
of interest. Likewise, score tests of the individual components of the parameter 
vector are rarely used, because this would require evaluation of the score vector 
and the information matrix under the null hypothesis for each covariate, in turn. 

7.3.3 Wald Tests 

As described in Section A.7.1 of the Appendix, the Wald model test is obtained 
as a quadratic form in the parameter estimates and the estimated covariance matrix 
obtained from the inverse of the estimated information. See (A.147). Although the 
Wald test is readily computed, the likelihood ratio test, in general, is preferred. 

Similarly, a Wald test can be computed for the parameters of a sub-model or for 
individual coefficients in the model. To test the hypothesis Ho: pj = 0 for the j t h  
coefficient, the Wald test is readily computed as 

(7.62) 

where ?(&) = [I(^e)-’]  is the corresponding diagonal element of the inverse 
4; 

information matrix. Since’Wald tests are based on the variance of the coeflicient 
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estimate obtained under the alternative hypothesis, then the significance of a Wald 
test can be ascertained from the 95% confidence limits. Thus these limits are also 
referred to as Wald confidence limits. 

For example, for the case-control study in Example 7.5, the 95% confidence 
limits for the odds ratio associated with hyperlipidemia and with smoking each do 
not include 1.0, and thus the corresponding Wald test for each are significant at the 
0.05 significance level (two-sided). However, that for hypertension does include 
1.0 and thus the Wald test is not significant. 

Hauck and Donner (1977) and Vaeth (1985) have shown that the Wald test may 
be highly anomalous in special, albeit unrealistic, cases. In particular, for fixed 
values of all the coefficients except the last ( P I , .  . . ,&-I ) ,  then as the value of 
pp increases away from the null, the Wald test may, in fact, decrease approaching 
zero. Mantel (1987) shows that the problem is related to the fact that the Wald test 
employs the variance estimated under the model (under the alternative) rather than 
under the null hypothesis. Thus the score or likelihood ratio tests of the individual 
parameters or for a submodel are also preferred over the Wald test. 

Example 7.6 DCCT Nephropathy Data 
Table 7.6 of Example 7.4 presents the likelihood ratio and score tests for the overall 
model. The likelihood ratio test is the difference between the null (intercept only) 
and fill model values of -2log(L), or 191.215 - 155.336 = 35.879 on 5 df, 

The model score test is based on the score vector and inverse information matrix 
evaluated under the null hypothesis. For these data, the score vector evaluated from 
(7.58) is 

p < 0.0001. 

U ( & )  = U[&,p]Ip=o = (0 - 10.73 30.01 - 7.133 78.33 - 4.047)T 

and the estimated information evaluated under the null hypothesis from (7.60) is 
= 

31.744186 16.425771 294.00468 299.33968 3692.6609 14.395619 
16.425771 16.425771 151.85902 154.53759 1907.235 7.3823688 
294.00468 151.85902 2791.717 2753.4845 34128.414 138.08536 
299.33968 154.53759 2753.4845 3 174.566 34875.34 1 138.92695 ' 

3692.6609 1907.235 34128.414 34875.341 433238.01 1623.9366 
14.395619 7.3823688 138.08536 138.92695 1623.9366 14.395619 

The resulting model score test from (7.61) is 33.773 on 5 df with p < 0.0001. 
Table 7.6 presents the Wald tests for each coeEcient in the model. However, 

these tests employ the estimated variance of the coefficient estimates obtained under 
the general alternative hypothesis rather than under the covariate coefficient-specific 
null hypothesis. Thus likelihood ratio tests of the coefficients are preferred to these 
Wald tests. However, PROC LOGISTIC does not compute these likellhood ratio 
tests for the individual coefficients. Rather, when using PROC LOGISTIC it is 
necessary to compute these by hand by successively fitting a model without each 
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covariate, in turn, which is compared to the fill model with all covariates. For 
example, to compute the likelihood ratio test for the covariate int, the model without 
int is fit yielding a model likelihood ratio test X2 = 20.298 on 4 df (not shown). 
Compared to the full model likelihood ratio test in Table 7.6, the resulting likelihood 
ratio test for int is 35.88 - 20.30 = 15.58 with p < 0.0001 on 1 df. 

Alternately, PROC GENMOD can be used to fit the model and to directly com- 
pute the likelihood ratio test for each covariate. 

7.3.4 

As described in Section 7.1.5 above, the logistic regression model is one of a 
family of possible regression models that could be fit to such data. The SAS 
procedure GENMOD can be used to fit various members of this family. The 
family of generalized linear models (GLMs)  is described in Section A.10 of the 
Appendix. Also, PROC GENMOD will readily compute the likelihood ratio tests 
for the individual coefficients in the model, called Type 111 tests of covariate effects. 
This terminology is used to refer to the test of the partial effect of a covariate in 
the SAS PROC GLM that fits normal errors regression models with design (class) 
effects and quantitative covariate effects. 

To fit a logistic regression model, as opposed to other possible models in the 
GLM family, the model uses the logit link in conjunction with a binomial variance, 
which equals the Bernoulli variance since each observation is a separate individual. 
GENMOD also provides a TYPE 3 option which specifies that the likelihood ratio 
tests be computed in addition to the Wald tests. 

In addition, for models with categorical covariates, GENMOD allows a class 
statement that automatically generates the appropriate number of binary contrasts 
in the design matrix. For example, for the stratified analysis of the ulcer clinical 
trial data in Example 7.3, the statement “class stratum;” can be used with the 
model statement “model=stratum group; ” that will automatically include the 2 
df stratum effect in the model. 

In GLM terminology, the deviance equals the difference in -2log(L) for the 
present model versus a model that fits the data perfectly (see Section A.10.3 of the 
Appendix). For a logistic regression model with a binary response, but not binomial 
regression, the saturated model log likelihood is zero so that in this special case 
deviance = -2log(L). The scaled deviance and Pearson chi-square are also 
described in the Appendix. 

Example 7.7 DCCT Nephmpathy Data 
The following SAS code fits a logistic regression model to the DCCT data using 
PROC GENMOD. 

Type 111 Tests in SAS PROC GENMOD 
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proc genmod data = r e n a l ;  
class i n t  female; 
model micro24 = i n t  hbael yearsdm sbp female 

t i t l e 2  ’ l o g i s t i c  regress ion  model f i t  through CENMOD’; 
run; 

/ dist=binomial  l i nk= log i t  type3; 

The resulting output from the fitted model is presented in Table 7.7 (extraneous 
information deleted). 

In Table 7.7 the c l a s s  statement provides the estimates of the regression coeffi- 
cients for each category versus the reference category, zero in these instances. The 
estimates and Wald tests are followed by the likelihood ratio (type3) tests for each 
coefficient. Although the Wald test is occasionally greater than the likelihood ratio 
test, in general the latter has a type I error probability that is closer to the desired 
level and is more effkient. 

7.3.5 Robust Inferences 

All regression models that are based on a full likelihood specification, such as the 
GLM family in general, and the logistic regression model in particular, explicitly 
assume that the variance-covariance structure specified by the model is correct and 
applies to the population from which the observations were obtained. In the logistic 
model, conditional on the covariate vector z, the assumption is that V(ylz) = 
n(z)[ l -  n(z)], where E(y(z) = n(z) is the conditional expectation (probability). 
In some cases, however, the variation in the data may be greater or less than that 
assumed by the model; that is, there may be over- or under-dispersion. In this case, 
the properties of confidence limits and test statistics can be improved by using 
an estimate of the variance-covariance matrix of the estimates that is robust to 
departures from the model variance assumptions. 

One simple approach is to fit an over- (under-)dispersed GLM regression model 
by adopting a quasi-likelihood (see Section A.10.4 of the Appendix) with an ad- 
ditional dispersion parameter. This approach is widely used in Poisson regression 
models of count data and thus is described in Chapter 8. However, it could also 
be employed with logistic (binomial) regression. As described in Section A.10.3 of 
the Appendix, the ratio of the Pearson chi-square to its degrees of freedom is an 
estimate of the degree of departure from the model variance assumption, a value 
substantially greater than one indicating over-dispersion, substantially less indicat- 
ing under-dispersion. When over-dispersion exists, the model under-estimates the 
degree of variation in the data and thus the variance-covariance matrix of the coef- 
ficients is under-estimated so that Wald tests are inflated and confidence intervals 
are too narrow. The opposite occurs with under-dispersion. 

For example, in the above analysis of the DCCT nephropathy data in Table 7.7, 
the chi-squareldf = 1.098 which suggests that the actual variance-covariance 
matrix of the estimates may be about 10% greater than that estimated from the model 
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Table 7.7 Logistic Regression Analysis of DCCT Data Using PROC GENMOD 

The GENMOD Procedure 

Criteria For Assessing Goodness Of Fit 

Criterion 

Deviance 
Scaled Deviance 
Pearson Chi-square 
Scaled Pearson X2 
Log Likelihood 

Parameter 

INTERCEPT 
INT 
INT 
HBAEL 
YEARSDM 
SBP 
FEMALE 
FEMALE 
SCALE 

DF Value Value/DF 

lG6 155.3362 0.9358 
166 155.3362 0.9358 
166 182.2750 1.0980 
166 182.2750 1.0980 

-77.6681 

Analysis Of Parameter Estimates 

DF Estimate Std Err Chisquare Pr>Chi 

1 -  
0 I 
1 0 

1 
1 
I 

0 1 
1 0 

0 

10.7543 
I .  5831 
0.0000 
0.5675 
0.0096 
0.0233 
0.8905 
0.0000 
I .  0000 

3.0731 12.2463 0.0005 
0.4267 13.7626 0.0002 
0.0000 
0.1449 15.3429 0.0001 
0.0636 0.0228 0.8799 
0.0208 1.2579 0.2620 
0.4473 3.9641 0.0465 
0.0000 
0.0000 

NOTE: The scale parameter was held fixed. 

LR Statistics For Type 3 Analysis 

Source DF Chisquare Pr>Chi 

INT 1 15.5803 0.0001 
HBAEL 1 17.6701 0.0001 
YEARSDM I 0.0229 0.8798 
SBP 1 1.2726 0.2593 
FEMALE 1 4.1625 0.0413 
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based on the inverse estimated information matrix. This degree of over-dispersion is 
well within the range one might expect under random variation with 95% confidence 
when the model assumptions actually apply, 1 f 0.215 = 2 . 7 7 / m  (see Section 
A.10.3). However, if substantial departures are suggested, and there are no obvious 
deficiencies or errors in the model specification, then this approach can be used 
to estimate the over-dispersion scale parameter and to adjust the estimates of the 
variances of the model coefficients. Section 8.3.2 describes the application of this 
approach to Poisson regression using PROC GENMOD. 

Another approach to adjust for departures from the model variance assumption 
is to employ the robust information sandwich estimator described in the Section 
A.9 of the Appendix. The information sandwich provides a consistent estimate of 
the variance of the estimates for any model where the first moment specification 
(the structural component) is correct, but where the second moment specification 
(the error variance-covariance structure) may not be correctly specified. 

Let X denote the n x (p + 1) design matrix where the ith row is the covariate 
vector 2: for the ith subject augmented by the constant (unity) for the intercept. 
Also, let I? = diag[ni(l - x i ) ] ,  where ni = E(yilzi)  is the conditional probability 
expressed as a logistic function of the covariates. Then, from (7.11-7.15), the 
expected infomation can be expressed as 

r (e)  = x’rx. (7.63) 

This is the covariance matrix of the score vector when the specified logistic model 
is assumed to be correct. 

However, when the model-specified covariance matrix is not correct, let X E  = 
diag[E(yi - T,)~] refer to the true covariance matrix of the errors. Then, from 
(7.8-7.9), it follows that the true covariance matrix of the score vector is 

.qe) = C.  % ~[v~(e)v~(e)‘] = X’X,X. (7.64) 

From (A.221) of the Appendix, the expression for the robust information sandwich 
covariance matrix of the coefficient estimates is then 

~ ~ ( 5 )  = r(e)-l.qe)qe)-l = ( x ’ r x ) - l  (X‘C,X) (x’rx)-l. (7.65) 

This matrix can be consistently estimated as 

gR(ij) = ~(G)-13(6)r(5)-1, (7.66) 

where I ( ; )  = X’fiX, f; = diag[?i(l - a,)], ?(5) = ci[Vi(5)Vi(P)’] = 

(X‘e,X) and 5, = diag[(yi - %i)2]. The “bread” of the information sandwich 
estimate is the model estimated inverse information, or the estimated covariance 
matrix of the coeficient estimates. The “meat” of the sandwich is the empirical 
estimate of the observed information based on the empirical estimate of the error 
variance of the observations. 
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This robust estimate then can be used to construct confidence intervals and to 
compute Wald tests of significance. A robust score test of the model, or of model 
components, can also be constructed based on the model estimated under the tested 
hypothesis. The model score test addresses the null hypothesis Ho: p = 0. The 
empirical estimate of the covariance matrix of the score vector is then obtained as 

3(&) = c. u~(e^o)ua(~~)’ = X‘&IX, (7.67) 

where 

is the score vector with the parameters estimated (go) or evaluated (p) under the 
tested hypothesis as in Section 7.3.2. From (7.8) and (7.53) it follows that 

4 

Ui(Oo)a = yi - if, (7.69) 

and from (7.9) and (7.57) then 

for the j th  coefficient. Then the total score vector U(&) evaluated under the tested 
hypothesis is as presented in (7.58). Note that while the total score V(@,  = 0, the 
individual terms in (7.68) are not all zero. The robust model score test then is 

x -  - u(&)’2(Go)-w(8~), (7.71) 

which is asymptotically distributed as chi-square on p df. 

Example 7.8 DCCT Nephropathy Data 
The analysis of the DCCT prevalence of microalbuminuria in Table 7.6 contains the 
estimated covariance matrix of the coefficient estimates, g(6 )  = These 
and the estimated coefficients can be output to a data set by PROC LOGISTIC 
using the OUTEST option. The program will also create a data set with the model 
estimated probabilities, the {??i}, Using a routine written in IML, additional com- 
p_ut$ions may t h p  bejerformed, The matrix of score vector outer products is 
J(O)  = Ci[Ui(0)Ui(8)’] = X’&X = 

24.555087 9.1094437 237.04689 235.26848 2906.3223 9.5713568 
9.1094437 9.1094437 88.132987 90.047355 1058.265 3.8137591 
237.04689 88.132987 2351.74 2254.7264 27920.217 98.190859 
235.26848 90.047355 2254.7264 2513.004 27998.372 92.930592 
2906.3223 1058.265 27920.217 27998.372 347070.83 1105.9189 
9.5713568 3.8137591 98.190859 92.930592 1105.9189 9.5713568 

This yields the robust information sandwich estimate 2:~(6)  = 
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10.664905 0.1689527 -0.267092 -0.05978 -0.063752 -0.374126 
0.1689527 0.1965141 -0.02177 0.0012571 -0.000466 0.0515362 
-0.267092 -0.02177 0.0243438 0.0021586 0.0002403 -0.017867 
-0.05978 0.0012571 0.0021586 0.0041104 0.0000171 -0.001376 
-0.063752 -0.000466 0.0002403 0.0000171 0.0005139 0.0039347 
-0.374126 0.0515362 -0.017867 -0.001376 0.0039347 0.2162162 

This can be used to compute large sample 95% confidence intervals for the 
model estimates and a Wald test for significance of the individual coefficients. The 
following are the vectors of estimated standard errors for the respective coefficients 
in the model, the resulting upper and lower 95% confidence limits for the odds 
ratios, the Wald test chi-square value and the P-value 

Effect 

Intercept 
Intensive group 

Years duration 
Systolic B.P. 
Female 

HbA 1 c 

S. E. (@ 

3.2657 
0.4433 
0.1560 
0.064 1 
0.0227 
0.4650 

95% Confidence Limits 
Lower Upper Wald X2 p 5 

-14.6810 -1.8800 6.429 0.0113 

0.2617 0.8733 13.230 0.0003 
-0.1160 0.1353 0.022 0.8809 
-0.021 1 0.0677 1.055 0.3043 
- 1.8019 0.0208 3.668 0.0555 

-2.4520 -0.7143 12.750 0.0004 

For some of the coefficients, particularly intensive treatment group and HbAl., 
the robust standard errors are slightly larger than those estimated from the model 
presented in Table 7.6, so that the confidence limits for the odds ratios are slightly 
wider and the Wald tests slightly smaller. 

The above computations are also provided by PROC GENMOD. This is de- 
scribed in Section 8.4.2 in the context of Poisson regression. 

This robust variance estimate can also be used to compute an overall model Wald 
test of Ho: p = 0. The value of the test is X2 = 21.34 on 5 df with p 5 0.0007. 
However, it is preferable that a score test be used that employs a robust es t iyte  
of the variance under the tested hypothesis. In this case, the score vector ?I(&,) 
evaluated under HO from (7.58) is presented in Exampk 56 and the robust estimate 
of the covariance (information) matrix from (7.67) is J(&) = 

31.744186 10.934694 309.35822 295.69036 3732.7345 12.325311 
10.934694 10.934694 105.21842 103.05156 1263.9045 4.4315846 
309.35822 105.21842 3092.0635 2845.4577 36218.088 126.01731 
295.69036 103.05156 2845.4577 3058.0105 34860.286 113.10115 
3732.7345 1263.9045 36218.088 34860.286 442423.16 1407.7262 
12.325311 4.4315846 126.01731 113.10115 1407.7262 12.325311 

The resulting robust score test is X2 = 33.64 on 5 df with p 5 0.0001. 
Overall, for this model, inferences based on the robust information sandwich are 

nearly identical to those based on the simple model-based estimates of the expected 
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information. There is every indication that the model-based inferences are indeed 
appropriate. However, an example is presented in Chapter 8 where this is not the 
case. 

7.3.6 Power and Sample Size 

The power of a Wald test for the overall model or for an individual covariate in a 
logistic regression model analysis is a function of the non-centrality parameter of 
the test statistic. For a test of the coefficients in a model with a specific coeffi- 
cient vector X, Whittemore (198 1) shows that the non-centrality parameter of the 
Wald test is a function of the moment generating function of the joint multivariate 
distribution of X. Because the expression for this mgf is, in general, unknown, 
it is not practical to describe the power function for a set of covariates, especially 
including one or more quantitative covariates. 

However, the power of the Wald test is readily obtained when all covariates are 
categorical (cf: Rochon, 1989). In this case, the binomial logit model of Section 
7.1.2 specifies that the probability of the response within each sub-population or cell 
characterized by the covariate vector 2 is the logistic function K = e0l+='@/( 1 + 
ea+='p) with coefficients p = (PI . . . Pp)T and intercept Q. Assume that the 
covariate vector generates K distinct cells. For example, for S binary covariates, 
K = 2s and p 5 K. This yields the K x (p + 1) design matrix X where the 
ith row is the covariate vector ZT for the ith cell augmented by the constant 
(unity) for the intercept. Then assume that the ith cell has expected sample size 
E(ni)  = NCi, N being the total sample size and {Ci} being the sample fractions. 
Within the ith cell, the observed proportion with the index characteristic is pi. 

Since V [log (&)I = [m(l - 7 ~ ) I - l  the parameters can be estimated through 
weighted least squares such that 

p = (X'Q-'X)-'X'R-'Y (7.72) 

and 

V ( 5 )  = qj = (X'52-'X)-'/N, (7.73) 

where 52 = diag{l/[Cgr,(l - ni)]} and 52-' = diag[<iini(l - ni)]. Note that fl is 
directly obtained as a function of 2, and 8, i = 1,. . . , K. 

From Section A.7.1 of the Appendix, the Wald test for a linear hypothesis of the 
form Ho: C'B = 0 for a r x (p + 1) matrix C' of row rank T is the form 

x2 = G'C( C%g c)-l C'5 (7.74) 

on T df. Thus the non-centrality parameter or expected value of the test statistic 
under the alternative hypothesis is 

$2 = erc(c%Gc)-lc% (7.75) 

= Ne/c(c'(x'wlx)-lc)-lc'e = N K ~  , 
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X =  

where K2 is the non-centrality factor. Since $2 is a fbnction of C, X and 8, then 
sample size and power can readily be determined from the non-central chi-square 
distribution as described in Section 3.4. 

Finally, in the event that over-dispersion is thought to apply, the above is readily 
modified. All that is required is to inflate the values of the covariance matrix Xz 
by the desired factor that would correspond to the value of the over-dispersion 
scale parameter in an over-dispersed quasi likelihood model. Alternately, if power 
is being computed based on observed results, then the model may be fit using the 
information sandwich estimate of the variances that may then be used to compute 
the non-central factor and the power of the test. 

Example 7.9 Stratified Analysis 
Consider the determination of the sample size for a study comparing two treatments 
within three strata with the design matrix 

- - 
1 0 0 0  
1 0 0 1  
1 1 0 0  
1 1 0 1  
1 0 1 0  
1 0 1 1  - - 

where the corresponding coefficients 8 = (a represent the effects for 
the intercept, stratum 2 versus 1, stratum 3 versus 1, and the active (1) versus the 
control (0) treatment, respectively. Assume that subjects are assigned at random to 
each treatment such that there are equal sample sizes for each treatment group within 
each stratum. Also, assume that the three strata comprise 15%, 50% and 35% of the 
total population, respectively. Thus the expected cell fractions are specified to be 
{C} = (0.075, 0.075, 0.25, 0.25, 0.175, 0.175). Under the alternative hypothesis 
we specify that the probabilities for each cell are { ~ i }  = (0.75, 0.923, 0.70, 0.882, 
0.65, 0.770) for which the associated parameter vector is 8 = (1.2412, -0.3158, 
-0.7680, 0.9390)T. 

These values of 8 correspond to a model where the adjusted (common) odds 
ratio for active treatment versus control is ep3 = e0s9390 = 2.557. This, in fact, is a 
simplification because the actual odds ratios for the active versus control treatment 
within each stratum are 4.0, 3.2 and 1.8, respectively. Thus sample size and power 
are evaluated under a fixed effects model with some heterogeneity, which provides 
a conservative assessment relative to the model with a common odds ratio for all 
strata. 

Substituting the values of {ri} and {C} into (7.73) yields the covariance matrix 
of the estimates. For the test of Ho: ,f33 = 0, with vector C’ = (0 0 0 l), the 
resulting value of the non-centrality factor for the 1 df test is K2 = 0.03484. For 
a 1 df Wald chi-square test at (Y = 0.05 with a critical value of 3.84146, the SAS 
function CNONCT(3.84146, 1, 0.1) yields the non-centrality parameter $~~(0.05,  
0.10, 1) = 10.5074 that provides power = 0.90. Thus the total N required to 

,Bz 



provide 90% power for this test is N = 10.5074/0.03484 = 302 (rounded up from 
301 A). 

Conversely, for the same model, a sample size of only N = 200 provides a 
non-centrality parameter q2(0.05, @, 1) = N K 2  = (200 x 0.0348427) = 6.969. 
The SAS function PROBCHI(3.841, 1, 6.969) then yields ,B = 0.248 and power of 
0.752. 

For this and similar examples, one approach to specifying the model under the 
alternative is to first specify the {ni} in terms of the odds ratios under the alternative 
hypothesis that one wishes to detect. For the above example, the values of {ni} 
were obtained by first specifying the values in the control group within each stratum, 
(0.75, 0.70 and 0.65), and then specifying the odds ratio within each stratum (4.0, 
3.2 and 1.8), which then yields the probabilities in the active treatment group within 
each stratum (0.923, 0.882 and 0.770). The parameter vector 8 was then obtained 
by generating a set of cell frequencies summing to a large number, say 10,000, the 
frequencies being proportional to the corresponding probabilities, and then fitting 
the logistic regression model to obtain the corresponding values of 8. 

Alternatively, Rochon (1989) first uses the vector of probabilities { ni} and cell 
sample fractions {C} to define the covariance matrix 52. The design matrix for the 
assumed model is then employed in (7.72) to obtain the expected vector of parame- 
ters 8. These correspond to the “first step” estimates in an iteratively reweighted 
computation and thus are not precisely correct because the covariance matrix R 
is based on the specified alternative model in the {ni}, not the model in 8, that 
is, using the vector ZTg = 1/ [l - exp(z‘8)]. However, the iteratively reweighted 
computation with R defined using the elements of will yield parameters 8 and 
a sample size similar to those described above. 

7.4 INTERACTIONS 

Thus far, all of the models we have considered contain main effects only. In many 
instances, however, models that include interactions between covariates provide a 
better description of the risk relationships. In the simplest sense, an interaction 
implies that the effect of one covariate depends on the value of another covariate 
and vice versa. Interactions are assessed in logistic regression models by adding an 
additional covariate that consists of the product of two or more covariates. In PROC 
LOGISTIC a new variable must be defined in the data step such as x12=xI*x2 
where xi*x2 is the product of the values for XI and Xz. The variable xi2 is 
then used in the model statement. Other programs, such as PROC GENMOD in 
SAS, will automatically fit an interaction in a model statement such as model y=xl 
x2 xI*x2. Interactions involving categorical variables are also readily fit using a 
CLASS statement in PROC GENMOD. 

First, consider the simple linear regression model with an identity link, for ex- 
ample, where Y is a quantitative variable and E(ylz) is the conditional expectation 
for Y given the value of the covariate vector 2. The resulting model can be para- 
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meterized as 

JqYlZ) = ff + . d l  + z2P2 + 2122P12 1 (7.76) 

where 2122P12 is the interaction term with coefficient P12. When P12 = 0 then 
the simple main-effects only model applies. However, when Pl2 # 0, we have, in 
effect, two alternate representations of the same model: 

- 
WYlZ) = ff + d l , 1 2  + x2P2, 

= ff + ZIP1 + 22WIZl , 
Pqr2 = P1 + 22P12 

P21Zl = P2 + SlPl2. 

(7.77) 

Thus the coefficient (slope) of the effect for one covariate depends on the value of 
the other covariate and vice versa, and the two covariates interact. 

Note that in this case, the main effects P1 and P2 do not describe the complete 
effect of each covariate in the model. Rather the complete effect of X1 is represented 
by the values of and Dl2 and the complete effect of X2 by the values of 02 and 

Thus the tests of the main effects alone do not provide tests of the complete 
effects of XI and X2. Rather, a 2 df test of Ho: p1 = 812 = 0 is required to test 
the overall effect of XI, and likewise a 2 df test of Ho: p2 = P12 = 0 is required 
to test the overall effect of X2. These tests are not automatically computed by 
any standard program, but some programs, including LOGISTIC, provide a TEST 
option to conduct multiple degree of freedom Wald tests of hypotheses. 

In simple regression, the coefficients are interpreted in terms of the change in 
the expected value of the mean given a unit change in the covariates. In logistic 
regression, these effects are interpreted in terms of the change in the log odds or 
the odds ratio. 

7.4.1 Qualitative-Qualitative Covariate Interaction 

The simplest case is where the two covariates X1 and X2 are both binary. As in 
Example 7.1, let 0, designate the odds of the positive outcome for a subject with 
covariate values 2, that includes the 2122 interaction term. Then 

0, = exp(a + d p )  = exp (a  + n P 1 +  x2P2 + x152P12). (7.78) 

There are only four categories of subjects in the population, each with odds given 
by 

Category X I  2 2  21x2 0, 

1 0 0  0 ea 
2 0 1  0 ea+Pa . (7.79) 
3 1 0  0 p + P 1  

4 1 1 1 e a + P I t P 2 + P 1 2  

Note that if there is no interaction term, Pl2  = 0, then in the last cell the effects 
are additive in the exponent, or multiplicative. 
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In this case, it is instructive to consider the odds ratio of each category versus 
the first, designated as OR(zl ,z2):(o,~) ,  as presented in the cells of the following 
table 

O%,z*):(O,zd eP1 

The odds ratios associated with each covariate, conditional on the value of the 
other, are obtained by the ratios within rows and within columns. These are given 
along the row and column margins of the table. The variance of each log odds 
ratio is then obtained from the variance of the corresponding linear combination of 
the estimated coefficients. For example, V logOR(1,1):(o,l)] = V(& + &2) = 

V(B1) + V(&) + 2Cov(P1,P12). From these, confidence limits and Wald tests 
may then be computed. 

Example 7.10 
Using the data from Example 7.1, a logistic model with an interaction yields the 
following model coefficients 

- A  [ -  

Coronary Heart Disease in the Framingham Study 

No Interaction Interaction 
Effect p^ ô R P I  3 ô R P I  

XI: HiChol 1.0301 2.801 0.0001 1.1751 3.238 0.0012 
X2: HiSBP 0.9168 2.501 0.0001 1.1598 3.189 0.0114 

x1 x2 - - - -0.3 155 0.729 0.5459 
(7.81) 

For comparison, the no-interaction model from Table 7.4 is also presented. The in- 
teraction effect is not statistically significant, indicating that the additive exponential 
model applies. Nevertheless, it is instructive to describe the interaction model. 

To assess the overall significance of each effect, a 2 df test could be obtained 
using the following statements as part of the SAS PROC LOGISTIC analysis: 

t e s t  hichol=interact=O; 
tes t  hisbp=interact=O; 

The resulting test of the effect of high cholesterol yields a 2 df chi-square test value 
of X2 = 15.7577 with p 5 0.0004, and the test for the effect of high blood pressure 
yields X2 = 17.7191 with p 5 0.0001. In such instances, the 1 df tests computed 
by the program and presented above should not be used as tests of the overall 
effect, Rather, they are tests of the simple effect of each covariate when added to 
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the interaction. In rare instances, these simple 1 df effects may not be significant, 
in which case the simple effect may not add significantly to the interaction effect. 

From this interaction model we can construct a table of odds ratios such as that 
in (7.80) as follows 

2 1 :  HiChol 

Thus the odds ratio associated with high versus low cholesterol is 3.238 for those 
with low blood pressure, and 2.360 for those with high blood pressure. Likewise, 
the odds ratio associated with high versus low blood pressure is 3.189 for those 
with low cholesterol, and 2.325 for those with high cholesterol. Note that the odds 
ratios associated with the main effects in the interaction model (3.189 and 3.238) 
are those for each covariate, where the value of the other covariate is zero. 

For comparison, the following table provides the odds ratios using the no- 
interaction model 

xl: HiChol 

In this case the odds ratios for one covariate are constant for the values of the 
other covariate. Also, the effects of the covariates are multiplicative or exponentially 
additive where OR(l,l):(o,o) = e z l D l + + a D a  = (2.501 x 2.801) = 7.007. Thus the 
test of the interaction effect can be viewed as a test of the difference between the 
odds ratios in the (1,l) cell, or between the 7.007 under the no-interaction model 
versus the 7.527 under the interaction model. 

Example 7.11 
Table 4.4 presents a SAS program for the analysis of the Ulcer Clinical Trial data 
of Example 4.1 stratified by the ulcer type. The following statements when added 
to this program would fit a logistic regression model that includes a treatment by 
stratum interaction: 

Ulcer Clinical Trial: Stratum by Group Interaction 
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data three; set two; 
z2=0; if k=2 then z2=1; iz2=i*z2; 
z3=0; if k=3 then 23=1; 123=1*23 
proc logistic descending; 
model j = i 22 23 iz2 iz3 / rl; 
weight f ; 
test iz2=iz3=0; 
run; 

The covariates 22 and 23 represent the effects of stratum 2 and 3, respectively, 
versus the reference stratum 1, and iz2 and iz3 represent the treatment group by 
covariate interaction. The fitted model is of the form 

A A - A 

log(0,) = + iP1 f zzP2 + z3P3 + (izz)B12 + (iZ3)Bn (7.84) 

= -0.3001 - i(0.1854) + .~2(O.O77) - ~3(0.2595) 
+ (i.~2)(1.5072) + (i~3)(1.1869), 

where P2 and P3 are equivalent to the 72  and 7 3  of Section 7.1.4. 
In this model, all covariates are binary so that e’ = 0.7407 is the estimated odds 

of healing within the category of the population with all covariates equal to 0, or 
for the control group of stratum 1. Then, es+p^i = 0.6154 is the odds of healing 
in the drug-treated group within the first stratum. Their ratio is the estimate of the 
odds ratio for the drug vs. placebo within this stratum, o^R1 = 0.831. Likewise, 
the odds within each group within each stratum, and the odds ratio within each 
stratum, are obtained from the fitted model as 

Placebo Drug Drug:Placebo 
Stratum 22 z3 Odds (i=O) Odds ( i = I )  Odds Ratio 

1 0 0  0.74 1 0.615 0.831 * (7.85) 
2 1 0  0.800 3.000 3.750 
3 0 1  0.571 1.556 2.722 

These model-based estimates of the treatment group odds ratios within each 
stratum are identical to those within each stratum as shown in Table 4.1. Converting 
these odds back to the corresponding proportions yields the observed proportions 
within each cell of the data structure. Such models are called saturated because 
they provide an exact fit to the observed data and no other parameters can be added 
to the model without the addition of more covariates to the data structure. 

Clearly, if the two interaction terms equal zero, then the model reduces to the 
stratified-adjusted model of Section 7.1.4 that provides an estimate of the common 
odds ratio for treatment group within each stratum. Thus a test of no-interaction on 
2 df provides a test of homogeneity comparable to those described in Sections 4.6.1 
and 4.6.2. A Wald test of Ho: P12 = @13 = 0 is provided by the test option in 
PROC LOGISTIC. The resulting test yields X2 = 4.5803 with p 5 0.1013, which 
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is equivalent to the value of the Cochran test of homogeneity presented in Example 
4.10. 

Alternatively, the likelihood ratio test can be computed as the difference in the 
model X2 tests for the interaction versus no-interaction model to yield X2 = 
11.226 - 6.587 = 4.639 with p 5 0.0983 on 2 df. This test can also be obtained 
from PROC GENMOD using a model with class effects for group and stratum and 
with the type3 option. 

7.4.2 

Similar considerations apply to the interpretation of a model with covariate effects 
between a qualitative and a quantitative covariate, or between two quantitative 
covariates. These cases are illustrated in the following examples. 

Example 7.12 
A model fit to the DCCT nephropathy data of Example 7.4 with interactions between 
treatment and duration of diabetes, and also between the HbA1, and level of systolic 
blood pressure, yields the following 

Interactions with a Quantitative Covariate 

DCCT Nephropathy: Treatment by Duration Interaction 

Effect P S  

X I  : Intensive Treatment 
X2: HbA1, 
Xs:  Years Duration of DM 
X,: Systolic Blood Pressure 
X5: Female 

X I  X3: Groupx Duration 
X z  X ,  : HbA1, x SBP 

-2.4410 0.087 
3.7478 42.428 

0.2752 1.317 

0.0772 1.080 

-0.0103 0.990 

-0.9505 0.387 

-0.0272 0.973 

0.0697 
0.0 182 

0.0297 
0.0386 
0.5636 
0.043 1 

0.8997 (7.86) 

Note that the model does not include an interaction with gender so that the female 
effect can be interpreted as a true main effect. The other covariates each involve 
an interaction and thus the combined effect of each covariate is contained in part 
in the main effect and in part in the interaction term. 

The treatment group by duration interaction is not statistically significant. Never- 
theless, it is instructive to describe the interpretation of such an interaction between 
a qualitative and a quantitative covariate. Here, one must consider a specific value 
(or values) of the quantitative covariate. For example, consider the odds of microal- 
buminuria in each treatment group for subjects with nine and 10 years duration of 
diabetes: 

Group Duraton 6, 
1 (Intensive) 9 CeEl +g(b+P^L3) = C( 0.06213) 

(7.87) 0 (Conv.) 9 CegES = C(0.91147) ' 
1 (Intensive) 10 Ceb1+10(33++P^i3) = C(0.05984) 
0 (Conv.) 10 Ce 1 oE3 = C(0.90213) 
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where the constant C = exp(z& + 2 4 p 4  + Q,& + 5224j-24) for any fixed values 
of the other covariates. This yields odds ratios for intensive versus conventional 
therapy for those with nine years duration of O^Rl,c~~=a = (0.06213/0.91147) = 

0.0682 = exp(P1 + 9P13); and for those with 10 years duration of = I : ~ ) D = ~ O  = 

0.0663 = exp(Dl+ lo&). Likewise, within the intensive therapy group, the odds 
ratio associated with one year longer duration, such as 10 versus nine years, is 
O ^ R D + ~ ~ I  = (0.05984/0.06213) = 0.963 = exp(& + ,813); and in the conven- 
tional group O R ~ + l i c  = exp(P3) = 0.990 as shown above. 

Similar calculations for other values of duration would allow the inspection of 
the odds ratio for intensive versus conventional therapy over a range of values of 
duration. Such computations are described in the next example. 

Note that neither interaction involves the covariates in the other interaction. 
Thus the effects of covariates XI - X4 each involve only one other covariate. If 
a covariate is involved in multiple interactions, then the effect of that covariate 
depends on the values of all other covariates included in any of these interactions. 
This complicates the interpretation of the results, but using simple generalizations 
of the above, it is possible to describe the effects of each covariate as a function of 
the values of the other covariates in higher dimensions. 

Example 7.13 
In the above model, the Wald test for the interaction between HbA1, and systolic 
blood pressure is statistically significant at the 0.05 level. This indicates that the 
effect of one variable depends explicitly on the value of the other. Since the bio- 
logical hypothesis is that blood sugar levels, as represented by the HbAI, are the 
underlying causal mechanism, it is more relevant to examine the effect of HbA1, 
over a range of values of blood pressure than vice versa. For a given value of 
systolic blood pressure (say 5’) then the odds ratio associated with a one unit (%) 
increase in HbAl, (H) is provided by 

h - 

A 

DCCT Nephropafhy: HbA1, By Blood Pressure interaction 

(7.88) 

This function can be plotted over a range of values of blood pressure (X,) as 
shown in Figure 7.1. For each value of blood pressure (24) the 95% asymmetric 
confidence limits for this odds ratio can be computed from those based on the linear 
combination of the estimates where 

The variances and covariances (not shown) can be obtained from the COVB option 
in PROC LOGISTIC. 

As the level of baseline blood pressure increases, the odds ratio associated with 
a unit increase in the HbAl, decreases. For a moderately low blood pressure, such 
as 110 mm Hg, the odds ratio for a unit increase in HbA1, is 2.13; for an average 
blood pressure of about 116, the HbA1, odds ratio is 1.81, close to that in the 
no-interaction model in Table 7.6; and for a moderately high blood pressure, such 
as 120 mm Hg, the HbA1, odds ratio is 1.62. 
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Fig. 7.1 Odds ratio per unit higher value of HbA1, (%) as a function of the level of systolic 
blood pressure in mmlHg. 
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7.5 MEASURES OF T H E  STRENGTH OF ASSOCIATION 

There are three central objectives in the analysis of data. The first is to describe 
the nature of the association among the independent variables or covariates and 
the dependent variabLe. In a logistic regression model this is expressed by the 
coefficient estimates p or the corresponding odds ratios and their confidence limits. 
The second is to assess the statistical significance of the association by conducting 
a test of a relevant hypothesis concerning the values of the coefficients, such as 
the test of the model null hypothesis Ho: p = 0. The third is to describe the 
strength of the association using some measure of the fraction of variation in the 
dependent variable that is explained by the covariates through the estimated model 
relationship. 

7.5.1 Squared Error Loss 

Section A.8.2 of the Appendix describes the use of the squared error loss function 
to quantify the fraction of squared error loss explained, & . In a logistic regression 
model, where yi is an indicator variable for the response (D) versus not (D), this 
is expressed as a measure of the explained variation in risk, $2 = pOisk (Kom and 
Simon, 1991). Unconditionally, with no covariate effects, or under the null model, 
E(y,) = P ( D )  = T and V (y) = F(1 - T) .  Alternatively, the logistic regression 
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model specifies that the probability of the response conditional on covariates is 
1 

(yi I zj) = P ( D  I z i )  = xi (z,) = ~ i ,  where ~i = [1+ eFrie]- . Then 

1 
V [E (yle)] = E ( ~ i  - 7f)2 2 xi (iii - %)2 , (7.90) 

where % = m l / N .  Therefore, the estimated explained risk with squared error loss 
from (A. 183) is 

When the logistic regression model fits perfectly, then iii  = 1.0 for all subjects 
where yi = 1 (or for whom the response occurred), and iii = 0 for all subjects 
where yi = 0. In this case it is readily shown that gisk = 1.0. Conversely, when 
the model explains none of the variation in risk, then n̂ i = 7f for all subjects, 
irrespective of the covariate values and zisk = 0; see Problem 7.14. 

As described in Section A.8.2 of the Appendix, the fraction of squared error loss 
explained by the model is also estimated by the fraction of residual variation. In 
logistic regression it is readily shown that Ra2,resid = above. 

7.5.2 Entropy Loss 

Although squared error loss pervades statistical practice, other loss functions have 
special meaning in some situations. The entropy loss in logistic regression and the 
analysis of categorical data is one such instance, as described by Efron (1978). 

Consider a discrete random variable Y with probability mass function P(y), 
0 5 P (y) 5 1 for y E S, the sample space of Y .  The certainty or uncertainty with 
which one can predict an individual observation depends on the higher moments 
of P ( y )  or the degree of dispersion in the data. One measure of this predictive 
uncertainty or dispersion is the entropy of the distribution of Y (Shannon, 1948) 
defined as 

(7.92) 

For example, assume that the sample space consists of the set of K integers 
y E S = (1,. . . , K )  with equal probability P(y) = 1/K for y E S. Then the 
entropy for this distribution is 

K 
H ( Y )  = - c. a=1 (i) 1% (i) = -log (k) = log (K) . (7.93) 

In fact, this is the maximum possible entropy H (Y) for a discrete random variable 
with K categories. Thus for this distribution there is the least possible certainty 
with which one can predict any single observation drawn at random compared to 
any other member of the family of K-element discrete distributions. 
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Conversely, if the sample space consists of a single integer, say y = b where 
P(y  = b) = 1 and P(y) = 0 for y # b, then the entropy for this point mass 
distribution is H (Y) = 1 log (1) = 0. This is the minimum entropy possible for 
any distribution, discrete or continuous. 

Now consider a Bernoulli random variable such as the indicator variable for the 
response in a logistic regression model. Here Y is an indicator variable with sample 
space S = (0 , l )  and where E(Y) = P(Y = 1) = T .  Then the entropy for this 
distribution is 

1 
H ( Y )  = - c,=, [ynlogn + (1 - Y) (1 - T )  log (1 - 41 (7.94) 

= - [.lOg(T) + (1 - T )  log(1- T ) ]  

= -wag Ip(Y)l) .  

This suggests that an entropy loss function can be defined for any one random 
observation as 

LE (y,.^) = - [ylog(?) + (1 - 3) log (1 - %)] (7.95) 

for any prediction function for the Bernoulli probability of that observation based 
on covariates such that C = P(D I z) (see Problem 7.14.3). Then for a population 
of observations, each with a predicted or estimated probability ?i = P(D I z,), the 
expected loss is the entropy for the corresponding Bernoulli probabilities 

D ~ ( ~ ) = E [ L = ~ ( ~ ~ , C ~ ) ] = - [ ~ ~ l o g ( ~ ~ ) + ( l - ~ i ) l o g ( l - ~ i ) ]  = H(ylni) .  
(7.96) 

Now under the null model with no covariates, all observations are identically 
distributed as Bernoulli with probability F, and the expected entropy is 

DEO = E[LE(Y,T)] = -[?ilOg(f) + ( I  -T)lOg(l -T ) ]  = H(ylF) .  (7.97) 

Thus the expected fraction of entropy loss explained, p g ,  is obtained by substituting 
these quantities into (A.173). 

This fraction of entropy explained can then be estimated as 

(7.98) 

using the sample estimate of the entropy loss based on the estimated logistic function 
with covariates 

and that unconditionally without covariates 

(7.99) 
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Therefore, 

+ xi [?i log (?i)  + (1 - ?i) log (1 - ? i ) ]  p ; = 1 -  
?log (?) + (1 - ?) log (1 - 5) 

(7.101) 

Alternately, the fraction of explained entropy loss can be estimated from the 
fraction of residual variation explained in terms of the entropy loss function, which 
from (A.192) is 

- C ~ L E  ( Y i , ? )  - c , c E  ( Y i Y g i )  

R i , r e s i d  - 
x i  C E  ( Y i ,  $) 

In Problem 7.14 it is then shown that these estimates are identical pE = Rg,Tesid 
based on the fact that the score equation for the intercept U ( 8 ) ,  implies that xi yi = xi  iii = NT, and that for each coefficient U ( e ) ,  implies that xi y i x i j  = 
C i i i i x i j r  j = 1 , .  . . , p .  

The latter expression for Rg,Tesid is especially meaningful in logistic regres- 
sion since the two expressions in (7.102) refer to logistic regression log likelihood 
functions, such that 

where X i R  is the model likelihood ratio chi-square test value on p df. 
The latter quantity RZ has a natural interpretation as the fraction of -2 log L ex- 

plained by the covariates in a logistic regression model. However, the interpretation 
as a fraction of entropy loss explained by the model is applicable only to regression 
models with a Bernoulli response, such as the logistic regression model. Never- 
theless, the concept of explained log likelihood has become widely used in other 
regression models, such as Poisson regression, since the null model -2 log L (&) 
for any model is analogous to the unconditional SS(Y) .  Further, as shown in 
Section A.8.3 of the Appendix, any model based on a likelihood with distribution 
f (ylz) implies a loss function equal to - log[ f ( y l x ) ]  that then yields a fraction of 
explained loss equal to RZ. 

Another measure of explained variation described in Section A.8.4 of the Ap- 
pendix is Madalla's RtR,  which is also a hnction of the model likelihood ratio 
statistic. However, this measure differs from the entropy Rg. From (7.103), stated 
more generally in terms of a null model with 8 = 80, then 

(7.104) 

# = 1 - exp[-X&/N] . (7.105) 
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Also, Nagelkerke (1991) shows that the likelihood ratio explained variation R i R  < 
1 for models based on discrete probability distributions, such as the binomial or 
Bernoulli in logistic regression, where max(R&) = 1 - L ( f 9 0 ) ~ ” .  Thus he 
suggested that the RiR be rescaled so as to achieve a value of 1.0 when R i R  is at 
its maximum. Thus the maximum rescaled R i R  is computed as 

r i 2 / N  

(7.1 06) 

These R i R  measures are generated using the RSQUARE option in PROC LO- 
GISTIC. However, the program does not compute the other R2 measures based on 

Example 7.14 DCCT Nephropathy Data 
To evaluate R i s k  = Rfl,resid for the model presented in Table 7.6, it is nec- 
essary that the estimated probabilities for all observations be output into a sep- 
arate data set and that the numerator sum of squares be calculated, such as us- 
ing PROC UNIVARIATE. By definition, from the score estimating equation for 
the intercept, Ci?i = 42 = rnl which is the number of responses, so that 
% = 42/172 = 0.244186. From the computed estimated probabilities of all obser- 

vations, Ci (?i - %)2 = 6.662041. Therefore, 

squared error loss, %isk = RgzSresid, or on the entropy, p E  ’?? -R2 - E,reaid. 

= 0.20987 
6.662041 - 

Ral , res id  - (172) (0.244186) (1 - 0.244186) 

For these data, -2 log L (6)  = -2 log L (00 )  = 191.215 and the model likeli- 
hood ratio chi-square test is XER = 35.879. Thus the explained entropy loss or 
negative log likelihood is R i  = 35.879/191.215 = 0.18764. Similarly, Madalla’s 
likelihood ratio based measure is R i R  = 1 - exp (-35.879/172] = 0.18828. This 
is the value of RSquare computed using the RSQUARE option as shown in Table 
7.6. The program also presents the Max-rescaled RSquare = 0.2806. The latter is 
inflated relative to the other measures and has no obvious interpretation in terms of 
a loss function. The Ra2,rerid and Ri are clearly preferable. 

7.6 CONDITIONAL LOGISTIC REGRESSION MODEL 
FOR MATCHED STUDIES 

7.6.1 Conditional Logistic Model 

Section 6.6.2 introduces the conditional logit model for the analysis of the 2x2  
table from a prospective sample of matched pairs of exposed and non-exposed indi- 
viduals. Section 6.6.5 also shows that this model can be applied to the analysis of 
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a retrospective sample of matched pairs of cases and controls. Those developments 
apply to the special case of 1:l or pair matching with a single binary covariate 
(exposure or case group). 

Breslow (1 982) describes the general conditional logistic regression model to 
assess the effects of covariates on the odds of the response in studies that involve 
matched sets of multiple exposed and non-exposed individuals in a prospective 
study, or multiple cases and controls in a retrospective study. This model allows for 
a vector of covariates for each subject, and also for each pair. See the discussion 
of pair and member stratification in Section 5.7.1. The model is described herein 
in terms of a prospective study, but may also be applied to a retrospective study. 

Consider the case of N matched sets of size ni for the ith set, i = 1,. . . , N 
The j t h  member of the ith set has covariate vector xij = (q j l  . . . x i j p )  for 
i = 1,. . , , N ;  j = 1,. . . , ni. For each member one or more of these covariates 
describe the exposure status of that member, either qualitatively such as exposed 
versus not, or quantitatively such as the dose and the duration of exposure. The other 
covariates may then represent pair characteristics that are shared by all members 
of the matched set, or characteristics that are unique to each member of each set. 
See the discussion of pair and member stratification in Section 5.7. Then for the 
ijth member let yij be an indicator variable representing whether the member 
experienced or developed the positive response of interest (D : y i j  = 1) or not 
(B : yi j  = 0). We then adopt a logistic model which specifies that the probability 
of the response 7rij for the ijth member is a logistic function of the covariates 
x i j .  The model allows each matched set to have a unique risk of the response 
represented by a set-specific intercept ai, and then assumes that the covariates have 
a common effect on the odds of the response over all matched sets represented by 
the coefficient vector p = (PI . . . ,f3p)T. Thus the model is of the form 

T 

and 

(7.107) 

(7.108) 

Now consider two members from any matched set (the ith), one with covariate 
vector z, the other 20. Then the odds ratio for these two members is 

Thus the odds ratio for two members of any other set with covariate values differing 
by the amount z - zo is assumed to be constant for all matched sets regardless of 
the value of ai. 

Within the ith set the ni members are conditionally independent. Thus the 
unconditional likelihood in terms of the parameters a = (a1 . . . a ~ ) ~  and /3 is 



298 LOGISTIC REGRESSION MODELS 

of the form 

which yields the log likelihood 

where mli denotes the number of members with a positive response (yij = 1) 
and m2i those without (yij = 0) in the ith matched set. As was the case with 
a single covariate to represent exposed versus not as in Section 6.6, to obtain an 
estimate of the covariate vector p requires that we also solve for the N nuisance 
parameters {a i } .  However, this can be avoided by conditioning on the number of 
positive responses mli within the ith matched set that is the sufficient statistic for 
the nuisance parameter cti for that set. 

To do so, it is convenient to order the members in the ith set such that the 
first mli subjects are those with a response. Now, the conditional probability of 
interest for the ith matched set is the probability of mli responses with covariates 
z1 . . . Omli and m2i non-responses with covariates z(ml,+l) . , .  zni given mli 

responses out of n, members, or 

P [{ (mli ; 0 1  . * * zrnl;) n (m2i ; z(rn1;+1) * * zn i ) }  1 mli, ni] (7.112) 

Thus the conditional likelihood for the ith matched set is 

The denominator is the sum over all possible combinations of mli of the ni subjects 
with the response and m2i subjects without. Within the lth combination j(C) then 
refers to the original index of the member in the j th  position. 

Substituting the logistic function for ni (zij) it is readily shown that 

(7.114) 
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Therefore, for the sample of N matched sets, the conditional likelihood is 

L ( ~ ) ( P )  = ni L i f m l , , n .  (7.1 15) 

and the log likelihood is 

where 

(7.116) 

(:;J C ea: (c )P  = s:p - log [ e=i ] 
where si = ~~~~ xij for the ith set and S i ( e )  = c;&l xij(e) for the l th 
combination of r n l i  subjects within that set. The resulting score vector is V(p) = 
[V(p)p, . . . U(p>p, lT,  where the equation for the kth element of the coefficient 
vector is 

where Sik  and s , ( e ) k  denote the kth  element of si and s i ( e ) ,  respectively, and Ce 
denotes &$a'. The expected information matrix I(p) then has diagonal elements 
(1 I k S p )  

and off-diagonal elements (1 5 k < u 5 p )  

(7.1 20) 

Note that since the coefficient estimates are derived from a conditional like- 
lihood, with no intercept, then this model describes the relative odds as a function 
of the covariates (zij) not the absolute probabilities or risks { r i ( Z i j ) } .  To model 
the absolute risks, we would have to use the full unconditional likelihood (7.11 I), 
in which we must also estimate the nuisance parameters (a1 . . . aN). 
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7.6.2 Special Case: 1:l Matching 

For the special case of matched pairs or 1: 1 matching then ni = 2, and mli = 0, 1,or 
2; where mli is equivalent to the ancillary statistic Si employed in Section 6.6 that 
describes the simple conditional logit model for the matched 2 x 2 table. As was the 
case in Section 6.6, it is readily shown that only the discordant pairs contribute to the 
likelihood. If we adopt the convention that the first member of each discordant pair 
is that with the response (yil = 1, D) and the second is that without (yi2 = 0, B), 
then it is readily shown that the conditional likelihood reduces to 

e("*l-aiz)'P 
= JJ"" 

i=l 1 + e(5*1-=*z)'P ' 

where n d  is the number of discordant pairs, n d  = M = f + g in (6.90) in the 
model for a simple matched 2 x 2  table. 

The latter expression is equivalent to the log likelihood of an ordinary logistic 
model for n d  observations, all of which have a positive response, with no intercept 
in the model and with covariate values Z i  = zil - zi2 for the ith pair. Therefore, 
PROC LOGISTIC can be used in this case using a data set with n d  observations, 
each with the dependent variable coded as a response (yi = 1) and with covariate 
vector z,. Then a model is fit with no intercept. 

7.6.3 Matched Retrospective Study 

Now consider a matched retrospective case-control study with N matched sets 
consisting of ni members of whom r n l i  are cases (yij = 1) and m2i are controls 
(yij = 0). Each member of each set then has an associated covariate vector zij, 
some elements of which may represent prior exposure variables. As described by 
Breslow, Day, Halvorsen, Prentice and Sabai (1978), we then wish to model the 
posterior (retrospective) probabilities for cases and controls 

described in Section 6.6.5. We again apply a conditioning argument to the ith 
matched set to assess the conditional probability as in (7.112) of mli covariate 
vectors zil . . . z iml i  among rnli cases and rn2i covariate vectors zi(mli+l) . . . =in, 

among m2i controls given mli cases among the matched set of ni subjects. For 
the ith matched set this yields the conditional likelihood 
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However, as was the case for a single 2 x 2  table in Section 6.6.5, each of the 
retrospective probabilities +,j then can be expressed as a function of the prospective 
probabilities xij .  Substituting into (7.123) it is readily shown that 

- 
Lilmli,ni = Lilml;,ni (7.124) 

as presented in (7.1 13) and (7.1 14). Therefore, the conditional logistic regression 
model can be applied to a matched retrospective study to describe the effects of 
covariates on the prospective odds of the disease, or of being a case. 

7.6.4 Fitting the General Conditional Logistic Regression Model: 
The Conditional PH Model 

Before the conditional logistic regression model was developed, Seigel and Green- 
house (1973) showed that the ordinary logistic regression model for unmatched data 
could be applied, approximately, to a matched study to obtain an estimate of the 
odds ratio. They showed that the unmatched model provides an estimate of p that 
is biased, if anything, toward 0. However, the variances of the estimates obtained 
from the ordinary model in this case are incorrect. Therefore, PROC LOGISTIC 
should not be used to analyze matched data, except in the special case of matched 
pairs with 1:l matching described above. Rather, a program for fitting the discrete 
proportional hazards model for tied event times described in Section 9.4.6.2, such 
as PROC PHREG in SAS, can be used to fit the conditional logistic model. 

In survival analysis (see Chapter 9), the dependent variable for the j t h  subject is 
the time t j  at which either an event is observed to occur (an event time) or at which 
the subject was last observed and was still event free (a right censoring time). The 
distinction between an event versus censoring time is provided by an event indicator 
6, = I(event at t j )  = 1 if an event, 0 if censored for the j t h  subject. 

Now, consider a set of N intervals of time. During the ith interval assume that 
ni subjects are followed (at risk) of whom mli subjects experience the outcome 
event and mZi subjects survive the interval event-free. Then conditioning on mli 
events and mzi non-events during the ith interval, the conditional likelihood is as 
shown in (9.104) of Chapter 9. Thus the conditional logistic model for matched sets 
has a likelihood function that is of identical form to that of a stratified conditional 
logistic PH model with ties. Therefore, the model can be fit to matched sets using 
PROC PHREG with the DISCRETE option and with each matched set being a 
unique stratum. 

Example 7.15 Low Birth Weight 
Hosmer and Lemeshow (1989) present data from a study of factors associated with 
the risk of giving buth to a low-weight infant. Table 7.8 presents a subset of the 
data (presented with permission). These data are also presented in the SAS (1997) 
manual and on-line documentation that describes the use of the program PROC 
PHREG to fit the conditional logistic model for matched sets. 

Sets of pregnant women were matched according to the year of age, the set sizes 
ranging from 3 to 18 women. The risk factors considered (in addition to age) were 
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Table 7.8 SAS Program for Conditional Logistic Regression Analysis of Low Birth Weight 
Data Using PROC PHREG 

data one; 

cards ; 
input matchset casen controln l w t  smoke ht  u i  case time; 

1 1  0 130 0 0 0 1 1  
I 0  1 I10 0 0 0 0 2 
I 0  2 112 0 0 0 0 2 
1 0  3 135 I 0  0 0 2 
I 0  4 135 1 0  0 0 2 
I 0  5 170 0 0 0 0 2 
1 0 6  9 5 0 0 0 0 2  
2 1 0  130 1 0  1 1  I 
2 2 0 I10 1 0  0 I 1  
2 3 0 120 I 0  0 1 1  
2 4 0 120 0 0 0 1 I 
2 5 0 142 0 I 0  I I 
2 0 1 1 0 3  0 0 0 0 2 
2 0 2 122 1 0  0 0 2 
2 0 3 113 0 0 0 0 2 
2 0 4 113 0 0 0 0 2 
2 0 5 119 0 0 0 0 2 
2 0 6 119 0 0 0 0 2 
2 0 7 120 1 0  0 0 2 
. . .  
. . .  
. . .  

17 I 0  105 1 0  0 I 1  
1 7 0 1  1 2 1 0 0 0 0 2  
17 0 2 132 0 0 0 0 2 
17 0 3 134 I 0  0 0 2 
17 0 4 170 0 0 0 0 2 
17 0 5 186 0 0 0 0 2 

8 

proc sort ;  by matchset time; 
proc phreg; 

model time*case(O) = l w t  smoke ht u i  / t i e s  = discrete; 
strata matchset; 

run; 
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the mother’s weight (in lb) at her last menstrual period (Iwt), an indicator variable 
for whether or not the mother smoked (smoke, l=yes, O-no), whether she had 
hypertension (ht, l=yes, O=no), and whether there was evidence of uterine irritation 
(ui, l=yes, 0-0). 

The data in Table 7.8 are organized by matched sets indicated by the variable 
matchset, each set comprising all women with the same age (16 years for matchset 
1, 17 for matchset 2, etc.). This includes the number of each case and control 
(casen and controh) within each matched set, the covariate values, the indicator 
variable for the low birth weight response (case, l=yes, O=no), and a variable time 
(= 2 - case) that equals 1 if a case, 2 if control. This data set is available from 
the www (see Preface). The complete data set, not arranged by matched set, is 
available from the above references. 

Table 7.9 then presents the results of the conditional logistic regression analysis 
of these data, extraneous material deleted. There are 17 matched sets with a total 
of 174 mothers of whom 54 (69%) gave birth to a low birth-weight infant. These 
were age matched to 120 controls who gave birth to a normal birth-weight infant. 
The conditional logistic model yields a model likelihood ratio test of 17.961 on 4 df 
with p 5 0.0013. The parameter estimates equal the estimated log odds ratio and 
the risk ratio is the estimated odds ratio. Although this is a matched case-control 
study, these risk factors are estimates of the prospective odds ratio. Women who 
smoked and who had hypertension had significantly (p I 0.05) increased odds of 
having a low-birth-weight infant. Women with uterine irritation had an estimated 
2.4-fold increased odds, but this was not statistically significant. The odds of a 
low-birth-weight infant decreased by 1.5% per lb higher maternal body weight. 
When expressed in terms of a 10 lb increase in body weight, there is an estimated 
odds ratio of 0.86 or a 14% risk reduction. Alternately, when expressed in terms 
of a 10 Ib decrease, there is an estimated OR = 1.162 or a 16.2% increase in risk. 

7.6.5 Robust Inference 

For thpl case of 1:l matching, where the ordinary logistic regression model can 
be used to fit the conditional logistic regression model, the information sandwich 
may be used as the basis for robust inferences as described for the unconditional 
logistic regression model. In the more general case where the proportional hazards 
regression model must be used to fit the conditional logistic model, the information 
sandwich for the Cox model can be employed, as described by Lin and Wei (1989) 
and Lin (1994). These computations are also provided by the SAS PROC PHREG, 
as described in Section 9.4.9. 

7.6.6 Explained Variation 

For the unconditional logistic regression model, based on the expression for the log- 
likelihood in (7.11 1) it follows that the fraction of explained log likelihood equals the 
fraction of explained entropy, or R i  = R:. However, in the conditional logistic 
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Table 7.9 Conditional Logistic Regression Analysis of Low Birth Weight Data Using PROC 
PHREG 

The PHREG Procedure 
Summary of the Number of Event and Censored Values 

Percent 
Stratum MATCHSET Total Event Censored Censored 

1 1  7 1 6 85-71 
2 2  12 5 7 58.33 
3 3  10 2 8 80.00 
4 4  16 3 13 81.25 
5 5  18 8 10 55.56 
6 6  12 5 7 58.33 
7 7  13 2 11 84.62 
8 8  13 5 8 61-54 
9 9  13 5 8 61.54 
10 10 15 6 9 60.00 
11 11 8 4 4 50.00 
12 12 3 2 I 33.33 
13 13 9 2 7 77.78 
14 14 7 1 6 85.71 
15 15 7 I 6 85.71 
16 16 5 1 4 80.00 
17 17 6 1 5 83.33 

Tot a1 174 54 120 68.97 

................................................................ 

Testing Global Null Hypothesis: BETA=O 

Criterion Covariates Covariates Model Chi-square 
Without With 

-2 LOG L 159.069 141.108 17.961 with 4 DF (p=0.0013) 
Score 17.315 with 4 DF (p=0.0017) 
Wald 15.558 with 4 DF (p=0.0037) 

Analysis of Maximum Likelihood Estimates 

Parameter Standard Wald Pr > Risk 
Variable DF Estimate Error Chi-square Chi-square Ratio 
LWT I -0.014985 0.00706 4.50021 0.0339 0.985 
SMOKE 1 0.808047 0.36797 4.82216 0.0281 2.244 
HT 1 1.751430 0.73932 5.61199 0.0178 5.763 
UI I 0.883410 0.48032 3.38266 0.0659 2.419 
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model, based on the expression for the log-likelihood in (7.1 16), the fraction of 
explained log-likelihood, Ri, though still valid, does not have a direct interpretation 
as a fraction of explained entropy loss, except in the case of 1:l matching. Also, 
since the conditional logistic model likelihood equals that of the Cox proportional 
hazards model, measures of explained variation for the PH model may also be 
applied to the conditional logistic model. In a simulation study, Schemper (1992) 
showed that Madalla’s likelihood ratio measure RiR (see Section 9.4.8) provides 
a simple approximation to more precise measures of explained variation for the PH 
model. In the conditional logistic model stratified by matched set, this measure is 
computed as 

(7.125) 

where the sample size in this expression is actually the sum total number of mem- 
bers. 

In the above example, the fraction of explained log likelihood is 

Rq = 17.961/159.069 = 0.129; 

whereas Madalla’s RiR = 1 - exp [-] = 0.098. 

(7.126) 

7.7 PROBLEMS 

7.1 
Show that: 

Consider a logistic regression model with two covariates and 0 = (a / ? z ) ~ .  

7.1.1. The likelihood is as expressed in (7.4); 
7.1.2. logL(0) is as expressed in (7.5); 

7.1.4. U(0)p l  = xi s i j (y i  - ri) for j = 1,2; 
7.1.5. The observed information matrix i(0) with elements in (7.11)-(7. IS) 

7.2 Use a logistic regression model to conduct an adjusted analysis over strata 
for the stratified 2x2  tables in Chapter 4. Compare the logistic model estimated 
MLEs of the odds ratios, their asymmetric confidence limits, the likelihood ratio and 
Wald tests to the results obtained previously using the MVLE and Mantel-Haenszel 
procedures for: 

7.2.1. The Ulcer Clinical Trial data presented in Example 4.1 and with results 
shown in Example 7.3; 
7.2.2. The Religion and Mortality data of Example 4.6; 
7.2.3. The Pre-eclampsia data of Example 4.24; 
7.2.4. The Smoking and Byssinosis data of Problem 4.9. 

7.1.3. up), = ml - ci Ti; 

7.3 Thisted (1988, p.194) presents the results of a study conducted to assess the 
influence of the route of administration (Xz: l=local, O=general) of the anesthetic 



306 LOGISTIC REGRESSION MODELS 

Table 7.10 Allergic Reactions in Lumbar Surgery as a Function of Route of Administration 
and Gender 

Category # Allergic Reactions # Surgeries (Intercept, Route, Gender) 
j aj (1, zlj, ~ j )  

1 76 20,959 (11 0,O) 
2 132 12,937 (11 01 1) 
3 15 6,826 (1911 0) 
4 29 4,191 (11 1 1  1) 

chymopapain and gender (X2: l=female, O=male) on the risk of an anaphylactic 
allergic reaction during lumbar disc surgery. From a sample of N = 44,913 surgical 
procedures, the data in each category of the covariates are presented in Table 7.10 
(reproduced with permission). 

7.3.1. Conduct a logistic regression analysis of the influence of route of admin- 
istration on the odds of a reaction with no adjustment. 

7.3.2. Then conduct a logistic regression analysis that is also adjusted for gender. 
Include the COVB option in this analysis. 

7.3.3. Fit an additional model that includes an interaction between route of 
administration and gender. The Wald or likelihood ratio test of the interaction effect 
is equivalent to the hypothesis of homogeneity among strata described in Section 
4.6. 

7.3.4. From the model in Problem 7.3.2, based on the estimated coefficients and 
the estimated covariance matrix of the estimates, compute the estimated probability 
of an allergic reaction and its 95% confidence limits from (7.18) for each of the 
following sub-populations: 

1. Female with local anesthesia; 
2. Male with local anesthesia; 
3. Female with general anesthesia; 
4. Male with general anesthesia. 
Note that these probabilities may also be obtained from PROC LOGISTIC using 

the ppred option. 

7.4 Use the GLM construction for binomial models described in Section 7.1.5 
and the expressions (7.29)-(7.31) based on the chain rule. Then, for a two-covariate 
model as in Problem 7.1, derive the likelihood, log likelihood, the score estimating 
equations, the elements of the Hessian, and the observed and expected information 
matrices for: 

7.4.1. An exponential risk model using the log link: log(ni) = CK + ~ $ 3 ;  
7.4.2. A compound exponential risk model using the complimentary log-log link: 

log [- lOg(7ri)J = CK + x p ;  
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7.4.3. A probit regression model using the inverse probit link: @(ni) = a+@, 
where a(.) is the cumulative normal distribution function, the inverse function for 
which is the probit, or 

7.4.4. Use PROC GENMOD to conduct an analysis of the data from Problem 
4.9 using each of the above links. 

7.5 Consider a model of the form log(y) = a + log(z)/3 where the coefficient 
equals the change in log(Y) per unit change in log(X). 

7.5.1. Show that a c-fold difference in X, such as z1 = czo is associated with 
a @-fold change in Y. Thus the percent change in Y per c-fold change in X is 
100(c@ - I) for c > 0. 

7.5.2. Suppose that a model fit  using covariate log(X) yields 8 = -2.1413 
with S.E.(P) = 0.9618. Show that this implies that there is a 25.3% increase in 
the odds per 10% reduction in X, with 95% C.I. (2.74, 52.8%). 

7.6 Consider a regression model with two binary covariates (XI ,  X2) and a struc- 
tural relationship as expressed in (7.46) for some smooth link function g(.) with 
independent errors having mean zero. Then for the bivariate model we assume 
that E(y )z1,z2)  = g-'(a + z1/31 + z2/32). For simplicity we assume that X1 
and X2 are statistically independent and that X2 has probabilities P(z2 = 1) = 4 
and P(s2 = 0) = 1 - 4. Now consider the values of the coefficients when X2 is 
dropped from the model to yield E(y(z1) = g-'(6+z1J1). Note that this notation 
is simpler than that used in Section 7.2.2. 

= @-'(a + ~$3) .  

7.6.1. Show that the coefficients in the reduced model can be obtained as 

E(y lz1)  =g-1(z++161;) = Ez, [E(Ylzl'z2)l (7.127) 

= (1 - ~ ) g - ' ( a + z 1 / 3 1 ) + 4 ~ - ' ( ~ + ~ 1 / 3 1  +/32). 

7.6.2. Let g(.) be the identity function. Show that 6 = a + 4/32 and 61 = /31. 

7.6.3. Let g(.) be the log function, g-l(.) = exp(.). Show that 6 = cu+log(l- 

7.6.4. Let g(.) be the logit finction and g-l(.) the inverse logit. Show that 
4 + 4ePZ) and 61 = PI. 

T O  z = log- 
l - T o  ' 

and that 

T1 - I 

p1 =log- --a, 
1 - T I  

(7.128) 

(7.129) 

where 61, in general, does not equal pl. Note that ea / ( l  + e") = (1 + e-a)-' 
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7.6.5. Assume a logit model with a = 0.2, ,431 = 0.5 and &, 1.0, where 
q3 = 0.4. If XZ is dropped from the model, show that i5 = 0.5637 and ,431 = 0.4777. 

7.6.6. Let g( * )  be the complimentary log-log function with the inverse link func- 
tion g-l(.) = exp[-exp(.)]. Show that 

(7.1 30) 6 = log[- log(xo)], 

and that 

j 1  = log(- log(no)] - 6, (7.131) 

where P I ,  in general, does not equal ,431. 

7.7 For the logistic regression model, show that under Ho: p = 0 ,  
7.7.1. U [6, p]L=O is as presented in (7.58); 
7.7.2. I (6, /3),p=o is as presented in (7.60); 
7.7.3. The efficient score test for HO is as presented in (7.61). 
7.7.4. Verify the computation of the score vector in Example 7.6 under Ho, the 

corresponding information matrix and the score test value. 

7.8 Now consider the log-risk model with a log link as in Problem 7.4.1. Gen- 
eralizing the results of Problem 6.4, for a model with p covariates 2, intercept cr 
and coefficient vector p, derive the expression for the model score test under Ho: 

7.9 Direct Adjustment (Gastwirth and Greenhouse, 1995): In model-based direct 
adjustment, the model obtained from one sample is applied to a different sample 
of subjects. For example, a logistic model might be obtained from a sample of M 
males and then applied to a sample of N females to determine whether the number 
of responses among females differs from what would be expected if the male risk 
hnction also applied to females. In the sample of females, the observed number 
of responses is 0 = xzl yi. Then the expected number of responses is estimated 
as E = ELl Z,, where Z, is provided by the model derived from the sample of 
males. Since the model coefficients are obtained from an independent sample, then 

p = 0.  

A 

which requires V (.̂i). Now do the following: 
7.9.1. Show that V ( 0 )  = xi A i ( l  - xi), where Ti = E(Yi). 
7.9.2. Under the hypothesis that the male model also applies to females, show 

that the male model provides an estimate of V ( 0 )  as 

(7.133) 
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7.9.3. Then show that 

(7.134) 

7.9.4. The estimated probabilities are based on the linear predictor for the ith 
subject, ?j, = S@ = a + C;=, xijpj in the notation of (7.16). Use the &method 
to show that 

= (1 - q2 @&. 
7.9.5. Assume that a new anesthetic drug has been developed and that a new 

study is conducted that shows the following numbers of allergic reactions with local 
and general anesthesia among males and females in the same format as presented 
for the drug chymopapain in Table 7.10: 

Stratum # Allergic Reactions # Surgeries (Intercept, Route, Gender) 
j aj nj ( 1 7  x1jr x2j) 

1 53 18,497 (LO, 0) 
2 a5 11,286 (1,0,1)  
3 19 7,404 (1, L O >  
4 34 5,369 (1,1,1> 

Apply the logistic regression model obtained from the study of chymopapain ob- 
tained in Problem 7.3, with its estimated covariance matrix, to these data obtained 
for the new anesthetic drug. Estimate 0 - E and its variance under the null hy- 
pothesis that the risk of allergic reactions with chymopapain also applies to the new 
agent. Compute a Wald test of this hypothesis. 

7.10 Use the DCCT nephropathy data of Table 7.5 that can be obtained from the 
www (see Preface). 

7.10.1. Verify the computation of the matrices ?(G) and g ~ ( 6 )  presented in 
Example 7.8, the robust confidence limits and Walt tests for each of the model 
parameters. 

7.10.2. Verify the computation of the matrices  GO), and Z R ( & )  and the 
computation of the robust efficient score test of the model. 

7.11 Consider the determination of sample size and power for a logistic regression 
model using the study design in Problem 4.11. Although the odds ratios may differ 
among strata, we desire the sample size for a stratified-adjusted analysis with an 
overall treatment group odds ratio. Assume that all tests are conducted at the 0.05 
level. 

7.11.1. Determine the corresponding logistic regression model parameters by 
generating a large data set with cell frequencies proportional to the projected sam- 
ple fractions, and with numbers of positive responses proportional to the response 
probabilities within each cell. 
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7.11.2. Then compute the covariance matrix Cl of the Bernoulli variables and 
~ ( 5 )  as in (7.73). 

7.11.3. Now, consider a Wald test of the adjusted group effect on 1 df based 
on a contrast vector C = (0 o o I ) ~ .  Compute the non-centrality factor K2 as in 
(7.75). 

7.11.4. Determine the sample size required to provide 90% power for this 1 df 
Wald test. 

7.11.5. Likewise, consider the Wald model test on 3 df of the null hypothesis 
Ho: p = 0. Here the matrix C is a 4 x 3  matrix of rank 3 where C = (0 0 0 // 1 
0 0 // 0 1 0 // 0 0 1) and "//" denotes concatenation of row vectors. Compute the 
non-centrality factor K2 as in (7.75). 

7.11.6. Determine the sample size required to provide 90% power for this 3 df 
Wald model test. 

7.11.7. Suppose that a sample size of N = 220 is proposed. What level of 
power does this provide for the 1 df test of treatment group? 

7.11.8. What level of power does this provide for the 3 df model test? 

7.12 Consider the case-control study of ischemic heart disease that is presented in 
Example 7.5. The effect of hypertension, adjusting for smoking and hyperlipidemia, 
is an odds ratio of 1.386 that is not statistically significant at the 0.05 level based 
on the Wald test (i.e., on the 95% confidence intervals). 

7.12.1. Treating the sample frequencies within each cell as fixed, and treating 
the intercept and coefficients for smoking and hyperlipidemia as fixed (equal to the 
estimates shown in the example), what level of power was there to detect an odds 
ratio for hypertension versus not of 1.5 in the 1 df Wald test? 

7.12.2. What sample size would be required to provide 90% power to detect an 
odds ratio for hypertension of 2.0? 

7.13 Consider models with an interaction between two covariates as in Section 
7.4. 

7.13.1. From the interaction model in (7.84) for the ulcer clinical trial data in 
Example 4.1, compute the odds and odds ratios for the cells of the table in (7.85) 
for drug versus placebo within each stratum. 

7.13.2. Fit a similar stratum by group interaction model to: 
1. The Religion and Mortality data of Example 4.6; 
2. The Pre-eclampsia data of Example 4.24; 
3. The Smoking and Byssinosis data of Problem 4.9; 
4. The allergic reactions data of Table 7.10, treating route of administration as 

the exposure factor and gender as the stratification factor. 
7.13.3. For each, compute the odds and odds ratios for the principal exposure 

or treatment group versus not within each stratum. 
7.13.4. For each, compute the Wald and likelihood ratio tests of homogeneity 

among strata. 
7.13.5. Using the DCCT interaction model presented in Example 7.12, compute 

the odds ratio for intensive versus conventional treatment over the range 3-14 years 
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duration of diabetes that corresponds approximately to the 5th to 95th percentiles 
of the distribution of duration. Display the estimates in a figure such as Figure 7.1. 

7.13.6. For this model, also compute the odds ratio per unit increase in blood 
pressure over the range of HbA,, values of 7-12 %, also corresponding approxi- 
mately to the 5th to 95th percentiles. Display the estimates in a figure. 

7.13.7. Consider a model with two covariates ( X 1 , X z )  where X I  = log(2) 
and there is an interaction between XI and Xz. Show that the odds ratio per c-fold 
change in 2 given the value of X2 is obtained as 

(7.136) 

7.13.8. Using the DCCT data, fit an interaction model as in Example 7.12 using 

7.13.9. Conduct a 2 df test of the effect of HbAI,. 
7.13.10. Compute the odds ratio per 10% reduction in HbAI,, and its 95% 

confidence limits, over the range of blood pressure values and display the estimates 
in a figure. 

7.14 For a logistic model, using expressions for the measures of explained vari- 
ation, do the following: 

7.14.1. Show that the model fits perfectly when Ziyi + (1 - % i ) (  1 - yi) = 1 for 
all a = 1,. . . , N .  In this case, since if = m l / N ,  also show that z i s k  = 1. 

7.14.2. Conversely, show that the model explains none of the variation in risk 
when i i i  = if for all subjects, irrespective of the covariate values, and that in this 
case 3 i s k  = 0. 

7.14.3. Noting that xi yi = xi  Z i ,  show that the following equality applies: 

X2 = log(HbAl,). 

A 

- 

7.14.4. From (A.193), show that the fraction of explained residual variation with 
squared error loss in a logistic regression model is 

(7.1 37) 

where c i  = ?i and jj = F. 
7.14.5. Noting that % = xi &/I?, show that Raesid = 2 i s k  in (7.91) 
7.14.6. Show that R$,,,,id in (7.102) equals & in (7.101). 
7.14.7. Show that R$,resid in (7.102) equals R; in (7.103). 
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7.14.8. For a single 2 x 2 table with a single binary covariate for treatment group, 
based on Problem 6.2.13, show that the entropy R2 equals 

(7.138) 

7.14.9. Among the many measures of association in a 2 x 2 table, Goodman and 
Kruskal (1972) suggested the uncertainty coeficient that is based on the ability to 
predict column membership (the response) from knowledge of the row membership 
(the exposure group). For the 2 x 2  table, this coefficient can be expressed as 

(7.139) 

where the {n i j } ,  {n i } ,  and { m j }  are the cell frequencies, row (group) totals and 
column (response) totals, respectively. Show that Rg = U(C(R). 
7.15 Collett (1991) presents the data given in Table 7.11 (reproduced with per- 
mission) from a study of factors associated with local metastases to the lymph 
nodes (nodal involvement) in subjects with prostate cancer, indicated by the vari- 
able nodulinv (=1 if yes, 0 if no). The risk factors considered are age at diagnosis 
(age), the level of acid phosphatase in serum in King-Armstrong units (acid) that 
is a measure of the degree of tissue damage, positive versus negative signs of nodal 
involvement on x-ray (xray=l if positive, 0 if not), size of the tumor based on rectal 
examination (size=l if large, 0 if not), and the histologic grade of severity of the 
lesion based on a tissue biopsy (grude=l if serious, 0 if not). The variable acid 
is log transformed (Zacd). This data set is also included in the SAS (1995) text 
on logistic regression and is available from the www (see Preface). Conduct the 
following analyses of these data: 

7.15.1. Use PROC FREQ of nodulinv*(xray size grade) to obtain an unadjusted 
estimate of the odds ratio and the associated logit confidence limits associated with 
each of the binary covariates. 

7.15.2. Conduct a logistic regression analysis of the odds of nodal involvement 
using PROC LOGISTIC with age Iacd xruy size grade as covariates. Interpret all 
coefficients in terms of the associated odds ratio with their asymmetric confidence 
limits. 

7.15.3. For age, also compute A log (odds) per five years lower age and the 
associated confidence limits. 

7.15.4. Since lacd is log(acid), describe the effect of acid phosphatase on the 
risk of nodal involvement in terms of the % change in odds per 10% larger acid 
phosphatase, with the associated 95% confidence limits (see Problem 7.5.1). 

7.15.5. Compare the unadjusted and adjusted odds ratio for xray size and grade. 
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Table 7.11 SAS Program to Input Prostate Cancer Data from Collett (1991) 

data prostate; input  case age acid xray size grade nodalinv (OQ; 
lacd=log (acid)  ; 
dat a l i n e s  ; 
1 6 6  . 4 8 0 0 0 0  2 68 . 5 6 0 0 0 0  3 66 . 5 0 0 0 0 0  
4 56 . 5 2 0 0 0 0  5 58 . 5 0 0 0 0 0  6 60 . 4 9 0 0 0 0  
7 65 . 4 6 1 0 0 0  8 60 . 6 2 1 0 0 0  9 50 . 5 6 0 0 1 1  
I0 49 .55 I 0  0 0 11 61 .62 0 0 0 0 12 58 .71 0 0 0 0 
13 51 .65 0 0 0 0 14 67 .67 1 0  I I 15 67 .47 0 0 1 0  
16 51 .49 0 0 0 0 17 56 .50 0 0 I 0  18 60 .78 0 0 0 0 
I9 52 .83 0 0 0 0 20 56 .98 0 0 0 0 21 67 .52 0 0 0 0 
22 63 .75 0 0 0 0 23 59 .99 0 0 I 1 24 64 1.87 0 0 0 0 
25 61 1.36 I 0 0 I 26 56 .82 0 0 0 I 27 64 -40 0 1 1 0 
28 61 .50 0 1 0  0 29 64 .50 0 I 1 0  30 63 .40 0 I 0  0 
31 52 .55 0 1 I 0  32 66 .59 0 1 1 0  33 58 .48 I 1 0  1 
34 57 .51 1 1 1 1 35 65 .49 0 1 0 1 36 65 .48 0 1 I 0 
37 59 .63 1 1 1 0  38 61 1.02 0 1 0  0 39 53 .76 0 1 0  0 
40 67 .95 0 1 0  0 41 53 -66 0 I 1 0 42 65 .84 1 I I 1 
43 50 .81 I 1 1 1 44 60 .76 I 1 1 1 45 45 .70 0 I 1 1 
46 56 .78 1 1 I 1 47 46 .70 0 1 0 I 48 67 .67 0 I 0  1 
49 63 .82 0 1 0 1 50 57 -67 0 1 1 I 51 51 .72 I I 0  1 
52 64 .89 1 1 0 1 53 68 1.26 I I 1 1 

7.15.6. Conduct a logistic regression analysis using PROC GENMOD to com- 
pute likelihood ratio tests for each covariate in the model. Compare these to the 
Wald tests. 

7.15.7. Compute Rgeaid, Rg, and RiR for these data. To obtain the corrected 
sum of squares of the predicted probabilities, use the following statements after the 
PROC LOGISTIC model statement: 

output out=two pred=pred; 
proc un iva r i a t e  data=two; var pred; 

7.15.8. Use PROC GENMOD to compute the robust information sandwich es- 
timator of the covariance matrix of the estimates and the associated robust 95% 
confidence limits and the robust Wald tests for each covariate (see Section 8.4.2). 
Compare these to those obtained under the assumed model. 

7.15.9. Write a program to verify the computation of the robust information 
sandwich estimate of the covariance matrix of the estimates. 

7.15.10. Write a program to evaluate the score vector U(&) under the model 
null hypothesis Ho: f? = 0, and to also compute the robust information sandwich 
estimate of the covariance matrix under this null hypothesis. Use these to compute 
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the robust model score test that equals X2 = 15.151 on 5 df with p I 0.0098. 
Compare this to the likelihood ratio and score tests obtained under the model. 

7.15.11. Fit a model with pairwise interactions between age and lacd, and be- 
tween size and grade. Even though the interaction between age and lacd is not 
significant at the 0.05 level, provide an interpretation of both interaction effects as 
follows. 

1. Compute the odds ratio for serious versus not grade of cancer as a function 
of the size category of the tumor. Compute the variance of each log odds ratio and 
then the asymmetric 95% confidence limits for each odds ratio. 

2. Compute the odds ratio for large versus not size of the tumor as a f ic t ion 
of the grade category or the tumor. Compute the variance of each log odds ratio 
and then the asymmetric 95% confidence limits for each odds ratio. 

3. Compute the odds ratio associated with a 10% higher level of the acid 
phosphatase as a function of the age of the patient, using at least ages 50, 55, 60 
and 65, and for each compute the 95% asymmetric confidence limits. 

4. Compute the odds ratio associated with a 5 year higher age as a function of 
the level of log acid phosphatase, using at least the values of acid phosphatase of 
0.5,0.65, 0.8 and 1 .O, and for each compute the 95% asymmetric confidence limits. 

7.15.12. Now fit a model with interactions between lacd and grade, and between 
size and grade. 

1. Compute the odds ratio for serious versus not grade of cancer as a function 
of the size category of the tumor and the level of log acid phosphatase, using at 
least the above specified values. 

2. Compute the variance of each log odds ratio and then the asymmetric 95% 
confidence limits for each odds ratio. 

3. Use a model with the test option to compute a multiple degree of freedom 
test of the overall effect of lacd, grade and size. 

7.16 Consider the logistic regression model for matched sets in Section 7.5. 
7.16.1. Derive the likelihood L ( a ,  p) in (7.1 10). 
7.16.2. Then conditioning on the mli responses with respective covariate values 

as in (7.112), derive the conditional logistic likelihood for matched sets in (7.113). 
7.16.3. Show that the likelihood reduces to (7.114). 
7.16.4. Derive the expression for the score equation for /?k presented in (7.11 8). 
7.16.5. Derive the expressions for the elements of the information matrix pre- 

sented in (7.119) and (7.120). 
7.16.6. For the special case of 1:l matching, show that the conditional likelihood 

reduces to (7.121). 

7.17 For the matched retrospective study described in Section 7.6.3, show that 
the retrospective conditional likelihood in (7.123) equals the prospective conditional 
likelihood in (7.113). 

7.18 Breslow and Day (1980) present data from a matched case-control study 
with four controls per case from a study of the risk of endometrial cancer among 
women who resided in a retirement community in Los Angeles (Mack et al., 1976). 
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These data are available from the www (see Preface) and are used with permission. 
Each of the 63 cases was matched to four controls within one year of age of the 
case, who had the same marital status, and who entered the community at about 
the same time. The variables in the data set are: 

caseset: the matched set number. 

case: 1 if case, 0 if control, in sets of 5 (1+4). 

age: in years (a matching variable). 

g b h :  history of gallbladder disease (I=yes, O=no). 

hypert: history of hypertension, (I=yes, 0-0). 

obese: (I=yes, 0-0, 9=unknown). Breslow and Day combine the no and un- 
known categories in their analyses. 

estrogen: history of estrogen use, (l=yes, O=no). 

dose: dose of conjugated estrogen use: O=none, 1 = 0.3; 2 = (0.301-0.624); 3 = 

dur: duration of conjugated estrogen use in months, values >96 are truncated at 

0.625; 4 = (0.626-1.249); 5 = 1.25; 6 = (1.26-2.50); 9 = unknown. 

96, 99=unknown. 

nonest: history of use of non-estrogen drug use (l=yes, O=no). 

Note that conjugated estrogen use is a subset of all estrogen use. Also the 
variables for dose and duration are defined only for conjugated estrogen use. Thus, 
for some analyses below an additional variable conjest must be defined as 0 for 
dose = 0, I otherwise. Those subjects with an unknown dose are assumed to have 
used conjugated estrogens. 

Also, in the Breslow and Day (1 980) analyses of these data, the dose categories 
3-6 were combined, and those with unknown dose treated as missing. This yields 
a variable with four categories - none (0), low ( I ) ,  middle (2) and high (3). 

From these data, perform the following analyses: In each case, state the model 
and describe the interpretation of the regression coeficients. 

7.18.1. Fit the conditional logistic model using PROC PHREG to assess the 
effect of estrogen use on the odds of having cancer with no other covariates (unad- 
justed) and then adjusted for other covariates (gbdx, hyper?, obese, nonest). 

7.18.2. Assess the effect of the dose of conjugated estrogen on risk unadjusted 
and then adjusted for the other four covariates. Do so using the four groupings of 
dose described above (none, low, middle high). Since this is a categorical variable, 
use a 3 df test and 3 odds ratios for the low, middle and high dose categories versus 
none. This can be done using three indicator variables. 

7.18.3. Now consider the effect of duration of estrogen use including both con- 
jest and dur in the model because we wish to describe the dose effect only among 
the estrogen users 
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1. Fit the model with both covariates unadjusted and then adjusted for other 
covariates. 

2. To show the effects of both variables simultaneously; explain the covariate 
effects for a nonuser, and then for a user with increasing doses of conjugated 
estrogen use. 

7.18.4. The analyses in Problem 7.18.2 compare each dose level to the non- 
users. Now perform an analysis comparing the high and middle dose to the low 
dose. This can be done with a new class variable where the 0 category is the low 
dose, or using three binary variables for each of the other categories versus the low 
dose (including the nonusers). 

7.18.5. Now select only the first control matched to each case, and set up 
matched pairs. Do the analyses above using only these 1: 1 matched pairs in PROC 
LOGISTIC. This is suggested only to demonstrate use of the technique. 



8 
Analysis of Count Data 

Thus far we have considered only the risk of a single outcome such as a positive 
or negative response, D or B, over an assumed fixed period of exposure for each 
subject. In many settings, however, we are interested in the risk of possibly recurrent 
events during some period of exposure. Although the exposure period may vary 
from subject to subject, the frequency of events is usually summarized as a rate or 
number per year of exposure, or per 100 patient years, and so on. 

Common examples include the rate of seizures per year among subjects with 
epilepsy; the rate of infections per year among school children; the rate of hos- 
pitalizations per year among patients with cardiovascular disease; and the rate of 
episodes of hypoglycemia per year among patients with diabetes, among many. Al- 
though time is the unit of exposure in these examples, it need not always be the 
case. Other examples are the rate of infections per hospitalization, cavities per set 
of teeth, defects or abnormalities per item, and so on. 

This chapter describes methods for the analysis of such data analogous to those 
presented in previous chapters. Since the majority of these applications occur in 
the setting of a prospective study, we omit discussion of methods for the analysis 
of retrospective studies. 

8.1 EVENT RATES AND THE HOMOGENEOUS POISSON MODEL 

8.1.1 Poisson Process 

Count data arises when we observe d j  events during t j  units of exposure (months, 
years, etc.) for the j t h  in a sample of N subjects ( j  = 1, ..., N ) .  Although 
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the actual event times may also be observed, here we focus only on the number 
of events, not their times. We then assume that the sequence of events and the 
aggregate count for each subject is generated by a Poisson process. The Poisson 
process is described in any general reference on stochastic processes such as Cox 
and Miller (1969,  Karlin and Taylor (1979, and Ross (1 983), among many. The 
Poisson process specifies that the underlying risk or rate of events over time is 
characterized by the intensity ~ ( t ) ,  possibly varying in t. The intensity of the 
process is the instantaneous probability of the event among those at risk at time 
t. Now, let N ( t )  denote the counting process, which is the cumulative number of 
events observed over the interval (0,tl. Then one of the features of the Poisson 
process with intensity a(t)  is that probability of any number of events, say d = m, in 
an interval ( t ,  t f s] is given by the Poisson probability 

with rate parameter 

equal to the cumulative intensiv over the interval. This cumulative intensity or 
rate parameter can also be expressed as A(t , t+3)  = X(t,tts)s, where the mean or 
linearized rate is obtained by the mean value theorem as 

Therefore, the probability of events over any interval of time can be obtained from 
the Poisson distribution with rate parameter 0 = A(, , tSs)  = X(t , t+s)s .  

8.1.2 Doubly Homogeneous Poisson Model 

In the most general case, the Poisson process may be time-heterogeneous where the 
intensity a( t )  varies over time, also called a non-homogeneous Poisson process. In 
the simplest case, the intensity of the process may be a fixed constant a (t) = X 
for Vt ,  in which case the process is homogeneous over time. In this homogeneous 
Poisson process the number of events d in an interval of length t is distributed as 
Poisson ( A t ) or 

Herein we also make the additional assumption that this constant intensity applies 
to all subjects in the population, what we call the doubly homogeneous Poisson 
model. Under this model, the likelihood function for a sample of N independent 
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observations is 

given the set of exposure times {tl , ..., t N } ,  that is, conditioning on the exposure 
times as fixed constants. The log likelihood is 

Then the efficient score is 

where d j  and E ( d j  ]A, t j )  are the observed and expected number of events, respec- 
tively. The maximum likelihood estimating equation U (A)  = 0 then implies that 
C j  d j  = Cj A t j  so that the MLE is 

which equals the total number of events (D) divided by the total period of exposure 
(T). This estimator is called the crude rate, the linearized rate estimate or the total 
time on test estimate, the latter term arising in reliability theory. 

This estimator can also be expressed as a weighted mean rate. Let the rate for 
the j t h  subject be denoted as ~j = d j / t j .  Under the constant intensity assumption, 
E ( ~ j )  = X for all subjects. Then it is readily shown that the MLE in (8.8) can 
be expressed as a weighted mean of the r j ,  weighted by the t j  

The variance of the estimate can be easily derived as follows. Under the Poisson 
assumption E ( d j )  = V ( d j )  = At,, the expression for the M L E  then implies that 

(8.10) 

The latter expression shows that the variance of the estimate is X2 divided by the 
expected number of events. Thus for given A, the variance is inversely proportional 
to the total exposure time and also to the total expected number of events. 
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This expression for the variance can also be derived as the inverse of Fisher's 
Information. The observed information is 

and the expected information I (A) = E ( i ( A ) ]  is 

(8.1 1) 

(8.12) 

Thus the total information in the data is proportional to the total expected number 
of events E ( D )  conditional on the { t j } .  Then the variance of the estimate is as 
shown in (8.10) and is consistently estimated as 

Asymptotically, since is the M L E ,  then it follows that 

(x - A) k N kl V (i)] 

(8.13) 

(8.14) 

This result_can also be derived from the central limit theorem conditioning on the 
{ t j }  since A is the weighted mean rate. Although this provides large sample tests of 
significance and confidence limits, since A is positive a more accurate approximation 
is provided by ij = log (x). From the &method it is readily shown that 

1 1 V(; i )=  - v A = ( k ) 2  (^> C j E ( d j )  = E ( D )  (8.15) 

so that the estimated variance is 
confidence limits for the assumed constant intensity. 

(q) = D-'. This then yields asymmetric 

8.1.3 Relative Risks 

Now assume that we have independent samples of n1 and n2 subjects drawn at 
random from two separate populations, such as exposed versus not or treated versus 
control. We then wish to assess the relative risk of events between the two groups, 
including possible multiple or recurrent events. Under a doubly homogeneous Pois- 
son model, this relative risk is described as simply the ratio of the assumed constant 
intensities 

RR = A1/A2 2 Xi/X2 (8.16) 

where Xi = Di/Ti is the estimated rate in the ith group of ni subjects with 
Di = x;Ll d i j  and Ti = xyLl t i j ,  a = 112. Thus we can use log RR as the 

basis for confidence intervals or use 
(-1 

- i 2  for a statistical test. 
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Let qi = log ( X i )  and 6' = log (RR) = ql - qz. Then 

where ;ii = log X i  , i = 1,2.  The variance of the estimate is (- 1 

which is estimated as 

(8.17) 

(8.18) 

(8.19) 

where D, = D1 + D2. This provides large sample confidence limits for 6' and 
asymmetric confidence limits for the relative risk. 

An efficient large sample test of Ho: A1 = X2 = X is then obtained as 

(8.20) 

using an estimate of the variance under the null hypothesis. This null variance is 
defined as 

v (51 - X2lHO) = v (XlIHO) + v (X21HO). (8.21) 

From (8.10) 

A x2 x 
2 I X ~ = A  Ti v (XilHO) = E ( D , )  

= - 

Under HO the MLE of the assumed common rate is 

A =  - - .  - Di +D2 - D. 
Ti + T2 T. 

Therefore, the null variance is estimated as 

The resulting large sample test statistic is 

(8.22) 

(8.23) 

(8.24) 

(8.25) 
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which is asymptotically distributed as standard normal under Ho. In a problem it 
is also shown that this test is the efficient score test for the effect of a single binary 
covariate for treatment group in a Poisson regression model. 

An asymptotically equivalent large sample test can be obtained as a test of Ho: 
8 = log( RR) = 0 using 

ij z =  

where the null variance is estimated as 

(8.26) 

(8.27) 

Using a Taylor’s expansion about X it is readily shown that the two tests are 
asymptotically equivalent. 

Example 8.1 
In the Diabetes Control and Complications Trial (DCCT, see Section 1.3, the major 
potential adverse effect of intensive diabetes therapy with then available technology 
was an episode of hypoglycemia where the blood glucose level falls too low, at 
which point the patient becomes dizzy, disoriented and may pass out. Here we use 
the data from the secondary cohort of 715 patients with more advanced and longer 
duration diabetes. The following is a summary of the overall incidence of severe 
hypoglycemia in the two treatment groups within this cohort: 

Hypoglycemia in the DCCT 

Intensive Conventional 
i = l  i = 2  Total 

ni 363 352 715 
Events (Di) 1723 543 2266 
Exposure time in years (Ti) 2598.5 2480.2 5078.7 
X i  per patient year (PY) 0.663 1 0.2189 0.4462 
X i  per 100 PY 66.3 21.9 44.6 

A 

A 

The crude rates are conveniently expressed as a number per 100 patient years. This 
is sometimes described as the percent of patients per year. Such a description is 
appropriate if there are no recurrent events, such as in survival analysis. Here, 
however, some patients experienced as many as 20 or more episodes of severe 
hypoglycemia in which case it is inappropriate to describe these rates in terms of a 
percent of patients per year. 

= 3.029 and ê  = log(=) = 1.108 
with estimated variance V 8 = & + & = 0.002422 and S.E. (6) = 0.0492. 
This yields asymmetric 95% confidence limits on RR of (2.75, 3.335). Under the 

The ratio of these crude rates yields 

- (-1 



OVER-DISPERSED POISSON MODEL 323 

doubly homogeneous Poisson model, the large sample test of HO yields 
0.6631 - 0.2189 

= 23.689 

which is highly statistically significant. 

8.1.4 

All of the above is based on the doubly homogeneous Poisson assumptions that the 
intensity of the process is constant over time, and that it is the same for all subjects in 
the population. These assumptions may not apply in practice. Violation of the first 
assumption is difficult, if not impossible, to assess with count data when the exact 
times of the events are not recorded. However, when the event times are known, a 
time-varying intensity is easily assessed or allowed for in a multiplicative intensity 
model that is a generalization of the Cox proportional hazards model for recurrent 
event times (see Section 9.6). The second assumption specifies that for given 
exposure time t, the mean number of events in the population is E ( d )  = At and 
that the variance of the number of events also is V (d) = At as is characteristic of the 
Poisson distribution. In any population, violation of either the homogeneous mean 
assumption or of the meaxvariance relationship leads to over- (under-)dispersion 
in the data where V ( d )  > (<) At.  

Cochran (1 954a) suggested that the homogeneous Poisson process assumption 
be tested using a simple chi-square goodness of fit test. Under the assumption of 
a common intensity for all subjects, then E ( d j )  = V ( d j )  = A t j  and the test is 
provided by 

Violations of the Homogeneous Poisson Assumptions 

(8.28) 

which is distributed as chi-square on N - 1 df under the hypothesis of homogeneity. 
An alternate approach is to assess the degree of over- (under-)dispersion in a Poisson 
regression model, as shown in Section 8.4. 

Example 8.2 
Applying the above to each DCCT treatment group, separately, yields chi-square 
values of X2 = 1737.12 in the conventional treatment group on 351 df (p 5 0.001) 
and 3394.22 in the intensive group on 362 d f  (p 5 0.001). In each case there is 
a strong indication that the simple homogeneous Poisson model does not apply. 
These tests can also be obtained from a Poisson regression model as described in 
Example 8.4. 

Hypoglycemia in the DCCT 

8.2 OVER-DISPERSED POISSON MODEL 

One way to allow for this extra variation in risks is to assume that the over dispersion 
arises because of mixtures of subjects with different characteristics that, in turn, 
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determine the intensity or risk of events in thz population. This implies that the 
intensity for a subject is a function of covariate values and that all subjects with a 
given covariate vector x share a common intensity X(z). These relationships can 
then be assessed using a Poisson regression model. 

Another approach is to assume a random-effects over-dispersed Poisson model 
in which we assume that each subject has a unique intensity that is drawn from a 
distribution of intensities. We first consider this over-dispersed model, followed by 
use of the Poisson regression model. 

8.2.1 Two-Stage Random Effects Model 

The doubly homogeneous Poisson model assumes that the mean and variance of the 
number of events for the j t h  subject with exposure t j  is E ( d j l t j )  = V ( d j ( t j )  = 
X t j .  Over- (under-)dispersion arises when these relationships are violated. h this 
case it is more realistic to describe the process in terms of a two-stage random 
effects model, where each subject has a unique intensity X that determines the 
mean and variance for that subject, and where the subject-specific intensities are 
then drawn from some distribution in the population. That is, we assume that 

E (dlX, t )  = V (dlX, t )  = X t  

G (PAId)  

(8.29) 

for some “mixing” distribution GI where E (A) = p~ is now the overall mean 
rate in the population and V (A) = ~7: is the over-dispersion variance component. 
Throughout we also assume that X is independent o f t  and we condition on the 
exposure times { t j }  as fixed quantities. 

Then unconditionally for the j t h  subject, 

E ( d j )  = EAE [dj lXj l  t j ]  = P A t j .  (8.30) 

The rate of events for each subject then provides an estimate of the subject specific 
rate 

X j  = rj = d j / t j  , (8.31) 

where 

(8.32) 

Note that this model is directly analogous to the simple measurement error model 
described in Section 4.10.1. Here the subject-specific number of events is equivalent 
to the subject-specific cholesterol value (dj  = p j ) ,  the subject-specific intensity is 
equivalent to the subject-specific true cholesterol value ( X j  5 V j ) ,  the mean intensity 
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is equivalent to the mean cholesterol (PA E p), and the variance of the intensity 
between subjects is equivalent to the variance of the true cholesterol measurements 
g2 - 2 

Also note that a dispersion variance component value of u: = 0 implies that 
there is no over-dispersion, in which case G is degenerate and X j  = p~ for all 
subjects. In this case the homogenous Poisson model applies. 

Therefore, the objective is to estimate the dispersion variance component u:, and 
if non-zero, to then estimate p~ and V (FA) allowing for over-dispersion. Various 
authors have proposed methods that are based on a parametric specification of the 
mixing distribution G ( p ~ ~  u:), such as the gamma mixing distribution or the log 
normal, among others. Here we take a different approach wherein an estimator of 
the variance component is obtained using distribution-free or robust methods that 
do not require specification of the specific form of the mixing distribution. 

( A =up).  

Consider the weighted mean rate in (8.9). Then 

(8.33) 

and the crude rate 7: provides an unbiased estimate of p~ under the random effects 
model. We now require an estimate of V (F). Unconditionally, for the j t h  subject, 
the variance of d j  can be expressed as 

V ( d j )  = V [E  ( d j I X j t j ) ]  + E [V ( d j ( X j t j ) ]  (8.34) 

= V [ X j t j ]  + E [ X j t j ]  

= t;u; + pAtj , 

which reflects both the variance of the intensities between subjects and the Poisson 
variation within subjects. Thus 

The two-stage model described in Section 4.10 can then be 

(8.35) 

employed to obtain - 
a moment estimator for the dispersion parameter, u:, based on the expected value 
of a sum of squares that involves u:. Since j l ~  = P is a weighted mean of the { r j }  

with weights { t j } ,  consider the weighted SSE. From (8.31) and (8.34), 

(8.36) 

Solving for 6x2 we obtain the moment estimator 

(8.37) 
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Substituting into the expression for V (7) in (8.35), we obtain the estimated variance 
of the estimated mean intensity 

(8.38) 

For confidence intervals it is customary that we use the log scale. Again let 
q = log ( P A )  and i j  = log (?) , where 

V ( T )  P(P)  
P2x P2 * 

V(ij)  = - -- - (8.39) 

Under weak conditions, using the Liapunov Central Limit Theorem (Section A.2.1 
of the Appendix) it can be shown that Cj  d j  is asymptotically normally distributed 
so that asymptotically 

d 
f M N [ P A ,  V (T)] (8.40) 

and 

si = log (3 N [log ( P A )  , V / P ? ]  . (8.41) 

Therefore, asymmetric confidence limits on the mean rate are obtained from the 

symmetric limits on the log mean rate using ;ik ~ 1 - ~ , 2 f i .  

A fixed-point iterative method can then be used to obtain jointly convergent 
estimates of the mean rate and the over-dispersion variance component ci, Let 
the initial values for the iteration be the values of the crude rate j$)) = P from (8.9) 
and the variance estimate Z:(O) from (8.37). Then using the fixed-point method, we 
can alternatively compute updated estimates of the mean and the variance component 
until both converge. The updated estimate of the mean at the ( l  + 1)th iteration 
(! = 0,1,2,. . . ) can be obtained as an inverse variance weighted estimate 

where ?je) = [?(rj)(')]-' and where, from (8.34), 

(8.42) 

(8.43) 

Then the updated estimate of the variance component i3;'"') is obtained upon 
substitution of FY") into the moment estimating equation (8.37). The process 
continues until both the mean and variance estimates converge to constants. 
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8.2.2 Relative Risks 

Again, consider the case of samples of n1 and 122 observations from two popula- 
tions where within each we assume a two-stage model with mixing distributions 
G1 (PA,, C T : ~ )  and Gz (px2, CT:~ ) ,  respectively. We then wish to estimate the rel- 
ative risk, or its logarithm 0 = log(RR) = 71 - 72, where qi = log(pxi) and 
5 = ;il - G2. In this case, we first obtain an estimate of the dispersion variance 
components Z:, and Z:2 separately within each group. These are then employed in 

(8.38) to obtain estimates of the variances v ( V i )  and in (8.39) to obtain estimates 
of the P($), i = 1,2.  The estimated variance of the estimated log(RR) then 

is V 6 = V (q1) + V (5jz), which can be used as the basis for a large sample 

confidence interval calculation. 
Now consider a test of the null hypothesis Ho: pxl = pxz. Ideally we wish to 

construct a test using the variance under this null hypothesis. However, to do so we 
must also allow for the dispersion variance components to differ between groups, 
that is, assuming a:1 # CT:~.  Thus we first estimate from the pooled sample 
with both groups combined. We then estimate aZi separately for the ith group but 
using PA in the moment estimating equation (537). We would then substitute j2, 
and Z:i in (8.38) to obtain an estimate of the V (Pi(H0) separately for each group 
(i = 1,2). Then an asymptotically efficient test of HO is provided by 

(7 

(8.44) (P1 - P2) z= 
Jv (p11Ho) + v (P2lHO) ’ 

which is asymptotically normally distributed. Note that this test is also asymptot- 
ically efficient when there is homogeneity of dispersion parameters (a:, = ai2) 
because the estimates within each group each provide a consistent estimate of the 
common parameter in this case. 

Example 8.3 
Table 8.1 presents a partial listing of the data from the DCCT that also includes 
covariate information (discussed later). For each subject this shows the treatment 
group assignment (grp: i = 1 for intensive, 0 for conventional), the number of 
events (di  = D), the years of exposure or follow-up (ti = T), and the corresponding 
rate of events per year ( ~ i  = rate). The following is a summary of the over-dispersed 
analysis within the two groups: 

Hypoglycemia in the DCCT (continued) 

Intensive Conventional 
i = l  i = 2  

380.309 
s:, 0.7735 1 0.12226 

Cij t?j 183 15.17 19488.77 
V (pi) 0.0024878 0.0004523 

(;ii) 0.0056582 0.0094363 

2 CY:, t i j  (rij - @xi) 2250.64 
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Table 8.1 Episodes of Severe Hypoglycemia for a Subset of Subjects in the DCCT 

GRP D T RATE INSULIN DUR FEM ADU BCV HBAE HXC 

1 5 9.50582 
0 9 9.47296 
1 0 9.45106 
I 6 9.24025 
0 3 9.37714 
0 1 9.37988 
I I 9.43190 
0 0 8.09035 
I 0 7.88775 
1 3 7.76728 
0 1 7.76454 
0 0 7.61944 
I I 7.35113 
0 1 6.99795 
I 0 6.89938 
I 0 6.83094 
0 0 6.47775 
0 0 6.02053 
0 1 6.25873 
0 0 6.17112 
0 0 5.86995 
0 0 5.73854 
1 0 5.56331 
0 0 5.52498 
1 15 5.19918 
1 14 5.31143 
0 I 5.12799 
I 3 5.04860 
0 0 9.62081 
0 8 9.62081 
0 6 9.48665 
127 9.48665 
1 2 2.59274 
0 0 9.39083 
I 17 9.34155 
0 0 9.31964 
1 0 9.29500 
I 2 8.01916 
0 0 7.85763 
etc. 

0.52599 
0.95007 
0.00000 
0.64933 
0.31993 
0.10661 
0.10602 
0.00000 
0.00000 
0.38624 
0.12879 
0.00000 
0.13603 
0.14290 
0.00000 
0.00000 
0.00000 
0.00000 
0.15978 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
2.88507 
2.63582 
0.19501 
0.59422 
0.00000 
0.83153 
0.63247 
2.84610 
0.77138 
0.00000 
1.81983 
0.00000 
0.00000 
0.24940 
0.00000 

0.33557 
0.71197 
0.55487 
0.58361 
0.40984 
0.48409 
0.57143 
0.34783 
0.75472 
1.01587 
0.36111 
0.57143 
0.59829 
0.66598 
0.67747 
0.60102 
0.62208 
1.22172 
0.71778 
0.88183 
0.42159 
0.67518 
0.79498 
0.40040 
0.34169 
0.54701 
0.67935 
0.70661 
0.33635 
0.81505 
1.04405 
I. 53061 
0.41176 
0.51988 
0.76823 
0.46642 
0.72488 
0.45147 
0.48544 

110 0 
I00 1 
119 1 
Ill 0 
99 1 
44 0 
180 0 
60 1 
112 0 
161 0 
157 0 
104 1 
152 1 
56 0 
150 1 
11 0 
72 0 
99 I 
79 1 
136 1 
117 1 
128 1 
129 0 
56 0 
176 0 
149 1 
57 0 
155 1 
50 0 
176 1 
84 1 
66 1 
157 0 
124 I 
71 0 
48 1 
59 0 
121 0 
30 0 

1 0.01 9.74 0 
1 0.04 8.90 0 
1 0.01 9.99 0 
1 0.01 6.94 0 
I 0.01 10.94 0 
I 0.18 9.56 0 
I 0.01 9.67 0 
1 0.04 12.75 0 
1 0.04 8.57 0 
I 0.03 7.14 0 
1 0.06 10.02 0 
I 0.03 6.93 0 
1 0.03 8.80 0 
1 0.03 6.76 0 
I 0.03 7.75 0 
1 0.11 10.99 0 
1 0.03 8.23 0 
0 0.03 12.50 0 
1 0.03 11.74 0 
1 0.03 9.30 0 
1 0.03 8.90 0 
1 0.03 10.40 0 
I 0.03 7.30 0 
I 0.27 8.00 0 
1 0.03 8.60 0 
1 0.03 8.10 0 
1 0.04 7.10 I 
I 0.03 8.50 0 
1 0.20 10.65 0 
I 0.01 7.44 0 
0 0.01 8.96 0 
0 0.01 9.56 0 
1 0.07 9.11 0 
I 0.09 10.23 0 
1 0.12 7.01 0 
I 0.05 12.68 0 
0 0.01 9.35 1 
I 0.03 9.69 0 
1 0.03 8.98 0 
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These yield an estimated variance ? (5) = 0.0056582 + 0.0094363 = 0.015095 

and SE 6' = d- = 0.12286. The resulting asymmetric 95% confidence 

limits on RR are (2.381, 3.853) slightly wider than the homogeneous model con- 
fidence limits presented in Example 8.1. Using this S.E. computed under the 
alternative yields a Wald Z-test of 2 = 1.10814/0.12286 = 9.01954, still highly 
statistically significant. 

= 
0.44618. This can then be used in (8.37) to compute the estimate of the dispersion 
variance component within each group under the null hypothesis of no difference 
in rates between groups, designated as 2;i(o,. When both quantities are employed 
in (8.38) this yields estimates of the variances of the rates within each group under 
the null hypothesis, V(TiJH0) .  The resulting values for the dispersion variance 
components and the variances of the rates are: 

- (-1 

In the combined sample, as shown in Example 8.1, the mean rate is 

Intensive Conventional 
i = l  i = 2  

':i(o) 0.85086 0.14165 

? ( P i ( H 0 )  0.0026276 0.0006016 

Then the test of the difference between groups allowing for over-dispersion is 

= 7.816 , 0.6631 - 0.2189 z =  
J0.0026276 + 0.0006016 

which is again highly significant. 

8.2.3 Stratified-Adjusted Analyses 

As was the case for the analysis of odds ratios and relative risks of single binary 
events, in some cases it is desirable to conduct an analysis that is stratified or ad- 
justed for other patient covariates. Such analyses are readily performed by adapting 
the methods described in Chapter 4 to the analysis of crude rates, either under a 
homogeneous Poisson model, or under an over-dispersed Poisson model with an 
additional parameter (the over-dispersion variance component) estimated separately 
within each group and within each stratum. These methods include the MVLE 
of an assumed common relative risk over strata and its large sample variance, the 
Radhakrishna-ldce asymptotically fully efficient test, the Cochran test of homogene- 
ity of relative risks over stratum and the random-effects stratified-adjusted estimate. 
These developments are left as Problems. 
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8.3 POISSON REGRESSION MODEL 

8.3.1 Homogeneous Poisson Regression Model 

Another mechanism by which over-dispersion may arise in the aggregate sample 
is when the population consists of a mixture of sub-populations characterized by 
different covariate values that, in turn, are associated with different intensities or 
risks. Thus the population consists of a mixture of subjects with different covariate 
values that implies a mixture of some subjects with inherently high risks and some 
subjects with inherently low risks. One way to account for such variation in risks 
is through a Poisson regression model in which the conditional expectation (the 
intensity) is modeled as a function of covariates (Frome, 1983). Since the Poisson 
distribution is a member of the exponential family, the Poisson regression model is 
a member of the family of generalized linear models (GLMs) described in Section 
A.10 of the Appendix. 

Assume that each patient (i = 1, . . . , N) has an underlying risk or intensity that 
is a function of a covariate vector zi = (xi1 . . . sip)T. Because the rate parameter 
X (q) must be positive, it is natural to use a log-linear model with a log link which 
is the canonical link for the Poisson rate parameter. Thus 

log [.A (~ i ) ]  = (a + XilP1 + . - - + l i p & )  = a + z{P= qi (8.45) 

(q) = ,a++ 

with parameters 8 = (a 11 p')', where p = (PI . . . &)'. For the j t h  covariate, 
Pj is the log relative risk per unit change in X j .  Then for the ith patient with di 
events over ti years of exposure, the expected number of events is 

E (dilzi, t i)  = X (xi) ti = exp [a + .$I + log (t i)]  . (8.46) 

Here the log(ti)  is an ofiet so that each patient has an implied intercept 6i = 
a + log ( t i )  given the fixed exposure time ti. 

Then assume that 

di  N Poisson [A (zi) ti] = P(di; X (z,) , t,) (8.47) 

or that E(dilX(zi),ti) = V(diIX(si),ti) = X(zi)ti. Alternately, this is equivalent 
to specifling that di = A (q) ti -k ~ i ,  where the errors are distributed with mean 
zero and variance X(zi)ti independently of ti. Therefore, the likelihood is the 
product of Poisson probabilities of the form 

with log likelihood 

(8.48) 
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T 
The score vector is U ( 0 )  = [U (O) ,  U (0)pl  . . . U (e),p] with elements 

N N 

a = 1  i=l 
u (el, = C ,  [d' - ea'++ti] = c pi - x ( z i )  ti] (8.49) 

and 

N for j = 1,. . . , p .  Therefore, U ( e ) ,  = 

From U (e), it follows that D = Xi di = Ci xiti. Also, for the j t h  covariate, 
given fixed values of the other covariates and a fixed exposure time t, then /3j equals 
the difference in the log intensity (log risk) per unit difference in the value of the 
covariate Xj, and epj equals the log relative intensity (risk) per unit difference. 

It is then readily shown that the observed and expected information matrices 
have elements 

zi [di - X (zi) t i ]  

for 1 5 j < Ic 5 p. Therefore, i 8 I 0 with elements obtained by substitut- 

ing 0 = (C PI . . . &,)T into the above expressions. As for any member of the ex- 
ponential (GLM) family, the elements of the information are weighted sums of the 
model-based conditional variances, such as where I (e),, = Ci x$V(diIzi, ti). 

The estimated information then provides likelihood ratio tests, Wald tests and 
efficient score tests. As a problem we show that the score test for the coefficient 
of a single binary covariate for treatment group equals the simple 2-test in (8.26) 
derived under the homogeneous Poisson model. 

The model is readily fit to a data set using the SAS procedure for generalized 
linear models, PROC GENMOD, as illustrated in the following example. 

Example 8.4 Hypoglycemia in the DCCT (continued) 
We now conduct a Poisson regression analysis of the incidence of episodes of 
severe hypoglycemia in the DCCT adjusting for the other covariates in the data set. 
These include insulin: the baseline daily insulin dose in units per kg body weight; 
duration: the number of months duration of diabetes on entry into the study in the 
range (12-1 80); female: an indicator variable for female (1) versus male (0); adult: 
an indicator variable for adult (1, 2 18 years) versus adolescent on entry; bcval5: 
the level of c-peptide on entry in pico-moles/mL; hbael: the percent glycosylated 
hemoglobin (HbA1, %); and hxcoma: an indicator variable for a history of coma 
and/or seizure prior to entry (I=yes, 0-0). 

h h (-1 = (-1 
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Table 8.2 PROC GENMOD Program for Analysis of the DCCT Data 

da ta  one; s e t  DCCT; 
lnyears  = log(T); 

proc genmod; 
model nevents = 
/ d i s t  = Poisson l i n k  = log  o f f s e t  = lnyears ;  

TITLE1 'Poisson regression models of r i s k  of hypoglycemia'; 
t i t l e 2  ' nu l l  model'; 

proc genmod; c l a s s  group; 
model nevents = group 
/ d i s t  = Poisson l i n k  = log o f f s e t  = lnyears ;  

t i t l e 2  'unadjusted treatment group e f f e c t ' ;  

proc genmod; c l a s s  group; 
model nevents = group insu l in  durat ion female 

/ d i s t  = Poisson l i n k  = log  
adul t  bcval5 hbael hxcoma 

o f f s e t  = lnyears  covb; 
t i t l e 2  'covariate  adjusted treatment group e f f e c t ' ;  

The HbA1, is a measure of the overall level of blood glucose control. The lower 
the level of HbAl,, the greater will be the risk of hypoglycemia that occurs when 
the blood glucose falls below the levels required to maintain consciousness. The 
basal c-peptide is a measure of the residual endogenous insulin secreted by the 
pancreas; the higher the value, the less demand there is for external (exogenous) 
insulin. A small level of endogenous insulin (c-peptide) may be more protective 
against hypoglycemia than virtually no endogenous insulin. The c-peptide level 
diminishes to zero over time. The total insulin dose may reflect past efforts to 
maintain low blood glucose values or may reflect the need for exogenous insulin 
to compensate for deficiencies in endogenous insulin. Patients with multiple prior 
episodes of hypoglycemia were excluded from entry, but a small fraction reported 
a history of one or two prior such episodes. The objective is to explore the effects 
of these covariates on the risk of hypoglycemia and to obtain an assessment of the 
treatment group effect after adjusting for these possible risk factors. 

Table 8.2 presents the program statements using PROC GENMOD to fit a Pois- 
son regression model to these data. Here the variable nevents = d j .  The results 
of the analyses are presented in Tables 8.3-8.6, with some extraneous information 
deleted. 

The first model presented in Table 8.3 is the null or intercept only model. Thjs 
null model yields an estimated intercept of i? = -0.807 = log(0.4462) = log(X) 
where is the overall crude rate computed as in (8.23). Also, the S.E.(s) = 
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Table 8.3 PROC GENMOD Poisson Regression Analysis of the Risk of Hypoglycemia in 
the DCCT The Null Model 

n u l l  model 
The CENMOD Procedure 

C r i t e r i a  For Assessing Goodness O f  F i t  

Cr i t e r ion  DF Value Value/DF 

Deviance 714 4520.8419 6.3317 
Scaled Deviance 714 4520.8419 6.3317 
Pearson Chi-square 714 6457.7296 9.0444 
Scaled Pearson X2 714 6457.7296 9.0444 
Log Likelihood 479.1508 

Analysis O f  Parameter Estimates 

Parameter DF Estimate S td  E r r  ChiSquare Pr>Chi 

INTERCEPT 1 -0.8070 0.0210 1475.8849 0.0001 
SCALE 0 1.0000 0.0000 

NOTE: The s c a l e  parameter was held f ixed .  

1 / a  = 0.0210. The log likelihood value is log[L(cr)] = 479.1508, with 
a corresponding -2log[L(a)] = -958.3. This is not the complete log likeli- 
hood since the computation does not include the negative constant -3371.1 = 
x i  log(di!) (computed separately). This constant would cancel from any likeli- 
hood ratio test computation comparing this model to any other model. For this 
model, the Deviance = 4520.84, which is obtained as the difference between the 
-2log[L(a)] and that of a model that fits the data perfectly (see Section A.10.3 
of the Appendix), where the log likelihood for the latter is log[L(XI,. . . , A,)] = 
2739.57, also ignoring the large negative constant (computed separately). Thus the 
Deviance = -2(479.1508 - 2739.57) = 4520.84. 

Since PROC GENMOD fits the family of G L M s  using quasi-likelihood, it can 
allow for a dispersion or scale parameter, as described in Section A. 10.4. Since no 
over-dispersion parameter is included in the models in this example, then in each 
model the scale parameter is fixed at the value 1.0. However, the Pearson Chi- 
square is X2 = 6457.73 on 714 df. This is the same as Cochran’s variance test 
of the hypothesis of no-overdispersion described in Section 8.1.4. The associated 
P-value is p 5 0.0001 which indicates substantial extra-variation. Nevertheless, 
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Table 8.4 PROC GENMOD Poisson Regression Analysis of the Risk of Hypoglycemia in 
the DCCT Unadjusted Treatment Group Effect 

Unadjusted treatment group e f f e c t  
The GENMOD Procedure 

Criteria For Assessing Goodness O f  F i t  

Cr i te r ion  DF Value Value/DF 

Deviance 713 3928.7828 5.5102 
Scaled Deviance 713 3928.7828 5.5102 
Pearson Chi-square 713 5131.3432 7.1968 
Scaled Pearson X2 713 5131.3432 7.1968 
Log Likelihood 775.1804 

Analysis O f  Parameter Estimates 

Parameter DF Estimate Std E r r  Chisquare P r X h i  

INTERCEPT 1 -1.5190 0.0429 1252.8961 0.0001 
GROUP I n t  1 1.1081 0.0492 507.0072 0.0001 
GROUP Conv 0 0.0000 0.0000 
SCALE 0 I .  0000 0.0000 

NOTE: The sca l e  parameter was held f i x e d .  

models assuming homogeneous Poisson variation are presented here for illustration. 
Models allowing for over-dispersion are presented in Section 8.4 to follow. 

The second model presented in Table 8.4 then includes the effect of treatment 
group alone. Since the model includes_an indicator variable for intensive ver- 
sus conventional therapy, then 6' = log(X,,,,) = log(0.2189) = -1.5190; and 
/3 = log(=) = l ~ g ( ~ ~ , t / ~ ~ ~ ~ , )  = log(3.029) = 1.1081. Also, S.E.(/3) = 

,/-- = 0.0492. All of these quantities equal those obtained from the ho- 
mogeneous Poisson model analysis presented in Example 8.1. The program also 
computes the Wald test for each coefficient, which for the group effect yields a 
chi-square value of 507.0072 that corresponds to a 2-value of 22.517. This model, 
when contrasted to the Deviance of the null model, also yields a likelihood ratio 
chi-square test of 4520.84 - 3928.78 = 592.06, which corresponds to a 2-value 
of 24.33. These values are similar to the 2-value computed earlier in Example 8.1 
under homogeneous Poisson model assumptions. 

The third model presented in Table 8.5 describes the effect of treatment group 
in addition to those of other covariates. The likelihood ratio test for the model is 

- A 
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Table 8.5 PROC GENMOD Poisson Regression Analysis of the Risk of Hypoglycemia in 
the DCCT Adjusted For Other Covariate Effects 

The GENMOD Procedure 

C r i t e r i a  For Assessing Goodness Of F i t  

Cr i t e r ion  DF Value Value/DF 

Deviance 706 3707.7027 5.2517 
Scaled Deviance 706 3707.7027 5.2517 
Pearson Chi-square 706 4792.7878 6.7887 
Scaled Pearson X2 706 4792.7878 6.7887 
Log Likelihood 885.7204 

Analysis Of Parameter Estimates 

Parameter 

INTERCEPT 
GROUP I n t  
GROUP Conv 
INSULIN 
DURATION 
FEMALE 
ADULT 
BCVAL5 
HBAEL 
HXCOMA 
SCALE 

DF Estimate Std E r r  ChiSquare Pr>Chi 

1 
1 
0 
1 
1 
1 
1 
1 
1 
1 
0 

-0.9568 
1.0845 
0.0000 
0.0051 
0.0015 
0.1794 

-0.5980 
-0.5283 
-0.0335 
0.6010 
1.0000 

0.2174 
0.0493 
0.0000 
0.0995 
0.0006 
0.0424 
0.0656 
0.3630 
0.0151 
0.0685 
0.0000 

NOTE: The s c a l e  parameter was held  f ixed .  

19.3765 0.0001 
483.9072 0.0001 

0.0026 0.9593 
6.7882 0.0092 

17.9276 0.0001 
83.1309 0.0001 
2.1175 0.1456 
4.8868 0.0271 

77.0919 0.0001 

2 -  
obtained as the difference in the deviances versus the null model, so that X LR - 
4520.84 - 3707.7027 = 813.14 on 714 - 706 = 8 df, which is highly significant. 
In this model, the adjusted p̂  = log(=) = 1.0845 corresponds to an estimated 

= 2.96 adjusted for other covariates, virtually unchanged from the unadjusted 
analysis. Each of the other covariates, other than the levels of insulin and c-peptide 
(bcvai5) were statistically significantly associated with the risk of hypoglycemia 
(based on Wald tests). 

As described in Section 7.3.4, PROC GENMOD will also compute likelihood 
ratio tests for each of the covariates in the model using the TYPE3 option. Such 
tests could have been computed here as well. 
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Table 8.6 PROC GENMOD Poisson Regression Analysis of the Risk of Hypoglycemia in 
the DCCT Estimated Covariance Matrix in the Adjusted Model 

Estimated Covariance Matrix 

Parameter INTERCEPT GROUP I n t  INSULIN DURATION FEMALE 

INTERCEPT 
GROUP Int 
INSULIN 
DURATION 
FEMALE 
ADULT 
BCVAL5 
HBAEL 
HXCOMA 

0.04725 
-0.001773 
-0.01189 
-0.000051 
-0.000241 
-0.006857 
-0.02945 
-0.002572 
-0.001927 

-0.001773 
0.002431 
0.0000531 
-5.444E-9 
0.0000214 
0.0000547 
0.0004454 
-0.00002 
-0.000127 

-0.01189 
0.0000531 
0.009890 
-8.33E-7 
-0.000107 
0.003462 
0.006824 
0.0001494 
-0.000069 

-0.000051 
-5.444E-9 
-8.33E-7 
3.1565E-7 
-2.21 IE-6 
-6,594E-6 
0.0000956 
2.0192E-6 
2.6715E-6 

ADULT BCVAL5 HBAEL HXCOMA 

-0.006857 
0.0000547 
0.003462 
-6.594E-6 
0.000089 
0.004301 
-0.001021 
0.000 1582 
0.0000196 

-0.02945 
0.0004454 
0.006824 
0.0000956 
-0.000535 
-0.001021 
0.13179 

0.0008153 
0.002335 

-0.002572 
-0.00002 
0.0001494 
2.0192E-6 
-0.000048 
0.0001582 
0.0008153 
0.0002291 
0.0001239 

-0.001927 
-0.000127 
-0.000069 
2.6715E-6 
0.000013 
0.0000196 
0.002335 
0.0001239 
0.004686 

-0.00024 I 
0.0000214 
-0.000107 
-2.211E-6 
0.001795 
0.000089 
-0.000535 
-0.000048 
0.000013 

The covariance of the estimates is also presented in Table 8.6. These allow 
estimation of the variance of the estimated rates for individual subjects with specific 
covariate values. For example,_for the first patient in the listing in Table 8.1, the 
linear predictor is iji = 6 + x# = -0.63870, which yields an estimated rate per 
year of i ( x i )  = exp(-0.6387) = 0.52798. Given the ti = 9.50582 years of 
follow-up, this yields a predicted number of events of x(ei)t, = 5.0189. Using 
the above covariance matrix, the S.E. of the linear predictor is 0.0537, which 
yields 95% confidence limits of (-0.7441, -0.5333). This yields 95% limits on 
the predicted number of events of (4.5169, 5.5766). The linear predictor Fji and its 
S.E. may also be obtained from PROC GENMOD using the statements: 
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%global -disk- ; %let  -disk-=on ; 
%global -pr in t - ;  %let  -print-=off ; 
PROC GENMOD; 
MAKE 'OBSTATS' OUT=PRED ; 
model nevents = group i n s u l i n  dura t ion  female 

adul t  bcval5 hbael hxcoma 
/ d i s t  = poisson l i n k  = log  o f f s e t  = lnyears  covb OBSTATS; 
PROC PRINT DATA=PRED; 

8.3.2 Explained Variation 

Using the developments in Section A.8.1 of the Appendix, the explained fraction 
of squared error loss from a Poisson regression model is readily shown to be 

which equals the fraction of explained residual variation. In this expression, i = i: 
is the crude rate estimate in the combined sample that also equals eG from the null 
model. The derivations are left to a Problem. 

Alternately, the fraction of -log-likelihood explained RZ can be used as de- 
scribed in Section A.8.3 of the Appendix, or Maddala's measure RZR based on the 
likelihood ratio statistic as in Section A.8.4 of the Appendix. 

Example 8.5 
Using the output of the data set PRED, with additional calculations, it is then 
possible to compute the sums of squares in the numerator and denominator of 
(8.52). The resulting value of the R:a,resid = (3139.217/21856.4) = 0.14363. 

Alternately, the Madalla's likelihood ratio measure yields R = R t R  = 1 - 
exp(-813.14/715) = 0.6793, which is clearly substantially different from the 
fraction of squared error loss explained by the model. 

The other possible measure of explained variation is the fraction of explained 
negative log likelihood. As described in Example 8.4, PROC GENMOD only 
computes the log likelihood and the deviance up to an additive constant. Thus it is 
necessary to compute the complete log likelihood using a separate program based 
on the output data set (PRED) described above. The complete log likelihoods are 
log[L(cy)] = -2891.94 and log[L(a,P)] = -2485.37, for which RZ = (2891.94- 
2485.37)/2891.94 = 0.14059, which is rather close to the value of the R92,resid. 

For illustration, the value of the ratio based on the kernel of the log likelihoods 
using the values presented in Tables 8.3 and 8.5, which ignore the constant, is 
(885.7204 - 479.1508)/479.1508 = 0.84852. This is clearly incorrect. 

Alternately, one could use the fraction of the explained deviance as a mea- 
sure of explained variation, in which case the constant is irrelevant because it 

Hypoglycemia in the DCCT (continued) 
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cancels in the computation of the deviance. This yields RL = (4520.8419 - 
3707.7027)/4520.8419 = 0.17986, which is more in line with the value of Ri. 

8.3.3 Applications of Poisson Regression 

The above example illustrates the application of Poisson regression to the analysis of 
subject or unit specific count data. Count data also arises in other contexts such as 
the analysis of rates of events within subpopulations or vital statistics. An example 
is given in Problem 8.6. Another example is presented by Gail (1978). Poisson 
regression has also been applied to the analysis of grouped survival data by Holford 
(1980) and Laird and Oliver (1981). In each instance the data structure consists 
of a count of the number of events associated with a measure of exposure, such as 
population size, within subsets of the population, where each subset is characterized 
by covariate values. The risk (rate) within each sub-population is then expressed 
as a function of the covariate values. 

8.4 OVER-DISPERSED AND ROBUST POISSON REGRESSION 

The ordinary Poisson regression model, and the above analyses of the DCCT, all 
assume that there is no over-dispersion after allowing for covariates. That is, the 
model assumes that the observed number of events for all subjects with a given 
covariate vector 2 and fixed time t, or the conditional distribution dlz, is distributed 
as Poisson with parameter X(z). However, even after adjusting for covariates, the 
conditional distribution of dla: may be over-dispersed. There is a strong suggestion 
that this also applies to the analysis of hypoglycemia in the DCCT. The null model 
Pearson Chi-square value shown in Table 8.3, which is equivalent to the Cochran 
variance test, is X2 = 6457.73 on 714 df with p 5 0.0001 indicating a significant 

degree of extra-variation. Another indication is that the SE p for the effect of 
treatment group in the above covariate-adjusted regression model (0.0493) is still 
too small compared to the variance of the log(=) estimated from the hvo-stage 
over-dispersed Poisson model (0.12286). Here we consider generalizations that 
allow for various kinds of model misspecification such as over-dispersion. 

(-1 

8.4.1 Quasi-Likelihood Over-Dispersed Poisson Regression 

Many methods have been described for fitting over-dispersed Poisson regression 
models. Breslow (1984, 1990) employed the method of moments to estimate the 
over-dispersion variance component that is assumed to be homoscedastic for all 
values of the covariates. He then used quasi-likelihood to estimate the regression 
coefficients. Moore (1986) also discusses this approach. Others adopt a specific 
form for the mixing distribution, such as the Gaussian by Dean and Lawless (1989). 
An alternate approach is to adopt a quasi-likelihood that incorporates a scale or vari- 
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ance inflation dispersion parameter as described in Section A. 10.3 of the Appendix 
that is also implemented in PROC GENMOD. 

The over-dispersed quasi-likelihood Poisson errors regression model adopts the 
simplifying assumption that 

V ( d i l ~ i )  = 4 E ( d i I ~ i , t i )  = 4X(si)ti (8.53) 

for scale parameter # 1, or that the true conditional variance is 4 times the 
expected variance (the mean) under a homogeneous Poisson model. As described 
in Section A.10.3 of the Appendix, both the deviance and the Pearson chi-square 
tests of goodness of fit are asymptotically distributed as chi-square on N - p - 1 df 
when the model assumptions are correct. Thus a simple moment estimator of q5 is 
provided by either 6 = Devianceldf or by q5 = Pearson x 2 / d f .  Since the modes of 
convergence for the deviance and the Pearson statistics differ for some models (see 
McCullagh and Nelder, 1989) it is generally recommended that the Pearson statistic 
be used. When the model assumptions are correct, the 95% tolerance limits of the 
distribution of X 2 / d f  are 1 f 2.77/fl = 1 f 0.104 for the covariate-adjusted 
Poisson regression model in Table 8.5 on 706 d f .  The Pearson X 2 / d f  = 6.7887 
thus indicates some degree of over-dispersion. This provides the basis for specifying 
a starting value for an iterative procedure by which PROC GENMOD obtains an 
estimate of 4. 

PROC GENMOD uses a different parametrization where the scale parameter 
is scale = fi. In the model statement we then use the option “SCAL_E=scaleo 
PSCALE” where scale0 = f i  is the starting vaiue for the solution of 4. There- 
fore, in this example, scale0 = 6%@ = 2.606 is the starting value. The solution 
3 is that value such that the scaled Pearson chi-square for the fitted model equals 

Pearson X21 df 
= 1.0. 

3 
(8.54) 

All of the elements of V p are then multiplied by ;, and all the S.E. p by 

fi. The p̂  themselves are unchanged. 

DSCALE. 

Example 8.6 
Table 8.7 presents the over-dispersed covariate adjusted model using the options in 
the model statement as follows: 

(7 (-) 
The corresponding option to estimate the scale parameter using Deviance/df is 

Hypoglycemia in the DCCT (continued) 

/ d i s t  = Poisson l ink = log o f f s e t  = logyears 
SCALE=2.606 PSCALE; 

The scale parameter is estimated to be fi = 2.6055 as above and the stan- 
dard errors of all the coefficients have been inflated by this amount. Thus the 
S.E.(group) = (2.6055 x 0.0493) = 0.1285, which is comparable to that esti- 
mated from the random effects model (0.1229) without adjustment for covariates. 
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Table 8.7 PROC GENMOD Over-dispersed Poisson Regression Analysis of the DCCT 
Data Using feursoddf 

The GENMOD Procedure 

Criteria For Assessing Goodness O f  F i t  

Cr i t e r ion  DF Value Value/DF 

Deviance 706 3707.7027 5.2517 
Scaled Deviance 706 546.1619 0.7736 
Pearson Chi-square 706 4792.7878 6.7887 
Scaled Pearson X2 706 706.0000 1.0000 
Log Likelihood 130.4707 

Analysis O f  Parameter Est imates  

Parameter 

INTERCEPT 
GROUP I n t  
GROUP Conv 
INSULIN 
DURATION 
FEMALE 
ADULT 
BCVAL5 
HBAEL 
HXCOMA 
SCALE 

DF 

1 
I 
0 
1 
I 
1 
I 
I 
1 
1 
0 

Estimate 

-0.9568 
I. 0845 
0.0000 
0.0051 
0.0015 
0.1794 
-0.5980 
-0.5283 
-0.0335 
0.6010 
2.6055 

Std  Err 

0.5664 
0.1285 
0.0000 
0.2591 
0.0015 
0.1104 
0.1709 
0.9459 
0.0394 
0.1783 
0.0000 

Chisquare P r X h i  

2.8542 0.0911 
71.2818 0.0001 

0.0004 0.9844 
0.9999 0.3173 
2.6408 0.1042 
12.2456 0.0005 
0.3119 0.5765 
0.7198 0.3962 
11.3560 0.0008 

NOTE: The s c a l e  parameter was estimated by t h e  square roo t  of 
Pearson's Chi-Squared/DOF. 

8.4.2 

Essentially, over-dispersion arises when the variance of the random errors is mis- 
specified. Another approach, therefore, is to base inferences on the robust infor- 
mation sandwich estimate of the variance/covariance matrix of the estimates that 
is based on the empirical estimate of the observed information. From the devel 

Robust Inference Using the Information Sandwich 
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opments in Section A.9 of the Appendix, it is readily shown that the empirical 
estimate of the covariance matrix of the Poisson model score vector is the matrix 

(8.55) 

)'I h 

where 2 is the n x ( p  + 1) design matrix and 2, = diag . 
When the scores, and thus the covariance matrix, are estimated under a specified 
null hypothesis, this matrix can be used as the basis for a robust efficient score test 
as described in the Appendix. 

The robust information sandwich estimate of the covariance matrix of the errors 
is obtained as 

di - X(zi)ti [( 

(8.56) 

where from (8.51) I ( 5 )  = X'fX and ? = diag[i(si)ti]. This robust covariance 
matrix could be used as the basis for the computation of Wald tests and confidence 
limits. 

Such computations can be performed using a supplemental SAS PROC IML 
program as described in Section 7.3.5 for a logistic regression model. Alternately, 
computation of the robust information sandwich and associated confidence limits 
and Wald tests, but not the robust score test, can be obtained from PROC GENMOD. 

One feature of PROC GENMOD is the option to conduct an analysis of correlated 
observations using generalized estimating equations (GEE), as described in Section 
A. 10.6 of the Appendix. GEE models employ the information sandwich to estimate 
the covariance matrix of the estimated coefficients when the observations may be 
correlated, such as where repeated measures are obtained on the same subject. This 
is designated by the REPEATED statement. When there is only a single observation 
per subject, as herein, then the REPEATED statement may still be used in which 
case the robust information sandwich above is computed. 

Example 8.7 Hypoglycemia in the DCCT (continued) 
The following SAS statements would be used for the robust analysis of the DCCT 
hypoglycemia data employed earlier in Table 8.2: 

proc genmod; class group patid; 
model nevents = group insulin duration female 
adult bcval5 hbael hxcoma 
/ dist = Poisson link = log offset = logyears; 
repeated subject=patid / type=unstr covb; 

title2 'covariate adjusted treatment group effect'; 

Because there is only one observation per subject, indicated by the class ef- 
fect patid in this case, then basically the type=unstr option specifies that the 
covariance matrix of the scores be estimated empirically. The robust (empirical) 
estimate of the covariance matrix of the coefficient estimates is presented in Table 
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Table 8.8 PROC GENMOD Robust Poisson Regression Analysis of the DCCT Data: Ro- 
bust Information Sandwich Covariance Estimate 

The GENMOD Procedure 

Covariance Matrix (Empirical) 
Covariances are Above t h e  Diagonal and Corre la t ions  are Below 

PRMl PRM2 PRM4 PRM5 PRM6 PRM7 
( in te rcep  group insu l in  durat ion female adul t  

0.32773 
-0.20799 
-0.52964 
-0.32059 
0.07366 

-0.47736 
-0.502 14 
-0.73454 
-0.20426 

-0.01447 
0.01478 

-0.01607 
0.03030 

-0.11785 
0.10353 
0.04150 
0.07888 

-0.01986 

-0.09258 
-0.000606 

0.09303 
-0.10143 
-0.20681 
0.59801 
0.17092 

-0.02292 
0.004646 

-0.000257 
5.1525E-6 
-0.000043 
1.9571E-6 
-0.04332 
-0.23659 
0.47185 
0.19724 
0.23973 

PRM8 PRM9 PRM 10 
bcval5 hbael hxcoma) 

-0.28247 
0.004957 

0.05123 
0.0006486 

0.01235 
-0.007458 

0.96557 
0.32006 
0.23545 

-0.01729 
0.0003942 
-0.000287 
0.0000 113 
-0.000123 
2.1256E-8 

0.01293 
0.001690 

0.10312 

-0.02070 
-0.000427 
0.0002503 
0.0000594 
0.001479 

0.0003409 
0.04096 

0.0007505 
0.03135 

0.005107 
-0.001735 
-0.007640 

-7.34E-6 
0.01467 

-0.18889 
0.10377 

-0.02465 
0.06898 

-0.05755 
0.002650 
0.03841 

-0.00007 
-0.004818 

0.04435 
-0.03604 

2.4554E-6 
0.009142 

8.8, and the robust analysis of the parameter estimates is presented in Table 8.9, 
extraneous information deleted. The coefficient estimates are unchanged from those 
shown previously because the score vectors are identical to those employed in the 
previous models, there being only one observation per subject. The robust infor- 
mation sandwich variance/covariance estimates are similar to those obtained from 
the quasi-likelihood analysis with a single scale or dispersion parameter. 
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Table 8.9 PROC GENMOD Robust Poisson Regression Analysis of the DCCT Data: Ro- 
bust Analysis of Parameter Estimates 

Analysis Of GEE Parameter Estimates 
Empirical Standard Error Estimates 

Empirical 
95% Confidence Limits 

Parameter Estimate Std Err Lower Upper Z Pr>lzl 

INTERCEPT 
GROUP - IntI 
GROUP - Conv 
INSULIN 
DURAT I ON 
FEMALE 
ADULT 
BCVAL5 
HBAEL 
HXCOMA 
Scale 

-0.9568 
I. 0845 
0.0000 
0.0051 
0.0015 
0.1794 
-0.5980 
-0.5283 
-0.0335 
0.6010 
2.5891 

0.5725 -2.0789 
0.1216 0.8463 
0.0000 0.0000 
0.3050 -0.5927 
0.0014 -0.0013 
0.1211 -0.0580 
0.2106 -1.0107 
0.9826 -2.4542 
0.0411 -0.1140 
0.1770 0.2540 

0.1652 
I. 3228 
0.0000 
0.6029 
0.0042 
0.4168 
-0.1852 
1.3976 
0.0471 
0.9480 

-1.671 
8.9216 
0.0000 
0.0166 
I. 0463 
1.4811 
-2.839 
- ,5376 
-. 8139 
3.3947 

0.0946 
0.0000 
0.0000 
0.9867 
0.2954 
0.1386 
0.0045 
0.5908 
0.4157 
0.0007 

NOTE: The scale parameter for GEE estimation was computed as the 
square root of the normalized Pearson’s chi-square. 

8.5 POWER AND SAMPLE SIZE FOR POISSON MODELS 

In Problem 3.5. of Chapter 3 we derived the expressions for the power of the simple 
Z-test of the difference in the crude mean rates between two groups in (8.25). If 
extra-variation is observed or is anticipated, the power function of the test in the 
over-dispersed model is readily obtained given a specification of the over-dispersion 
variance components within each group, see Problem 8.7. 

In the Poisson regression model, the power of the Wald test with one or more 
qualitative covariates is also readily obtained along the lines of that for the Wald 
test in logistic regression, as described in Section 7.3.6. The resulting equations 
are also derived in Problem 8.7. 

The power of a Wald test in an over-dispersed Poisson regression model may 
likewise be obtained using V 8 = 4x0, where 4 is the specified over-dispersion 
parameter and & is the model-based covariance matrix of the estimates. Alter- 
nately, for power computations for a test based on an observed data set, the robust 
estimate of the covariance matrix of the estimates may be used. 

(-) 
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8.6 CONDITIONAL POISSON REGRESSION FOR MATCHED SETS 

As in Chapter 7, now consider the assessment of covariate effects on the intensity 
or rate parameter for individual subjects sampled in matched sets. For example, in a 
prospective study of the number of episodes of some condition (hypoglycemia in di- 
abetes, epileptic seizures, etc.) subjects may be matched with respect to one or more 
covariates. As in Chapter 7 the data consist of N matched sets of size ni for the ith 
set. The j th  member of the ith set has covariate vector x i j  = ( Z i j l  . . . Z i j p ) T  and 
the count variable d i j  designates the number of events experienced during exposure 
time t i j  for i = 1,. . , , N ;  j = 1 , .  . . , ni. The Poisson model then specifies that 
the rate X i j  for the i j th member is a function of the covariates x i j  through the 
link hnction g ( X i j )  = a i  + z i jp .  The model allows each matched set to have 
a unique risk of the outcome represented by a set-specific intercept a i ,  and then 
assumes that the covariates have a common effect on the odds of the outcome over 
all matched sets represented by the coefficient vector p = ( / 3 1  . . . / 3 p ) T .  

The unconditional Poisson regression model with parameters a = (a1 . . . C X N ) ~  

and the vector of coefficients p then is of the form 

(8.57) 

where X ( z i j )  = e x p ( a i  + x i j p ) .  To fit this model, we must solve for the N 
nuisance parameters { a i }  in order to obtain an estimate of the coefficient vector p. 
Again, however, this can be avoided by conditioning on the appropriate sufficient 
statistic within each matched set, which in this case is the total number of events 
within the ith set, Di = C j  d i j .  

Within the ith matched set, the conditional probability of { d i l ,  . . . ,din,} events 
among the ni members with covariates { 21, . . . , z,, }, respectively, is 

P [ { ( d i l , z l ) ,  - 9 ( d i n , , z i n , ) }  I D i ,  n i l  * (8.58) 

It is then readily shown that the conditional likelihood is 

i= l  i=l L 
e= 

(see Problem 8.8). Standard software is not available to fit this model; however, it 
could be fit using the general PROC NLIN. 

For the special case of matched pairs, this conditional likelihood reduces to 

N 

i= l  
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where 

A7 = ( 4 1  - 4 2 )  ( z i l  - 2 i 2 )  p + log (8.61) 

The latter is a logistic regression model with no intercept, covariate vector ( d i l  - 
4 2 )  ( a i l  - zi2) and offset ( 4 1  - 4 2 )  log (till&) ; and where the binary dependent 
variable yi = 1 for all pairs. 

In either case, the score equations and information matrix are readily obtained. 

[ 

8.7 PROBLEMS 

8.1 Consider the doubly homogeneous Poisson process described in Section 8.1.2. 
8.1.1. Show that the crude rate in (8.9) under a doubly homogeneous Poisson 

model can be expressed a weighted least squares (inverse variance weighted) esti- 
mate of the form 

(8.62) 

A 

where 6 = V(rj)-*.  

in (8.10). 

8.2 
described in Section A.8 of the Appendix. 

the observed information is 

-1 A h 

= V(X) 8.1.2. Then show that its estimated variance equals p(F) = [Cj 51 

Now consider the robust information sandwich estimate of the variance as 

8.2.1. Based on the score equation in (8.7), show that the empirical estimate of 

(8.63) 

8.2.2. Also show that the robust estimate of the variance of the estimate is 

8.2.3. Under the doubly homogeneous assumptions show that 

(8.64) 

(8.65) 

8.3 
8.3.1. To facilitate computation of the variance component, show that the mo- 

ment estimator of the dispersion variance component presented in (8.37) can also 

Consider a random effects over-dispersed model as in Section 8.2. 
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be expressed as 

P +  i?: = max 10, 

1 

(8.66) 

8.3.2. Also show that this can be expressed as a weighted mean of variables aj 
of the form 

8.4 Gail, Santner and Brown (1980) present data on the numbers of tumor recur- 
rences over a period of 122 days among 23 female rats treated with retinoid versus 
25 untreated controls. The following are the numbers of tumor recurrences for the 
rats in each group: 

Retinoid: 1, 0, 2, 1, 4, 3, 6, 1, 1, 5, 2, 1, 5, 2, 3, 4, 5, 5, 1, 2, 6, 0, 1 
Control: 7, 11, 9, 2, 9, 4, 6, 7, 6, 1 ,  13, 2, 1 ,  10, 4, 5, 11, 11 ,  9, 12, 

1, 3, 1,  3, 3 

(reproduced with permission). 
8.4.1. Assuming a doubly homogeneous model, compute @e Estimate of the 

Poisson rate (per day) for "_moor recurrence in each group (XI, A,) and in the 
combined sample of 48 rats (A). 

8.4.2. Also compute the large sample variance of the log rate and the asymmetric 
95% confidence limits for the rate in each group and in the combined sample. 

8.4.3. Compute the relative risk and the asymmetric 95% confidence limits based 
on the estimated variance of the log(%?). 

8.4.4. Compte ihe estimated variance of the difference in rates under the null 
hypothesis ~ ( A I  - XzlHo) and the simple 2-test of the difference in rates between 
groups. 

8.4.5. Compute Cochran's variance test of the hypothesis of no over-dispersion 
separately within each treatment group. 

8.4.6. Using (8.64), compute the information saniwich robust estimate of the 
variance of the estimated rate within each group pa(&), i = 1 ,2 .  

8.4.7. Use thk with (8.15) to compute the robust estimate of the variance of the 
log(S1) and log(&). 

8.4.8. Then compute the robust estimate of the variance of the log(%?) and the 
robust 95% confidence limits for the RR. 

8.4.9. Alternately, adopt a two-stage model as in Section 8.2. Using (8.37), 
compute the moment estimate of the over-dispersion variance G;i for each group 
(i = 1,2) .  
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8.4.10. Use this to compute an over-dispersion estimate of the variance of the 
crude rate within each group as in (8.38) and of the log rate as in (8.39). Use these 
to compute the over-dispersed estimate of the variance of the log(%?). Compare 
these to those obtained using the robust estimate of the variance. 

8.5 Now consider the case of two independent groups where the observations are 
divided into K independent strata. 

8.5.1. Assume that the rates in the control group, {Xzj} vary among strata but 
that there is a common log relative risk among the K strata, 0j = log(Xlj/Xzj) = 0, 
j = 1 , .  , . , K. Show that the MVLE of the common log(RR) is provided by 

and its large sample variance is estimated as 

(8.68) 

(8.69) 

8.5.2. Using the developments in Section 4.7.2, derive the expression for the 
maximally efficient asymptotic test of the joint null hypothesis Ho: 0, = 0 for 
all K strata against the alternative that a common log relative risk applies over all 
strata H1: 0, = 0 # 0. Show that the test is of the form 

(8.70) 

8.5.3. Show that Cochran's test of the hypothesis of homogeneity of relative 
risks among strata, analogous to the Cochran test for independent 2 x 2  tables in 
Section 4.10.2, is given by 

where ?j = D,,DZj/D.,, and where X i , c  is distributed as chi-square on K - 1 
df under the hypothesis of homogeneity Ho: 0, = 0 Q j .  

8.5.4. Now adopt a two-stage random effects model across strata. The random 
effects model estimate of the variance component between strata 3: is obtained di- 
rectly from (4.155) using the above expression for ?,, From this, derive the resulting 
updated (one-step) estimate of the mean log(RR) over strata and its variance. 

8.6 Table 8.10 presents data from Frome and Checkoway (1985) giving the num- 
bers of cases of non-melanoma skin cancer and the population size within the 
DalladFort Worth versus Minneapolis/St. Paul metropolitan areas, stratified by age 
groups (reproduced with permission). The hypothesis is that those in the Dallas 
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Table 8.10 Numbers of Cases of Skin Cancer and Population Size, Stratified by Age, in 
Dallas/Fort Worth and MinneapolidSt. Paul, from Frome and Checkoway (1985). 

h 

Age DalladFort Worth MinneapolidSt. Paul 
Stratum dl  Tl d2 Tz RR 
15-24 
25-34 
35-44 
45-54 
5 5-64 
65-74 
75-84 
85+ 

Total 

4 
38 
119 
22 1 
259 
310 
226 
65 

1242 

181,343 
146,207 
12 1,374 
111,353 
83,004 
55,932 
29,007 
7,538 

735758 

1 
16 
30 
71 
102 
130 
133 
40 
523 

172,675 
123,065 
96,216 
92,05 1 
72,159 
54,722 
32,185 
8,328 

651401 

3.81 
2.00 
3.14 
2.57 
2.21 
2.33 
1.89 
1.80 
2.10 

area would have a higher rate of such cancer because of greater exposure to the 
sun. 

8.6.1. Based on the aggregate data for all age strata combined, compute the 
unadjusted relative risk for location (Dallas versus Minneapolis), the log(=), its 
estimated variance and the asymmetric 95% confidence limits for RR. 

8.6.2. Compute the unadjusted 2-test of the hypothesis of equal rates in the two 
metropolitan areas. 

8.6.3. Compute the M V L E  of the stratified-adjusted common log relative risk, 
its variance, and the asymmetric confidence limits for the common relative risk. 

8.6.4. Compute the stratified-adjusted efficient test of a common relative risk 
and compare the results to the unadjusted test. 

8.6.5. Compute Cochran’s test of homogeneity and the estimate of the random 
effects model variance component. 

8.6.6. Then compute the one step estimate of the mean log relative risk and its 
variance under the random effects model. Also compute the asymmetric confidence 
limits for the RR. Compare these to the M V L E  estimate and its limits. 

8.6.7. Alternately, these data could be analyzed using Poisson regression. Fit a 
Poisson regression model with an effect for location and binary indicator variables 
for 7 of the 8 strata. Compare the model-based estimate of the relative risk for 
location to the M V L E  above. 

8.7 Show that the power function of the 2-test for the difference in rates between 
two groups in (8.26) under the doubly homogeneous Poisson model is a h c t i o n  
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of the total patient years of exposure of the form 

(8.71) 

which is also a function of the expected number of events in each group. 
8.7.1. Generalize this expression to allow for an over-dispersed random effects 

model with variance components and ~ 7 : ~  in the two groups that describes the 
power of the 2-test in (8.44). 

8.7.2. Assume that we wished to detect a difference between groups of A1 = 
0.25lyear versus A2 = 0.15/year with two equal sized patient groups, that is, 
TI = T2 = T./2. At (Y = 0.05 two-sided, 

1 .  How many total patient years are required to provide 90% power assuming a 
doubly homogeneous model? 

2. If we recruit 200 patients per group, how many years must each patient be 
followed? 

3. Assume that an over-dispersed model applies with variance component ~7: = 
0.06 within each of the two groups. How many patient years are required to provide 
90% power to detect the same difference in the mean rates? 

4. If we recruit 200 patients per group, how many years must each patient be 
followed? 

8.7.3. Now consider a Poisson regression model with grouped or discrete co- 
variates analogous to the logistic regression model with discrete covariates. In this 
case, the developments in Section 7.3.6 can be used to derive the sample size for, 
or power of, a Wald test of coefficient effects. Denoting the expected fraction of 
total exposure time in the ith cell as Ci = E(Ti/T), where T = xi  Ti, show that 
$2 = diag{[CiX(zi)]-'} where the expected number of events in the ith cell with 
covariate vector z~i is E ( Q )  = CiTX(q). The remainder of the developments in 
Section 7.3.6 then apply. 

8.7.4. Consider a model to assess the effect of a treatment or exposure group 
within three strata with a design matrix as presented in Example 7.9. Assume 
that the fractions of patient years of exposure within each of the six cells are 
{Ci} = (0.08, 0.12, 0.30, 0.20, 0.125, 0.175). The assumed intensities per year in 
each cell are { X i }  = (0.15, 0.28, 0.12, 0.27, 0.20, 0.42). Generate a large data set 
with 10,000 patient years and numbers of events within each cell proportional to 
the assumed rates to determine the corresponding Poisson model parameter vector 

8.7.5. Use the values of { X i }  and { C i }  to compute R and substitute this into 
(7.73) to obtain the covariance matrix of the estimates. For the test of Ho: ,& = 0, 
with vector C' = (0 0 0 l ) ,  determine the value of the non-centrality factor K2 for 
the 1 df test of the group effect. Then, determine the total patient years T required 
to provide 90% power for this test. 

e. 
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8.7.6. Conversely, for the same model, what level of power is provided by a 

Consider a Poisson Regression Model with a single binary covariate for treat- 

total exposure of only T = 200 years? 

8.8 
ment group (x = 1 = E,  o = F).  

8.8.1. Assuming ,B = 0, show that U ( a )  = 0 implies that 

(8.72) 

8.8.2. Derive the elements of I (&) .  
8.8.3. Show that the score test for /3 equals the Z-test presented in (8.26). 

8.9 
regression model. 

Derive the expressions for the proportion of explained variation in the Poisson 

8.9.1. p$ assuming squared error loss; 
8.9.2. R:esid and show that this equals z2 in (8.52). 

8.10 Fleming and Harrington (1991) present the results of a randomized clinical 
trial of the effects of gamma interferon versus placebo on the incidence of serious 
infections among children with chronic granulotomous disease (CGD). For each 
subject the number of infections experienced and the total duration of follow-up are 
presented. In Chapter 9 an analysis is presented using the actual event times. Here 
we consider only the number of events experienced by each subject. The count data 
set is available from the www (see Preface). The data set includes the patient id, 
number of severe infections experienced (nevents), the number of days of follow-up 
(/&me) and the following covariates: 21 : treatment group: interferon (1) versus 
placebo (0); 2 2 :  Inheritance pattern: X-linked (1) versus autosomal recessive (2); 
2 3 :  Age (years); 2 4 :  Height (cm); 2 5 :  Weight (kg); 2 6 :  Corticosteroid use on 
entry: yes (1) versus no (2); 27: Antibiotic use on entry: yes (1) versus no (2); 2 8 :  

Gender: male (1) versus female (2); and 29 :  Type of hospital: NIH (l), other US 
(2), Amsterdam (3), other European (4). Use these data to conduct the following 
analyses. 

8.10.1. Compute the crude rates of infection per day in each treatment group and 
the asymmetric confidence limits on each using the log(rate) under the homogeneous 
Poisson assumptions. 

8.10.2. Also compute the asymmetric confidence limits for the relative risk and 
the Z-test for the difference between groups under the homogeneous Poisson as- 
sump tions . 

8.10.3. Within each group compute Cochran's variance test of the hypothesis of 
no over-dispersion. 

8.10.4. Within each group, adopt an over-dispersed Poisson model and use the 
moment equation to compute an estimate of the mixing distribution variance. Use 
this to revise the computations for the variance and confidence limits on the rates 
within each group and the relative risk. 
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8.10.5. Compute the estimate of the over-dispersion variance under the null 
hypothesis of equal intensities in each group and use these estimates to compute a 
2-test to test the difference between groups allowing for over-dispersion. 

8.10.6. Now assume that the over-dispersion can be accounted for by inclusion 
of covariate effects in a Poisson regression model. Assess the relative risk for 
interferon versus placebo in a Poisson regression model and also describe the model 
and the covariate effects: 

1. unadjusted; 
2. adjusted for the other covariates. Note that 2, should be used as a class 

8.10.7. Compare the model-based results to those obtained above. 
8.10.8. If the relative risks for treatment group in Problem 8.10.6.1 versus 2 

differ, perform additional analyses as needed to help explain why. 
8.10.9. Based on the analysis in Problem 8.10.3, and based on the value of 

Pearson X2/df in Problem 8.10.6, is there evidence that an over-dispersed model 
is appropriate or not? 

8.10.10. Refit the model using an over-dispersed quasi-likelihood model using 
the PSCALE option. 

8.10.11. Refit the model using the information sandwich empirical estimates of 
the covariances using PROC GENMOD. 

8.10.12. Write a program to compute the score vector and the information sand- 
wich estimate of the observed information under the model null hypothesis. Com- 
pute the robust model score test. 

8.11 Starting from the full unconditional likelihood for Poisson count data from 
matched pairs in (8.57) 

8.11.1. Derive the score equation for the intercept cri for the ith matched set 
and show that the M L E  is a function of the sufficient statistic Di = Cyl., dij. 

8.11.2. Then show that the conditional likelihood from (8 .58)  for the ith matched 
set is 

effect to compare the four hospital types. 

which yields (8.59). 
8.11.3. For the case of matched pairs, show that (8.60) and (8.61) result. 
8.11.4. For the model in (8.58), derive the elements of the score vector for fl  

and the elements of the expected information matrix. 



9 
Analysis of Event-Time 

Data 

Up to this point we have considered the description of the risk of an event without 
consideration of the time at which events occur in individuals in the population. One 
of the major advances in biostatistics has been the development of statistical methods 
for the analysis of event-time data, commonly known as survival analysis, a topic 
that has dominated statistical methodological research and biostatistical practice for 
over three decades. There are many excellent texts on survival analysis that cover 
this vast field in detail. Although originally motivated by the analysis of survival 
time or mortality data, these methods may be used to describe the distribution of 
time to any single event of interest. These methods have also been generalized 
to the analysis of event-times of possibly recurrent events in a subject. Many of 
the methods of survival or event-time analysis are generalizations of the methods 
developed in previous chapters. 

There are many excellent general references on survival analysis. Kalbfleisch 
and Prentice (1980), Elandt-Johnson and Johnson (1980), Lawless (1982), and Cox 
and Oakes (1984), among others, give a precise review of the early methods from 
a classical perspective. Lee (1 992), Collett ( 1994) and Marubini and Valsecchi 
(1999, among others, present thorough descriptions of the application of these 
methods. Fleming and Harrington (1 99 1) and Andersen, Borgan, Gill and Keiding 
(1993) present a rigorous description of the theory of martingales and counting 
processes and the derivation of more general methods based on these theories. Here 
I present a description of the principal methods for the analysis of event-time data 
and their application. 
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Biostatistical Methods: The Assessment of’Relative Risks 
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Cowriaht 0 2000 bv John Wilev 8, Sons. Inc 
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9.1 INTRODUCTION T O  SURVIVAL ANALYSIS 

9.1.1 Hazard and Survival Function 

In survival or time-to-event analysis, each individual subject is followed up to some 
time ti at which time either an event is observed to occur or follow-up is curtailed 
without observation of an event. Thus we also observe an indicator variable Si that 
designates whether an event was observed to occur (Si = 1) or not (Si = 0). In the 
latter case, the event time is right censored because the actual event time is greater 
than the observed time of exposure. Thus for each subject two values (ti, Si) are 
observed that are realizations of two separate processes, the event process T and 
the censoring process C. Under the assumption of censoring at random, these two 
processes are assumed to be statistically independent. In this case, censored event 
times are considered unbiased, meaning that the same stochastic event process is 
assumed to apply to all observations, those censored and those not. 

When the time of an event is observed to an instant of time, then event times have 
a right continuous, monotonically increasing distribution function F ( t )  = P(T 5 
t ) ,  t > 0, with a corresponding event probability density function f ( t )  = d F ( t ) / d t .  
The complement of the cdf is the right continuous, monotonically decreasing sur- 
vival distribution S(t )  = 1 - F ( t )  = P(T > t).  Some authors define the survival 
function as the left continuous P(T 2 t ) .  The distinction is irrelevant for a contin- 
uous distribution, but non-trivial when the distribution is discrete. Herein I define 
S(t )  throughout as the probability of surviving beyond time t so that the survival 
function can be the defined as the complement of the cumulative distribution func- 
tion for both continuous and discrete distributions. 

A pivotal and informative quantity is the hazard function that describes the 
instantaneous probability of the event among those still at risk, or those still free of 
the event. For a continuous distribution the hazard function at time t is defined as 

Thus the density can also be obtained as f ( t )  = X(t)S(t). The cumulative hazard 
function at time t then is 

A ( t )  = l X ( u ) d u  = I' -dlogS(u) = -logS(t), 

from which it follows that 

S(t )  = e x p [ - h ( t ) ] .  (9.3) 

Numerous parametric survival distributions and corresponding hazard functions 
and event probability distributions can be used to describe the experience in a 
population. The simplest instance is the exponential survival distribution, in which 
it is assumed that the hazard function is constant over time, or X ( t )  = X W, in 
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which case A ( t )  = At, S( t )  = e - x t ,  F ( t )  = 1 - e - x t ,  and f ( t )  = Ae-xt. Other 
parametric functions are explored as Problems. 

In general, no one parametric distribution will apply to every population. Thus 
common methods of survival analysis are non-parametric or distribution free. These 
include the Kaplan-Meier estimate of the underlying survival distribution, the family 
of generalized Mantel-Haenszel tests for the comparison of the survival distributions 
of two or more groups, and the proportional hazards model for the assessment of 
the effects of covariates on the risk or hazard function of events over time. 

9.1.2 Censoring at Random 

If all subjects were followed until the time of the event such as mortality or failure, 
then it would be a simple matter to estimate the parameters of a parametric model 
from the corresponding likelihood. With right censored observations, however, the 
full likelihood is a function of both the failure time distribution and the distribution 
of the right censored times. Assume that the event time distribution has parameter 
8, where the probability density function, hazard function and survival distribution 
are designated as f ( t ;  O), A ( t ;  O )  and S(t ;  0), respectively. Also, assume that the 
censored observations have a cumulative distribution function G(t; 4) and proba- 
bility density function g(t; 4). The assumption of random censoring is equivalent 
to the assumption that the two sets of parameters O and 4 are distinct. 

For any event-time and censoring distributions, the likelihood of a sample of N 
observations {ti, 6,) under random censoring is 

N 

L ( B , 4 )  = n {f(ti;O) [1 - G(ti;4]I6’ {g(ti;4)S(ti;O))1-6z , 

where an individual with the event at time t i  is also not censored by that time, and 
an individual censored at time ti has also survived to that time. Thus the likelihood 
can be factored as 

(9.4) 
i= l  

Thus the full likelihood is proportional to the likelihood associated with the event 
time distribution L( 0 ) ,  which implies that inferences regarding the event-time dis- 
tribution may be obtained without the need to simultaneously specify or consider 
the censoring distribution. 

When the data consist of observations from two or more groups or strata of 
subjects, the assumption of censoring at random then specifies that the observations 
within each group or strata are censored at random, but the random mechanisms 
and the extent of censoring may differ between groups. The resulting likelihood is 
then the product of the group or stratum specific event-time likelihoods. 
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9.1.3 Kaplan-Meier Estimator 

Kaplan and Meier (1958) describe a product limif estimator of the underlying sur- 
vival distribution without assuming any particular parametric form. Under random 
censoring, the likelihood of the sample is 

N N 

L O( I1 f(ti)'iS(ti)'-'i = A(ti)"SS(ti) . (9.6) 
i = l  i=l 

Thus individuals who experience the event contribute the term f ( t )  to the likelihood 
at the event time, whereas censored observations contribute the term S(t)  at the 
time of censoring. 

Consider a sample of N observations ( t i ,  S i ) ,  i = 1 , .  . . , N, in which events are 
observed at J distinct event times t(*) < t (2 )  < . . . < t ( J )  and that the underlying 
survival distribution is a step function with points of discontinuity at these event 
times. The left-hand limit F( t - )  = limelo F(t - E )  = lim,tt F ( u )  designates the 
value of the cdf immediately prior to a "jump" or discontinuity at time t. Then the 
probability of an event at time t ( j )  is f(tcj)) = F ( t ( j ) )  - F(tcj,). Thus f(tcj)) 
also equals the size of the drop in the survival function f ( t c j ) )  = S(tcj,) - S(tcj)), 
where S(t;,) = P(T 1 t ( j ) )  is the probability of being at risk at t ( j )  or survival 
up to tcj) and S(t ( j ) )  = P(T > tcj)) is the probability of surviving beyond t j .  
Since f ( t c j ) )  is the probability of survival to t j  and an event at t j ,  then 

f( t ( j ) )  = P [event at t ( j )  I T L t c j ) ]  P[T L t(j)]i (9.7) 

which can be expressed as f(tcj)) = ?rjS(tcj,), where the conditional probability 
of an event at t ( j )  is 

and its complement is the continuation probability 

1 - nj = P[T > t ( j )  I T > t;)] = P(T > t ( j )  I T 2 t ( j ) ]  (9.9) 

Since S( t )  is a decreasing step function, then f(tcj)) = x jS( t , , )  = ?rjS(t(j-l)). 
By construction the observed event times {tiybi = 1) E { t ( l ) ,  . . . , t ( J )} .  Let 

nj = # { t i  2 t ( j ) }  denote the number of subjects at risk, or still under observation, 
at time t ( j ) .  Then let d j  = # {ti = t ( j ) ,  6i = 1) denote the number of events 
observed at time t ( j )  among the nj subjects at risk at time t ( j ) .  Also, let wj denote 
the number of observations that are right censored at times after the j th  event time 
but prior to the ( j  + 1)th time, or wj = # { t i ,  Si = 0 )  E [ t ( j ) ,  t ( j + l ) ) ,  so that 
nj+l = nj - d j  - Wj. Thus Observations that are right censored at event time 
t ( j )  are considered to be at risk at that time and are removed from the risk set 
immediately thereafter. Then the likelihood can be expressed as 

J 

L ( T ~ ,  . . . , T N )  a n njd'S(t(j-l))'jS(t(j))Wj , (9.10) 
j=l 
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where t(,,) = 0 and S(t(,-,)) = 1. 
An essential property of an event time process is that in order to survive event- 

free beyond time t ( j )  requires that the subject survive event-free beyond t ( j - l ) ,  and 
t ( j - 2 ) ,  etc. Thus 

S(t(,)) = P(T > t ( j ) )  = P(T > t ( j )  I T > t ( j - l ) ) P ( T  > t ( j - 1 ) )  (9.11) 

= P(T > t ( j )  1 T > t ( j - l ) ) P ( T  > t ( j - 1 )  I T > t ( j - Z ) ) P ( T  > t ( j - Z ) ) ,  

T 1 t ( j ) )  = ( 1  - ~ j )  (9.12) 

(9.13) 

(1 - T 2 )  (1 - T l ) .  

After expanding the likelihood in this manner and simplifying (see Problem 9.8), it 
follows that 

J 

L ( T l , , . .  , 7 r J )  o( n 7 r p ( l - 7 r j ) n J - d J  (9.14) 
j=1 

with log likelihood 

J 
~ ( a l , .  . . , r J >  = C,=l t d j  log(Tj) + ( n j  - d j )  l O g ( 1 -  ~j)) . (9.15) 

It then follows that the maximum likelihood estimates of the event probabilities are 
provided by the solution to the estimating equations 

from which the M L E  of the j t h  conditional probability is 

(9.17) 

Thus Kaplan and Meier (1958) showed that the generalized maximum likelihood 
estimate of the underlying survival function is provided by 
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for values 0 5 t 5 t ( ~ )  and is undefined for values t > t( J ) .  

Under random censoring, it can then be shown using classical methods (Peterson, 
1977), or using counting processes (Aalen, 1978, Gill, 1980), that limn+m s^(t) 1: 
S(t )  whatever the form of the underlying distribution. Clearly s^(t) is a step func- 
tion that describes the probability of surviving beyond time t. Its complement is 
the cumulative incidence function, which describes the probability of the event oc- 
curring up to time t. As the number of observations increases, and thus the number 
of events also increases, the number of steps increases and the intervals between 
steps become infinitesimally small, thus converging to the true survival distribution, 
whatever its form. 

The estimator is obtained as a product of successive survival proportions, each 
being the conditional probability of surviving beyond an instant of time given sur- 
vival up to that point in time. Thus the assumption of censoring at random implies 
that the survival experience of those at risk at any event time t ( j )  applies to all 
observations in the population, including those censored prior to t ( j ) ;  or that the 
subset of nj observations at risk at t ( j )  is a random subset of the initial cohort who 
actually survive to t ( j ) .  Alternately, random censoring implies that the estimate of 
the survival experience beyond any point in time is not biased by prior censored ob- 
servations, or that the censored observations are subject to the same hazard function 
as those who continue follow-up. 

These successive conditional event proportions { p j  } clearly are not statistically 
independent. However, it is readily shown that these successive proportions are 
indeed uncorrelated; see Problem 9.8.4. Because the vector of proportions is as- 
ymptotically distributed as multivariate normal, this implies that these proportions 
are asymptotically conditionally independent given the past sequence of events and 
censored observations, that is, conditionally on the numbers at risk at the times of 
the preceding events. 

Because the survival function estimate is a product of probabilities, it is more 
convenient to use the log survival function to obtain expressions for the variance 
of the estimate, where 

Using the &method, the variance is 

(9.19) 

(9.20) 

as is readily demonstrated in a Problem. Substituting %j from (9.17) yields the 
estimated variance 

(9.21) 
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Again, applying the &method yields Greenwood's (1926) variance estimate of the 
survival probability at any time t 5 t ( J ) ,  which is expressed as 

(9.22) 

Greenwood's estimator can be used to provide symmetric confidence bands for 
the survival function. However, these confidence limits are not bounded by (0,l). 
Asymmetric confidence limits so bounded are obtained using the complimentary 
log-log transformation, with corresponding variance again obtained by the &method 
as 

This yields asymmetric 1 - a level confidence limits for S(t )  of the form 

(cf Collett, 1994). Alternately, asymmetric confidence limits could be obtained 
using the logit of the survival probability; see Problem 9.8.9. 

Finally, note that since S( t )  = exp[-A(t)], then the estimate of the survival 
function at an event time also provides an estimate of the cumulative hazard as 
simply A ( t ( j ) )  = - log[g(t(j))]. From (9.21) the estimated variance is simply 

h 

(9.25) 

In what follows we designge the Kaplan-Meier estimate of the survival and 
cumulative hazard function as SKM (t) and ~ K M  (t), to distinguish them from the 
Nelson-Aalen estimates, which are based on estimation of the cumulative hazard 
function directly. 

9.1.4 Estimation of the Hazard Function 

When event times are observed continuously over time, one approach to estimation 
of the hazard function is to adopt a piecewise exponential model where we assume 
that the hazard function is piecewise constant between the successive event times, 
or A ( t )  = A(j) for t E ( t ( j - l l ,  t j ]  for the j t h  interval. The probability of the event 
over a small interval of time is 1 - exp [ - ~ ( ~ l ( t j  - t ( j - l ) ) ]  = xc j ) ( t j  - t ( j - l ) )  
since 1 - e W E  = E for small E 1 0. This probability is intuitively estimated by p j  
in (9.17), which is simply the number of events divided by the number at risk at 
time t ( j ) .  Thus the hazard function over the interval prior to the j t h  event time is 
estimated as 

(9.26) 
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Then the cumulative hazard up to that time t ( j )  is estimated as 

(9.27) 

As described in Section 9.6, this latter expression is the Nelson-Aalen estimator 
i ~ ~ ( t ( ~ ) )  after Nelson (1969, 1972) and Aalen (1978), who provided estimates of 
the intensity of a counting process. The Nelson-Aalen estimate of the cumulative 
hazard hnction then yields the Nelson-Aalen estimate of the survival function at 
time t ( j )  as 

which was also proposed by Altschuler (1970). 

lifetable described in Section 9.2.1. These are presented in many standard texts. 

estimated variances are 

Different expressions apply to discrete time observations, such as for the actuarial 

Since the successive proportions are uncorrelated, then it readily follows that the 

and 

(9.29) 

(9.30) 

(9.31) 

From 9.28, asymmetric confidence limits on the survixal probabilities can be ob- 
tained from those on the estimated cumulative hazard At. Also, since 

then asymmetric confidence limits for s(t) may be obtained from (9.24) upon 
substituting the corresponding Nelson-Aalen estimates. 

In Problem 9.8.11 it is shown that as N t 00, the Nelson-Aalen and Kaplan- 
Meier estimators of the survival function are asymptotically equivalent, and that 
the Nelson-Aalen and Kaplan-Meier estimators of the variance of the cumulative 
hazard are also asymptotically equivalent. Later, in Section 9.6.2 we show that the 
Nelson-Aalen estimators can be applied to the intensity of a counting process for 
recurrent events. Smoothed estimates of the intensity described therein may also be 
applied to the Nelson-Aalen estimate of the hazard function for survival data. 



INTRODUCTION TO SURVIVAL ANALYSIS 361 

9.1.5 

In many instances we wish to compare the event-time distributions between two 
independent groups of subjects. We now consider the comparison of two groups at 
a specific point in time using the Kaplan-Meier estimate. In section 9.3 we describe 
tests for the difference between hazard functions and survival curves over time. 

The Greenwood variance estimator provides a large sample confidence interval 
for the difference between the survival probabilities of the two groups at any point in 
time (t > 0), say &(t) - &(t), with 6 [&(t) - &(t)] = 6 [&(t)]  + 6 [&!(t)], 

where &(t) and V Si(t) are obtained from the observations in each group sep- 
arately (i = 1,2). Alternately, asymmetric confidence limits on the ratio of the 
survival probabilities at time t can be obtained using the log transformation since 

log&(t) - log&(t) = log[&(t)/&(t)] with estimated variance [log&(t)] + 
p log&(t) from (9.21). 

Likewise, asymmetric confidence limits on the ratio of the cumulative hazards 
can be obtained using the complimentary log-log transformation since 

(9.33) 

with estimated variance [log{- log31(t)}] +6 [log{-log&(t)}] from (9.23). 
Asymmetric confidence limits may also be obtained for the survival odds ratio at 
time t using the difference between the logits of the survival probabilities. 

These developments also provide a large sample test of the difference between 
the survival probabilities of two groups at a specific point in time, say t*. Under 
the null hypothesis Ho: &(t)  = S2(t), the estimated survival hnction from the 
combined groups, say S. (t), provides a consistent estimator of the common survival 
function. This pooled estimate is computed from (9.18) with estimated conditional 
event probabilities ii., = (dlj  + dzj)/(nlj  + n2j) for 1 5 j 5 J. Then for the ith 
group (i = 1, Z), from (9.22) the estimated variance of Si(t*) at the specified time 
t* under the null hypothesis is expressed as 

Comparison of Survival Probabilities for Two Groups 

7- 1 

[ I  

log{- log Qt)} - log{- log&(t)} = log[&(t)/i2(t)] 

A 

(9.34) 

where nij is the number at risk in the ith group at the j t h  event time. Thus a large 
sample test of equality of the survival probabilities at time t* is provided by 

2 

(9.35) 
[%*I - 52(t*)]  

Qo [&(t*)] + 6 0  [&(t*)] ' 
x2 = 

where asymptotically X 2  is distributed as chi-square on 1 df. 
An alternate approach is to s'lmply compute the test for two proportions ignoring 

the presence of censored observations and variable durations of follow-up. We then 
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wish to test Ho: r1 = ra = T,  where ri denotes the aggregate probability of an 
event among the ni observations in the i th group with the set of exposure times 
( t i 1  ,.. . t i n , } .  This assumes that E (Sij) = T for all subjects ( j  = 1,. . . ni; i = 
1 , 2), where 6ij is the Bernoulli variable for the occurrence of the event versus 
being censored. However, in a staggered-entry, prolonged follow-up trial of total 
duration Ts, each patient has a potential exposure time defined as Eij = Ts - rij; 
where Tij is the time of entry into the trial, 0 < rij 5 TR, where all subjects are 
assumed to be followed until the common termination time Ts. Thus the planned 
exposure time for each subject is such that Ts - TR 5 Eij 5 Ts. However, some 
subjects may be randomly censored at time cij for other than administrative reasons. 
Thus the actual exposure time for the (i j) th subject is t i j  = min [cij, Eij] ,  where 
0 5 tij 5 Ts. Thus each subject has a different implied probability of the event 
E (SijItij) = rij given the exposure time t i j .  Clearly, if the survival function 
Si (t) is declining sharply over the range of the t i j ,  then the variance of the simple 
proportions test will be affected. 

Since the sample proportion in the i th group is pi = cyL1 6ij/ni, then, 

(9.36) 

(9.37) 

In Problem 9.9 it is then shown that 

Vc (pi) I V (pi) = ri (1 - Ti) /ni (9.38) 

with equality when F ( t i j )  is nearly constant for all t i j  (Lachin, Lan, et al., 1992). 
Therefore, the ordinary proportions test in (2.80) is flawed in an extended follow-up 
study with differential exposure among the subjects because the ordinary binomial 
variance is incorrect. This test, therefore, should not be used. 

Example 9.1 Squamous Cell Carcinoma 
Lagakos (1978) presents data on the time to spread of disease among patients with 
squamous cell carcinoma who received either of two treatments - A (Experimental, 
group 1) versus B (Control, group 2). Here we consider only the subset of patients 
who were non-ambulatory on entry into the study. The complete data set is described 
later in Example 9.6 and can be obtained from the www (see Preface, reproduced 
with permission). Patients were assigned treatment B versus A in a 3: 1 allocation. 
In treatment group A 12 of 23 patients (52%) failed versus 40 of the 62 patients 
(65%) in treatment group B. 

Table 9.1 presents the times at which spread of the disease occurred along with 
the numbers still at risk at each event time and the numbers of events at that time. 
From this, the conditional probabilities of survival beyond each point in time are 
computed ( q j )  as is the estimate of the survival probabilities. 
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Table 9.1 Numbers at Risk (nj) in Both Groups Individually and Combined at Each Distinct 
Event Time t ( j ) ,  Numbers of Events (dj) at That Time, and Number Lost-to-Follow-up or 
Right Censored ( w j )  During the Interval ( t ( j l ,  t ( j + l ) ]  

t ( j )  nj dj  ~j nlj dlj  wlj  n2j  d2j  ~ 2 j  

1 85 1 5 23 0 2 
2 79 2 3 21 0 0 
3 74 2 I 21 0 0 
4 71 I 5 21 0 4 
5 65 5 I 17 I I 
6 59 1 1 15 0 0 
7 57 1 I 15 0 0 
8 55 6 0 15 1 0 
9 49 2 0 14 0 0 
10 47 I 1 14 0 0 
11 45 7 I 14 2 0 
12 37 3 2 12 2 0 
13 32 2 2 10 I 1 
14 28 0 2 8 0 2 
15 26 0 1 6 0 0 
16 25 I 0 6 0 0 
17 24 1 I 6 0 0 
18 22 0 2 6 0 0 
19 20 2 0 6 1 0 
20 18 1 0 5 0 0 
21 17 4 1 5 1 0 
22 12 2 I 4 0 0 
26 9 1 0  4 0 0 
28 8 0 1  4 0 0 
29 7 1 0  4 0 0 
30 6 1 1  4 0 I 
34 4 1 0  3 1 0 
55 3 1 0  2 0 0 
84 2 1 0  2 I 0 
88 I 1 0  I 1 0 

62 
58 
53 
50 
48 
44 
42 
40 
35 
33 
31 
25 
22 
20 
20 
19 
18 
16 
14 
13 
12 
8 
5 
4 
3 
2 
1 
I 
0 
0 

1 3 
2 3 
2 1 
I I 
4 0 
I I 
I 1 
5 0 
2 0 
I I 
5 1 
1 2 
1 1 
0 0 
0 I 
I 0 
1 I 
0 2 
I 0 
1 0 
3 I 
2 1 
I 0 
0 I 
1 0 
I 0 
0 0 
1 0 
0 0 
0 0 
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Table 9.2 Within the Combined Sample, Time of Each Event t(,) ,  Number at Risk (nj), and 
Number of Events at That Time (dj) ,  Estimated Continu_ation Probability of Survival Beyond 
That Time (q,), Kaplan-Meier Estimated Probability S(t( j)),  and Greenwood Estimate of 
the S.E., Nelson-Aalen Estimate i j  of the Hazard over the Interval ( t ( j ) , t ( j - l ) ]  and Its 
S.E. 

A 

t ( j )  n(j) 4 Qj 3(t(j)) ~ . ~ . [ S l ( t ( j ) ) l  X j  s . E . [ X ~ ~  

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
16 
17 
19 
20 
21 
22 
26 
29 
30 
34 
55 
84 
88 

85 
79 
74 
71 
65 
59 
57 
55 
49 
47 
45 
37 
32 
25 
24 
20 
18 
17 
12 
9 
7 
6 
4 
3 
2 
1 

1 
2 
2 
1 
5 
1 
1 
6 
2 
1 
7 
3 
2 
1 
1 
2 
1 
4 
2 
1 
1 
1 
1 
1 
1 
1 

0.988 
0.975 
0.973 
0.986 
0.923 
0.983 
0.982 
0.891 
0.959 
0.979 
0.844 
0.919 
0.937 
0.960 
0.958 
0.900 
0.944 
0.765 
0.833 
0.889 
0.857 
0.833 
0.750 
0.667 
0.500 
0.000 

0.988 
0.963 
0.937 
0.924 
0.852 
0.838 
0.824 
0.734 
0.704 
0.689 
0.582 
0.535 
0.501 
0.481 
0.461 
0.415 
0.392 
0.300 
0.250 
0.222 
0.190 
0.159 
0.119 
0.079 
0.040 
0.000 

0.012 
0.021 
0.027 
0.030 
0.041 
0.043 
0.045 
0.053 
0.055 
0.056 
0.060 
0.061 
0.061 
0.062 
0.063 
0.064 
0.065 
0.064 
0.062 
0.061 
0.060 
0.058 
0.055 
0.049 
0.037 

0.012 
0.025 
0.027 
0.014 
0.077 
0.017 
0.018 
0.109 
0.041 
0.021 
0.156 
0.081 
0.062 
0.013 
0.042 
0.050 
0.066 
0.235 
0.167 
0.028 
0.048 
0.167 
0.062 
0.016 
0.017 
0.250 

0.012 
0.018 
0.019 
0.014 
0.033 
0.017 
0.017 
0.042 
0.028 
0.021 
0.054 
0.045 
0.043 
0.013 
0.041 
0.034 
0.054 
0.103 
0.108 
0.026 
0.044 
0.152 
0.054 
0.013 
0.012 
0.000 

From these entries the estimated conditional event probabilities ( p j )  and contin- 
uation probabilities ( q j )  are obtained, from which the estimated survival curves are 
obtained for both groups combined along with the Greenwood estimated standard 
error and the piecewise constant hazard function and its standard error. These are 
presented in Table 9.2 for the combined group. 

Figure 9.1 then presents a plot of the estimated event-free survival function and 
the asymmetric 95% confidence limits obtained using the standard error of the 
log(-log) survival hc t ion .  
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fig. 9.1 The Kaplan-Meier estimated probability of remaining free of spread of cancer and 
the 95% confidence limits at each point in time based on the log(-log) survival probabilities. 
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Table 9.3 presents the estimated survival and hazard functions for each group 
separately. 

Figure 9.2 then presents a plot of the estimated event-free survival function in 
each group. 

There is a small increase in the probability of remaining free of spread of cancer, 
or a small reduction in risk, with the experimental drug treatment. The apparent 
widening of the difference in survival functions beyond 20 weeks is highly unreliable 
because of the small numbers at risk in each group, especially the control group, 
as indicated by the large standard errors for 3(t) in Table 9.3. 

Suppose that the objective of the study was to compare the “survival” probabil- 
ities of remaining free of spread of disease beyond 24 weeks so that the event-free 
probabilities at this fixed point in timejre the only quantiti? of interest. The esti- 
mated probabilities in each group are Sl(24) = 0.376 and &(24) = 0.208 with a 
difference of 0.169 with standard error 0.153. Using (9.34) the estimated variances 
under the null hypothesis are ?O p1(24)] = .0129 and pz(24)]  = 0.00556, 
which yields a pointwise chi-square test of the difference in remaining free of spread 
of the disease for 24 weeks with value X 2  = 1.540 and p I 0.22. 

In addition to the difference in event-free probabilities, other useful measures 
include the log ratio of event-free probabilities, or the difference in log event- 
free proportions, e.g. log &(24)/&(24)] = 0.594 with estimated standard error 
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Table 9.3 Within Each Group, Number at Risk (nij) and Number of Events ( d i j )  at Each 
Event Time t ( j ) ,  Estimated Continuation Probability of Survival Beyond That Time (qij), 

Kaplan-Meier Estimated Probability g,(t(jl), and Greenwood Estimate of the S.E., Nelson- 
Aalen Estimate i , j  of the Hazard over the Interval Since the Last Event and Its S.E. 

5 17 1 
8 15 1 

I1 14 2 
12 12 2 
13 10 1 
19 6 1 
21 5 1 
34 3 1 
84 2 1 
88 1 1 

0.941 
0.933 
0.857 
0.833 
0.900 
0.833 
0.800 
0.667 
0.500 
0.000 

0.941 
0.878 
0.754 
0.627 
0.566 
0.471 
0.376 
0.251 
0.125 
0.000 

0.057 
0.081 
0.107 
0.121 
0.124 
0.134 
0.136 
0.137 
0.112 

0.012 
0.022 
0.048 
0.167 
0.100 
0.028 
0.100 
0.026 
0.010 
0.250 

t ( j )  

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
16 
17 
19 
20 
21 
22 
26 
29 
30 
55 

n2j 

62 
58 
53 
50 
48 
44 
42 
40 
35 
33 
31 
25 
22 
19 
18 
14 
13 
12 
8 
5 
3 
2 
1 

d2 j 

1 
2 
2 
1 
4 
1 
I 
5 
2 
i 
5 
1 
1 
1 
1 
1 
1 
3 
2 
1 
1 
1 
1 

Q 2 j  

0.984 
0.966 
0.962 
0.980 
0.917 
0.977 
0.976 
0.875 
0.943 
0.970 
0.839 
0.960 
0.955 
0.947 
0.944 
0.929 
0.923 
0.750 
0.750 
0.800 
0.667 
0.500 
0.000 

Experimentally Treated Group 
Sz(t(j)) s.E*[&(t(j))] Lj 
0.984 
0.950 
0.914 
0.896 
0.821 
0.802 
0.783 
0.685 
0.646 
0.627 
0.526 
0.505 
0.482 
0.456 
0.431 
0.400 
0.369 
0.277 
0.208 
0.166 
0.111 
0.055 
0.000 

0.016 
0.028 
0.037 
0.040 
0.051 
0.054 
0.056 
0.064 
0.066 
0.067 
0.070 
0.070 
0.070 
0.071 
0.071 
0.073 
0.073 
0.072 
0.069 
0.066 
0.063 
0.050 

0.016 
0.034 
0.038 
0.020 
0.083 
0.023 
0.024 
0.125 
0.057 
0.030 
0.161 
0.040 
0.045 
0.018 
0.056 
0.036 
0.077 
0.250 
0.250 
0.050 
0.111 
0.500 
0.040 

S. E .  [Xi j )  

0.011 
0.021 
0.031 
0.108 
0.095 
0.025 
0.089 
0.021 
0.007 
0.000 

S. E. [&j] 

0.016 
0.024 
0.026 
0.020 
0.040 
0.022 
0.024 
0.052 
0.039 
0.030 
0.066 
0.039 
0.044 
0.017 
0.054 
0.034 
0.074 
0.125 
0.153 
0.045 
0.091 
0.354 
0.000 
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Fig. 9.2 The Kaplan-Meier estimated probability of remaining free of spread of cancer in 
the experimentally treated and the control groups. 
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0.490. Thus the likelihood of survival beyond 24 weeks is 1.81 = exp(0.594) 
times greater in group 1 than in group 2. 

The log(-log) of the event-free proportions, or the log cumulative hazards in 

each group are log hl(24) = -0.0234 and log [&(24)] = 0.452, so that the 
difference, which equals the log cumulative hazard ratio, is -0.475 with estimated 
standard error 0.426. Under a proportional hazards model where the ratio of the 
hazards is assumed constant over time, the estimated hazard ratio over the 24 
weeks of study is exp(-.475) = 0.622, indicating that the hazard of the event is 
approximately 38% lower in group 1 than in group 2. 

Another useful summary is the survival odds ratio. The log odds of remaining 

event free in the experimental drug group is log 31(24)/F:((24)] = -0.505 and 

in the control group is log &(24)/&(24)] = -1.338. The log event-free odds 
ratio then is 0.834 with estimated standard error 0.715. This indicates that the odds 
of survival beyond 24 weeks is estimaied to be exp(0.834) = 2.30 times greater 
in group 1 than in group 2. The S.E. of this survival odds ratio could then be 
estimated using the results of Problem 9.8.9. 

[- 1 

[ 
[ 
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9.2 LIFETABLE CONSTRUCTION 

Although the Kaplan-Meier estimate is derived assuming a discontinuous distribu- 
tion, it provides an estimate of the survival probabilities for a continuous survival 
distribution at the times that events are observed to occur. This assumes that both 
the time of the event and the time of censoring are observed up to the instant of time 
for each subject. Usually, however, the closest one comes to continuous observation 
is when the events are recorded to the day in a long-term follow-up study, or to the 
hour in a short term follow-up study. In this case tied event times may be observed 
and some observations will have censored times that are tied with the event times. 
The usual convention is that any censored times that are also tied with an event 
time are included as being at risk at that time and are then censored or removed 
from the risk set immediately after the event time. This convention was employed 
in the analysis of Example 9.1. Modifications are necessary, however, when the 
event times are either grouped or are truly discrete. 

9.2.1 Discrete Distributions: Actuarial Lifetable 

In many studies the exact time of the events are unknown. Rather the events are 
known to have occurred within some interval of time. For example, in a population 
lifetable, mortality is recorded up to the year of age, not the day. In this case the 
data are observed in discrete or grouped time. Likewise, in a follow-up study, 
events may be recorded up to the year of follow-up. In such cases, it is common 
to employ an actuarial lifetable, first described in the context of a follow-up study 
by Cutler and Ederer (1958). This is often termed simply the lifetable method. 
This method is appropriate when the same interval of time applies to all subjects. 
Herein, we consider factors that commonly arise in a discrete time follow-up study. 

In the more general case, observations may be known to have occurred only 
within intervals of time that vary from subject to subject. Such observations are 
observed in interval time and censored observations are interval censored. See Sec- 
tion 9.4.6.5. Readers are referred to standard survival analysis texts for a treatment 
of interval censored data. 

In an actuarial lifetable, it is assumed that the events occur within fixed intervals 
of time and that censoring of follow-up also occurs within intervals of time. This 
can be viewed as converting continuous time observations into grouped time. Here 
we assume that the event or censoring is observed to have occurred within one of a 
contiguous sequence of intervals Aj = ( ~ j - 1 ,  ~ j ] .  Within the j t h  interval, let rj be 
the number still at risk at the beginning of the interval, that is, event-free and under 
follow-up at ~ j - 1 ,  where TI = N is the size of the cohort at the beginning of the 
study. Also, let d j  be the number of events that occur during the j t h  interval; and 
let wj be the number of stud’ exits or randomly censored (unbiased) observations 
during the interval. The ordinary actuarial estimate assumes that exits are known 
to be event-free (e.g. alive) at the time of exit. Usually, the exact time of exit is 
not known and thus we assume that the exits on average were followed for half the 



LIFETABL E CONSTRUCTION 369 

interval. Then the likelihood for the j th  interval is 

(9.39) 

where rj+l = rj - d j  - wj (cf. Elandt-Johnson and Johnson, 1980). In Problem 
9.8.3 it is shown that the resulting actuarial estimate of the conditional probability 
of experiencing an event during the interval is 

(9.40) 

with denominator 

nj = rj - wj/2 (9.41) 

that is the estimated units or extent of exposure for the j th  interval and is equivalent 
to the number at risk in the Kaplan-Meier estimate. The resulting actuarial estimator 
of the grouped survival function then is obtained as 

(9.42) 

where the estimated continuation probability is qj = 1 - p j .  The actuarial estimate 
S^[T~] thus provides an estimate of the probability of surviving beyond the j th  
interval, or P(T > T~). The complement 1 - S^[T~] provides an estimate of the 
cumulative probability of the event up through the j th  interval, or F(T I ~ j ) .  

The estimate is of the same fcrm as the Kaplan-Meier estimate, and thus the 
expressions for the variance of S [ T ~ ] ,  its log, and so forth, are similar to those 
presented in Section 9.1.3 upon substituting ~j for t j .  Estimates of the hazard 
function within each interval and the cumulative hazard function for the actuarial 
lifetable are described in many general texts (cf: Marubini and Valsecchi, 1995). 

9.2.2 Modified Kaplan-Meier Estimator 

The actuarial estimate assumes that all subjects who exit during an interval are 
known to be event free at the time of exit. In many instances this may not apply 
in which case the actuarial lifetable estimate does not apply. For example, in many 
studies in order to determine whether a non-fatal event has occurred during an 
interval requires that an examination be performed at the end of the interval. In this 
case, let w; designate the number of such observations who exit the study during the 
j th  interval. In fact, some of these patients could have had the event, but because 
the examination or test was not performed at the time of exit, their event status is 
unknown at the time of exit from the study. 

Since the wi exits during the interval were last known to be event free at the 
beginning of the interval, then the exposure time during the interval is nj = ~j - w5. 
Thus the conditional event probability in (9.40) becomes the ratio of the number of 
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events observed in the interval to the number examined during the interval. This 
implies that such exits are included up to and including the last interval where status 
was observed and that they are dropped from the denominator for the interval in 
which they exited. This adjustment was proposed by Koch, McCanless and Ward 
(1984) and by Pet0 (1984), among others. 

When all subjects are scheduled to be evaluated at fixed times, at least approxi- 
mately, then the lifetable estimate is calculated using the Kaplan-Meier method as in 
Section 9.1.3 based on the numbers of events and the number at risk (examined) for 
each successive study evaluation. The hazard function within successive intervals 
would then be computed using the piecewise exponential model of Section 9.1.4. 
These methods are illustrated subsequently by Example 9.2 . 

9.2.3 Competing Risks 

An additional consideration arises when some of the censored observations are 
informative with respect to the time of the index event of interest. The most 
direct instance of informative censoring is the case of a competing risk, where each 
individual is at risk of an absorbing or terminal event other than the index event of 
interest, such as death caused by cancer in a long study of cardiovascular mortality. 
Numerous methods have been developed for examination of cause-specific risks 
including the multiple decrement lifetable (cf: Elandt-Johnson and Johnson, 1980), 
the cause-specific hazard function (cf: Kalbfleisch and Prentice, 1980), the cause- 
specific sub-distribution function (cf: Gray, 1988; Gaynor, Fener, Tan, et al., 1993), 
and the conditional probability function (Pepe, 1991; Pepe and Mori, 1993), among 
many. More difficult problems arise when the censoring time is predictive of the 
ultimate failure time, but not in a deterministic manner as for a competing risk. 
These methods are beyond the scope of this text. However, it is important that the 
impact of competing risks on the analysis of event-time data be appreciated. 

Consider the case where our primary objective is to describe the risk of an index 
event in the presence of competing risks. For example, we may wish to describe 
the risk of end-stage renal disease where death because of non-renal causes such 
as accident or cancer is a competing risk. Let TI refer to the time of the index 
event, and Tc refer to the time of a competing risk event. As described by Prentice, 
Kalbfleisch, Peterson, et al. (1978), treating the competing risk events as unbiased 
censored observations provides an estimate of the cause-specific hazard function 

(9.43) 

where TI A Tc = min(T1, Tc). This is the probability of the index event at 
time t among those at risk at that time, meaning having “survived” both the index 
event and the competing risk event. This is commonly called censoring on death 
because the most common application is where the index event is non-fatal, such as 
hospitalization, healing, remission, and so on, but where death is a competing risk. 
A generalized Mantel-Haenszel test then is readily constructed to test the equality 
of the cause-specific hazard functions for the index event in two or more groups, or 
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a proportional hazards regression model applied to assess covariate effects on the 
cause-specific hazard function (see Chapter 7 of Kalbfleisch and Prentice, 1980). 

In this case, however, the associated estimate of the corresponding cause-specific 
survival function, such as a Kaplan-Meier estimate, has no logical or statistical 
interpretation. For example, consider an analysis of the time to progression of 
renal disease where deaths from other causes are competing risks. If one treats 
the competing risks (non-renal deaths) as ordinary censored observations,, that is, 
censors on such deaths, then the estimated renal progression “survival” function 
provides an estimate of the probability of remaining free of progression of renal 
disease in a population where there are no deaths from other causes. Thus the 
population to which the estimate applies is non-existent. See Pet0 (1984), Gaynor, 
Fener, Tan, et al. (1993), Pepe and Mori (1993) and Mauribini and Valsecchi (1995) 
for other examples and further discussion. 

In such instances, a much more useful quantity is the sub-distribution function, 
which is the estimate of the cumulative incidence of the index event in a population 
subject to other absorbing or terminal events. The following simple adjustment 
provides an estimate of this function. Consider the case of a simple proportion 
in a cohort of patients exposed for a common unit of time in which there are no 
exits for any reason other than a competing risk. As before, let r be the number 
of patients entering the cohort and d be the number of events observed in a fixed 
unit of time. Then let e be the number of competing risk events observed, that 
is, events that preclude the possibility of observing the index event. As described 
by Cornfield (1957), in the parlance of competing risk events we can choose to 
estimate either of two underlying probabilities of the index event: the net (pure) 
rate as d / ( r  - e) or the crude (mixed) rate as d / r .  The net or pure rate estimates 
the probability of the event that would be observed if the competing risk event could 
be eliminated in the population, and thus is purely hypothetical. Conversely, the 
mixed rate estimates the probability of the event, or its complement, in a population 
at risk of the index event and also other competing risk events, analogous to the 
sub-distribution function. 

Now consider a discrete time lifetable. Let T j  be the number entering the j t h  
interval (that is, at risk at the beginning of the interval); and during the j t h  interval 
let dj be the number of index events, ej be the number of competing risk events, 
and wj be the number of unbiased randomly censored observations. To motivate a 
simple adjustment for the presence of competing risk events, consider the following 
example with three time intervals ( j  = 1, 2 or 3) and no exits for any reason other 
than a competing risk. Of the 100 patients entered, ‘& dj = 30 had the event and 
C j  ej = 20 exited because of a competing risk event as follows: 

1 100 5 5 
2 90 10 10 
3 70 15 5 

Total 30 20 
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Because no patients are censored at random, the crude (mixed) proportion who 
survive the index event beyond the third interval is simply (100 - 30)/100 = 
0.70. It is reasonable, therefore, to expect that a lifetable estimator over these 
three intervals should provide the same estimate because no patients were cen- 
sored at random. The usual product-limit estimator, however, yields the estimate 
(95/100)( 80/90)( 55/70) = 0.6635, which is clearly incorrect. Alternately, if 
competing risk exits are not treated as censored, but rather are retained in the 
lifetable throughout, then the product-limit estimator of the proportion survivors af- 
ter the last interval is (95/100)(85/95)(70/85) = 0.70, the desired result. For such 
cases, in Problem 9.6.7 it is shown that this adjustment, in general, provides the 
proper estimate when there are no exits other than those caused by the competing 
risk. This approach is also discussed by Lagakos, Lim and Robins (1990). 

In the more general case, the sub-density function of the index event, or the 
probability of the index event at time t, is the probability of survival to time t and 
experiencing the index event at t, or 

fI(t) = h( t )Sr ,c ( t ) ,  (9.44) 

where S ~ , c ( t )  = P[(TI A Tc) > t]  is the probability of surviving both the index 
and competing risk events at time t and where A 1  (t) is the cause-specific hazard for 
the index event at that time. Thus the cumulative incidence or the sub-distribution 
function of the index event is the cumulative probability 

r t  

This function may be estimated by 

(9.45) 

(9.46) 

where d I j  is the number of index events at the j t h  event time t ( j )  among the 
nj subjects still at risk of either the index or competing risk events, and gI,c(t) 
is the Kaplan-Meier estimate of the probability of surviving both the index and 
competing risk event. Gaynor, Fener, Tan, et al. (1993) describe a generalization 
of the Greenwood estimate of the variance of this function; see also Marubini and 
Valsecchi (1 995). 

Gray (1988) then presents a test for the difference between the index event 
sub-distribution functions for two or more groups that is a generalization of the 
tests described in Section 9.3. Pepe (1991) also describes a test of equality of 
these and other related functions. Lunn and McNeil (1995) show that the Cox 
proportional hazards model described in Section 9.4 may be used to assess covariate 
effects on the cause-specific hazard functions of the index and competing risk events 
simultaneously. 

It can be shown that if the number of randomly censored observations during 
the interval between event times is small relative to the number at risk, then the 
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simple adjustment of not censoring on competing risks in a simple Kaplan-Meier 
calcuJation will yield estimates of the complement of the sub-distribution function, 
1 - F I ( t ) ,  and standard errors that are close to those provided by the above precise 
computations. Lagakos, Lim and Robins (1990) called this computation the intent- 
to-treat lifetable. The large sample properties of this estimate, and of test statistics 
comparing two or more groups, relative to the more precise computations based on 
(9.46) have not been explored. 

Finally, it should be noted that another approach is to eliminate the problem of 
competing risks by using a composite outcome consisting of the time to either the 
index or the competing risk event. In this case, inference is based on the quantity 
S,,c(t) and its associated hazard function. For example, one might use the time 
to progression of renal disease, transplant or death from any cause as a composite 
outcome where the observed time for each subject is the time of the first of these 
events to occur. Likewise, one might use all-cause mortality as an outcome rather 
than cause-specific mortality. Apart from the statistical simplifications, for clinical 
trials in cardiology, Fleiss, Bigger, McDermot, et al. (1990) have argued that the 
combined outcome of fatal or non-fatal myocardial infarction (MI) is indeed more 
relevant than is non-fatal MI where fatal MI is a competing risk. Their arguments 
also apply to an analysis of all cause mortality versus cause-specific mortality. 
This approach is only feasible, however, when the component events all represent 
worsening of disease. In other cases, where the index event represents improvement, 
but some patients may worsen and ultimately die, there is no alternative other than 
to evaluate the cause-specific hazard, its sub-distribution function or other relevant 
quantities. In the remainder, we assume that no competing risks apply. 

Example 9.2 
Figures 1.1 and 1.2 present the cumulative incidence of progression from normal 
albumin excretion (5  40 mg/24 h) to microalbuminuria (>40 mg/24 h) among 
subjects treated intensively or by conventional therapy in the Diabetes Controkand 
Complications Trial (1993). The cumulative incidence was estimated as 1 - S(t), 
where g( t )  is the estimate of the probability of remaining free of (or surviving) 
microalbuminuria. The presence or absence of microalbuminuria was assessed 
annually by a four-hour timed collection of serum and urine. This is an example in 
which the event is observed in discrete time because a procedure must be performed 
in order to discern whether or not the index event has occurred. Thus we used 
the approach described in Section 9.2.2, whereby individuals were considered to 
be right censored immediately after the last annual collection when still free of 
microalbuminuria and the actuarial adjustment was not applied. 

The actual annual visits were not conducted at intervals of exactly 365 days. 
Rather, the visit times varied about the annual target visit dates, some being late, 
some early, by as much as a month or more. Thus the renal evaluations conducted 
during the interval 0-18 months were considered year 1 evaluations, those during 
19-30 months as year 2 evaluations, and so on. During the study, only eight subjects 
were lost to follow-up for various reasons that were considered to constitute random 
censoring events, for example, moved away, and 11 patients died. Because of the 

Nephropathy in the DCCT 
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Table 9.4 Number at Risk (n) and Number of Events (d) at each Annual Evaluation in the 
Intensive and Conventional Treatment Groups of the Secondary Intervention Cohort of the 
DCCT 

@sit Intensive Conventional 
t j ni j  dij n2j d2j 

325 
307 
290 
281 
274 
204 
129 
73 
57 

18 
15 
9 
7 
7 
7 
2 
2 
2 

316 
297 
275 
258 
242 
167 
96 
52 
33 

19 
22 
17 
16 
10 
5 
3 
4 
3 

small number of deaths, the simple adjustment of not censoring on death was 
employed rather than a more complicated analysis of the sub-distribution function 
allowing for death as a competing risk. Because patients were recruited over a 
six-year period, the follow-up times ranged from 4-9 years, averaging 6.5 years. 
Patients who were followed up to the termination of the study in the spring of 1993 
who had not developed microalbuminuria were then administratively censored at 
that time. 

Table 9.4 presents the numbers at risk in the i th group at the j t h  annual evalu- 
ation (nv) and the number of patients who had microalbuminuria for the first time 
at that visit (dij) among the 715 patients in the secondary intervention cohort of the 
study (see Section 1.5). The number of patients censored immediately after the j t h  
evaluation in the i th group is wij = ni(j+l) - n,j +dij. In this case, the number at 
risk is the number of annual renal evaluations conducted so that the numbers cen- 
sored are transparent. Only two subjects were lost to follow-up (censored) during 
the first four years. 

Table 9.5 then presents the resulting estimates of the survival function, the cor- 
responding cumulative incidence function displayed in Figure 1.2 of Chapter 1, and 
the Greenwood estimated standard errors. 

In both treatment groups there is a steady progression in the cumulative incidence 
of microalbuminuria. However, beyond two years of treatment, the risk in the 
intensive treatment group is substantially less than that in the conventional group, 
estimated to be 26% after nine years versus 42%. 



LlFETA BLE CONSTRUCT/ON 375 

Table 9.5 Estimated Survival and Cumulative Incidence Functions for Developing Microal- 
buminuria at Each Annual Evaluation in the Intensive and Conventional Treatment Groups 
of the Secondary Intervention Cohort of the DCCT 

Usit Intensive Conventional 
t j  g i j  Fij S.E. &j  F2j S.E. 

0.945 
0.898 
0.871 
0.849 
0.827 
0.799 
0.786 
0.765 
0.738 

0.055 
0.102 
0.129 
0.151 
0.173 
0.201 
0.214 
0.235 
0.262 

0.013 
0.017 
0.019 
0.020 
0.02 1 
0.023 
0.024 
0.028 
0.033 

0.940 
0.870 
0.916 
0.766 
0.734 
0.712 
0.690 
0.637 
0.579 

0.060 
0.130 
0.184 
0.234 
0.266 
0.288 
0.310 
0.363 
0.42 1 

0.013 
0.019 
0.022 
0.024 
0.025 
0.026 
0.028 
0.036 
0.046 

9.2.4 SAS PROC LIFETEST: Survival Estimation 

Some of the above analyses are provided by standard programs such as the SAS 
procedure LIFETEST. For continuous observations these programs compute the 
Kaplan-Meier estimate and its standard errors directly. For the squamous cell car- 
cinoma data in Example 9.1, the SAS procedure LIFETEST with the following 
specification provides the estimates of the survival function and its standard errors 
within each group as shown in Table 9.3: 

proc lifetest; time time*delta(O); strata group; 

where the variable time is the survivaVcensoring time and censoring is indicated 
by the variable delta=O. 

However, with grouped or discrete data one must apply such programs with care 
because some programs such as LIFETEST employ different conventions from those 
employed herein. Throughout we take the view that the survival function is S(t )  = 
P(T > t ) ,  whereas LIFETEST defines the survival function as S(t)  = P(T 2 t). 
Thus for grouped time data, the j t h  interval is defined herein as Aj = ( T ~ - I , T ~ ] ,  

whereas LIFETEST defines this interval as Aj = [ ~ j - l ,  rj), closed on the left rather 
than the right. Thus the user must be carefil when using this or another program 
to construct the basic table of numbers at risk and numbers of events within an 
interval, such as for the DCCT Nephropathy data in Example 9.2. In such cases, 
its is recommended that one should carefully construct this basic table before using 
a standard program. However, the output of the program will still appear somewhat 
different because of the manner in which the intervals are defined. 
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Example 9.3 
For example, the following is a hypothetical set of data from a study where survival 
was grouped into two year intervals. The number entering the interval ( r j ) ,  the 
number of deaths during the interval (d j ) ,  the number lost-to-follow-up and known 
to still be alive during the interval (wj), the units of exposure (nj)  from (9.41), 
the estimated probability of survival beyond each interval S(7-j) and its estimated 
standard error are: 

Actuarial Lifetable in PROC LIFETEST 

(0, 21 305 18 45 282.5 0.936 0.015 
(2, 41 242 12 22 231.0 0.888 0.019 
(4, 61 208 6 9 203.5 0.861 0.022 

These data would be analyzed using the SAS procedure LIFETEST, using the 
following statements: 

Data one; input time freqn delta QQ; cards; 
2 1 8 1  2 4 5 0  
4 1 2 1  4 220 
6 6 1  6 9 0  
8 0 1  81930 
# 

PROC LIFETEST METHOD=act WIDTH=2; 
TIME time*delta(O); FREQ freqn; 

Note the addition of an extra interval with the number censored after the study was 
concluded. 

The SAS output would then include the following (extraneous material deleted): 

Effective 
Interval Number Number Sample 

[Lower, Upper) Failed Censored Size Survival 
0 2 0 0 305.0 I. 0000 
2 4 18 45 282.5 1.0000 
4 6 12 22 231.0 0.9363 
6 8 6 9 203.5 0.8876 
8 0 193 96.5 0.8615 

Survival 
Standard 
Error 

0 
0 

0.0145 
0.0194 
0.0216 

Because of the manner in which the intervals and the survival function are defined, 
the survival function estimates are offset by one interval compared to those computed 
directly from the data. Thus the last extra interval is required in order to obtain the 
estimates of survival beyond six years using LIFETEST. 

Thus for other than continuous observations, the user should take care to prop- 
erly construct the appropriate time variables for the censored and non-censored 
observations to ensure that the lifetable estimates are computed properly. 
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9.3 FAMILY OF WEIGHTED MANTEL-HAENSZEL TESTS 

9.3.1 Weighted Mantel-Haenszel Test 

The Kaplan-Meier and actuarial estimates provide a description of the survival 
experience in a cohort over time. However, the simple test for the difference 
between groups in proportions surviving beyond a specific point in time in (9.35) 
leaves much to be desired because it does not provide a test of equality of the 
complete survival curves, or equivalently, the hazard functions, for two or more 
cohorts over time. Thus another major advance was provided by Mantel (1966), 
when he reasoned that the Mantel-Haenszel test for a common odds ratio over 
independent strata also provides a test for differences between groups with respect 
to the pattern of event times, as represented by the underlying hazard function over 
time. Although the conditional proportions of events among those at risk within a 
cohort over time are not statistically independent, they are still uncorrelated and are 
asymptotically conditionally independent. Thus Mantel suggested that the Mantel- 
Haenszel test statistic applied to survival times should converge in distribution to the 
central 1 df chi-square distribution. A general formal proof of Mantel’s conjecture 
was later provided through the application of the theory of martingales for counting 
processes by Aalen (1978) and Gill (1980); see also Harrington and Fleming (1982). 

In Chapter 4 we showed that the Mantel-Haenszel test for multiple 2x2  tables 
may be differentially weighted over tables, the weights providing a test that is 
asymptotically fully efficient under a specific model, or efficient against a specific 
alternative hypothesis. So also, various authors have shown that a weighted Mantel- 
Haenszel test using a specific set of weights is asymptotically hlly efficient against 
a specific alternative. 

Let t ( j )  denote the j th  ordered event time from the combined sample of two 
independent groups of sizes n1 and 712 initially at risk at time zero, j = 1,. . . J, 
where J is the number of distinct event times, J 5 D, D being the total number 
of subjects with an event. Then, at the j th  event time t ( j )  a 2x2  table can be 
constructed from the nij subjects still under follow-up and at risk of the event 
in the ith group (i = 1,2). In the notation of stratified 2x2  tables introduced 
in Section 4.2.1, let uj denote the number of events observed at t ( j )  in group 1 
and let mlj denote the total number of events in both groups at time t ( j ) .  Then, 
the expected value of uj under the null hypothesis Ho: &(t)  = Sz(t) Vt,  or 
equivalently Ho: X , ( t )  = A z ( t )  V t ,  is estimated to be E(ujlH0) = n l jml j /N j ,  
where Nj = nlj + n z j  is the total number at risk at that time. The weighted 
Mantel-Haenszel test is then of the form 

A 

(9.47) 
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where w ( t ( j ) )  # 0 for some j ,  and the conditional hypergeometric expectation 
E(ajlH0) and variance Vi(ujIH0) are as presented in Section 4.2.3, 

(9.48) 

Asymptotically, the statistic is distributed as x2 on 1 df under Ho, and clearly, the 
size of the test asymptotically will be the desired level cr regardless of the chosen 
weights. 

This test is a weighted generalization of the Mantel-Haenszel test analogous to the 
Radhaluishna weighted Cochran-Mantel-Haenszel test presented in Section 4.7. In 
principle, the asymptotically most powerfbl test against a specific alternative could 
be derived by maximizing the asymptotic efficiency. In this setting, however, for 
continuous event times, as N + 00 then J 00 and the sums becomes integrals. 
Schoenfeld (1981) presents the expression for the non-centrality parameter of the 
test with no ties and shows that, in general, the optimal weights for a weighted 
Mantel-Haenszel test are of the form 

w(t )  0: log[X1(t)/Xz(t)l, (9.49) 

proportional to the log hazard ratio over time under the alternative hypothesis. In 
cases where the alternative can be expressed in the form 

(9.50) 

or as some function of the cumulative event distribution function under the null 
hypothesis, Schoenfeld (1 98 1) shows that the optimal weights are 

'w ( t )  = 91m1, (9.51) 

where p( t )  = 1 - g(t)  and g(t)  is the Kaplan-Meier estimate of the survival 
distribution for the combined sample. These expressions allow the determination 
of the optimal weights against a specific alternative, or the alternative for which a 
specific set of weights is fully efficient. 

9.3.2 Mantel-logrank Test 

The test with unit weights w (t) = 1 V t  yields the original unweighted Mantel- 
Haenszel test for multiple 2 x 2  tables applied to lifetables as suggested by Mantel 
(1966). When there are no tied event times ( J  = D), then mlj = 1 for j = 
1, . . . , D and the test is equivalent to a rank-based test statistic using a permutational 
variance derived by Pet0 and Pet0 (1972), which they termed the logrank test. 
However, when there are tied event times, the Peto-Peto logrank test statistic differs 
from the Mantel-Haenszel test statistic, and its variance is greater. The Mantel- 
Haenszel test, therefore, is widely referred to as the logrank test, even though the 
test of Pet0 and Pet0 does not accommodate tied observations in the same manner. 
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Cox (1972) also showed that the Mantel-Haenszel or logrank test (without ties) 
could also be derived as an efficient score test in a proportional hazards regression 
model with a single binary covariate to represent treatment group (see Problem 
9.14). Thus the test is also called the Mantel-Cox test. 

Based on the work of Cox (1972), Pet0 and Pet0 (1972), and Prentice (1978), 
among many, the Mantel-logrank test with w(t )  = 1 is asymptotically filly efficient 
against a proportional hazards or Lehman alternative, which specifies that 

s1 ( t )  = sz (t)+ (9.52) 

for some real constant 4. Thus 

exp [-A1 ( t ) ]  = exp [-&b (9.53) 

and it follows that 

(9.54) 

or that the hazard functions are proportional over time. From (9.49), therefore, the 
test with constant or unit weights w ( t )  = 1 is filly efficient against this alternative. 

Under this alternative, the constant 4 is the hazard ratio over time, which is 
a general measure of the instantaneous relative risk between the two groups. As 
is shown below, an estimate of the relative risk and its variance is conveniently 
provided by the Cox proportional hazards model. A location shift of an exponential 
or a Weibull distribution also satisfy this alternative, among others. 

9.3.3 Modified Wilcoxon Test 

Forms of the weighted Mantel-Haenszel test have also been shown to be equivalent 
to a modified Wilcoxon rank test for censored event times. The Peto-Pefo-Prentice 
Wilcoxon test uses weights equal to the KaRlan-Meier estimate of the survival 
finction for the combined sample, w ( t )  = S(t) ,  after asymptotically equivalent 
tests derived independently by Pet0 and Pet0 (1972) and Prentice (1978). This 
test provides greater weight to the early events, the weights diminishing as s^(t) 
declines. A similar test, the Gehan Modified Wilcoxon test (Gehan, 1965), was 
shown by Mantel (1967) to be a weighted Mantel-Haenszel test using the weights 
w(tcj, )  = nj at the j t h  event time. Although Gehan’s Wilcoxon test will be fully 
efficient against some alternative, just as any set of weights provides an efficient test 
against some alternative, the precise alternative for which it will be asymptotically 
efficient cannot be described in general terms, because its weights depend on both 
the event time distribution and the censoring time distribution (Prentice and Marek, 
1979). 

The Peto-Peto-Prentice Wilcoxon test, however, is asymptotically filly efficient 
against a proportional odds alternative of the form 

(9.55) 
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which specifies that the odds of the event are proportional over time, or that the 
event odds ratio cp is constant over time. Note that this model also specifies that 
the survival odds ratio is l/cp. This is also called a logistic alternative because this 
relationship is satisfied under a location shift of a logistic probability distribution 
(see Problem 9.4.2). Under this model, Bennett (1983), among others, shows that 
the Prentice (1978) Wilcoxon test can be obtained as an efficient score test of the 
effect of a binary covariate for treatment group. Also, using Schoenfeld’s result in 
(9.51), in Problem 9.10 it is shown that the optimal weights under the proportional 
odds model are w(t )  = s(t). 

9.3.4 GP Family of Tests 

To allow for a family of alternatives, Harrington and Fleming (1982) proposed 
that the Mantel-Saenszel test be weighted by a power of the estimated survival 
function w(t )  = S(t)p at time t .  Because they used GP to denote the resulting test 
statistic for given p, the family of tests has come to be known as the GP family 
of tests. A related family of tests was proposed by Tarone and Ware (1977), using 
weights w(t ( j ) )  = np based on the total number at risk at the j t h  event time. In 
each family, the value of p determines the weight assigned to events at different 
times and thus the alternative for which the test is asymptotically efficient. For 
p = 0 in the GP or Tarone-Ware family, all events are weighted equally, yielding 
the original unweighted Mantel-logrank test. When p = 1, the resulting GP test 
is the Peto-Peto-Prentice Wilcoxon test, whereas the Tarone-Ware test is Gehan’s 
test. The Tarone-Ware weights, however, reflect both the survival and the censoring 
distributions. Thus the Harrington-Fleming formulation is preferred. 

The relative efficiency of various members of these families of tests have been 
explored, focusing principally on the relative efficiency of the logrank and Wilcoxon 
tests under specific alternatives. Tarone and Ware (1977) explored the efficiency 
of the Mantel-logrank test versus the Gehan-Wilcoxon test by simulation. Pet0 and 
Pet0 (1972) derived both the logrank and a modified Wilcoxon test based on the 
theory of optimal linear rank tests of Hajek and Sidak (1967). Prentice (1978) 
also showed that the logrank and a modified Wilcoxon test could be obtained as 
asymptotically efficient linear rank tests using scores derived from an accelerated 
failure time model. Prentice and Marek (1979) and Mehrotra, Michalek and Mi- 
halko (1982) showed that these linear rank tests are algebraically equivalent to a 
weighted Mantel-Haenszel test with censored observations. Harrington and Fleming 
(1982) also explored in detail the relative efficiency of members of the GP family of 
tests based on the Aalen-Gill martingale representation of the underlying counting 
process, where these tests are also equivalent to the weighted Mantel-Haenszel tests 
shown in (9.47); see Section 9.6.3. 

Clearly, if the distributions from the two groups satisfy proportional hazards then 
they cannot also satisfy proportional survival odds, and vice versa. Further, the 
efficiency of a test with specified weights, or a specified value of p, will depend 
on the extent to which the data support the particular alternative hypothesis for 
which that test is most efficient. Thus if one applies a test with logrank (constant) 
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weights and the hazard functions are not proportional, there will be a loss of power. 
Lagakos and Schoenfeld (1984) describe the loss in power for the Mantel or logrank 
test when the hazard ratios are not constant and, in fact, may cross. Conversely, if 
Wilcoxon weights are used and the hazards are proportional, then likewise there will 
be a loss in power. These cases are analogous to the loss of efficiency incurred in 
the test for multiple independent 2 x 2 tables described in Section 4.8, when the test 
for one scale is chosen and the true alternative is that there is a constant difference 
over strata on a different scale. 

As was the case for multiple 2 x 2  tables, it is inappropriate to conduct multiple 
tests and then cite that one with the smallest P-value. Rather, in order to preserve 
the size of the test, the specific test, and the specific set of weights, must be 
specified a priori. Thus one risks a loss of power or efficiency if the chosen test 
is sub-optimal. As for the analysis of multiple 2 x 2  tables described in Section 
4.9, one safeguard against this loss of power, while preserving the size of the test, 
is to employ the Gastwirth (1985) maximin efficient robust test (MERT), which is 
obtained as a combination of the extreme pair in the family of tests. Apart from 
the fact that the weighted Mantel-Haenszel tests use the conditional hypergeometric 
variance, whereas the Radhakrishna tests use the unconditional product-binomial 
variance, the MERT in the two cases is identical; see Gastwirth (1985). Thus the 
developments in Section 4.9.2 also apply to the computation and description of the 
MERT for the GP family of tests. 

Finally, one may also conduct a stratified-adjusted test of the difference between 
the lifetables of two (or more) groups. If the total sample of N subjects are divided 
among I( independent strata (k = 1,. . . , K), then the stratified adjusted weighted 
Mantel-Haenszel test is of the form 

where t ( j ,k)  denotes the j t h  of the J k  event times observed among the n k  sub- 
jects within the kth stratum, W k ( t ( j , k ) )  is the weight within the kth stratum 
at time t ( j , k ) ,  u ( ~ , ~ )  is the observed number of events in group 1 at that time, 
E(a( j ,k )IHo)  its expected value with respect to the observations from the kth stra- 
tum at risk at that time, and K(a(j ,k)IHo) its conditional variance. For the GP 
family, ~ k ( t ( ~ , ~ ) )  = S k ( t ( j , k ) ) P  based on the estimated survival function within the 
kth stratum. Breslow (1975) presents a justification for the stratified logrank test 
( p  = 0) under a proportional hazards model; see also Problem 9.14.5. However, the 
stratified Gehan and Peto-Peto-Prentice Wilcoxon tests with censored observations 
have not been formally studied. 

- 

9.3.5 Measures of Association 

For the analysis of simple and stratified 2 x 2 tables, various measures of association 
were employed including the odds ratio and relative risk. Mantel (1966) suggested 
that the Mantel-Haenszel stratified-adjusted estimate of the common odds ratio be 
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used to summarize the differences between two survival curves, each event time 
representing a stratum. As shown above, however, the Mantel or logrank test is 
asymptotically efficient under a proportional hazards alternative. Thus Anderson 
and Bemstein (1985) show that the Mantel-Haenszel stratified-adjusted estimate of 
the common relative risk expressed in (4.17) provides an estimate of the assumed 
common hazard ratio over time. 

Peto, Pike, Armitage, et al. (1976) suggested that a score-based estimate of the 
hazard ratio (relative risk) be obtained as 4 = epRR, where &R = SL/P(SL) with 
estimated variance ~ ( P R R )  = ~(SL)-', when the Mantel or logrank test in (9.47) 
with unit weights (w(t) = 1) is expressed as Xi = S ~ / ~ ( S L ) .  This estimate 
is derived as a first-order approximation to the MLE under the Cox proportional 
hazards model described subsequently, in like manner to the derivation of the Pet0 
estimate of the odds ratio for a 2x2 table described in Section 6.4 (see Problem 
9.14.6). This provides an estimate of the nature of the treatment group difference 
to which the logrank test is optimal. 

Similarly, the Peto-Peto-Prentice Wilcoxon test may be obtained as an efficient 
score test under a proportional odds model (Bennett, 1983). This suggests that an 
estimate of the log odds ratio of the cumulative eve$ probability, 01 the negative 
log of the survival odds ratio, may be obtained as @OR = Spw/V(Spw) with 
estimated variance ?@OR) = p(Spw)-l using the Peto-Peto-Prentice Wilcoxon 
statistic Spw and its estimated variance ~(SPW). 
Example 9.4 
For the data from Lagakos (1 978) presented in Example 9.1, the commonly used 
weighted Mantel-Haenszel test statistics are 

Squamous Cell Carcinoma (continued) 

Test Weights Statistic Variance X2 p 5 
Logrank 1.0 -6.082 9.67277 3.824 0.0506 

Gehan Wilcoxon _nj -246.0 21523.4 2.812 0.0936 
PPP Wilcoxon S(t(,,) -3.447 3.90095 3.046 0.0810 

Since the data appear to satisfy the proportional hazards assumption to a greater 
degree than the proportional survival odds assumption, the logrank test yields a 
higher value for the test and a smaller P-value than does either the Gehan test or 
the Peto-Peto-Prentice (PPP) Wilcoxon test. Of course, one must prespecify which 
of these tests will be used a priori or the size of the test will be inflated. 

An alternative is to use Gastwirth's maximin combination of the logrank and 
PPP Wilcoxon tests. The covariance between the two test statistics is 5.63501, 
which yields a correlation of 0.91735. Then, using the expression presented in 
(4.126), the maximin efficient robust test (MERT) test value is XL = 3.572 with 
p 5 0.059. 

Although not statistically significant, these tests provide a test of differences 
between the complete survival curves of the two groups, rather than a test of the 
difference between groups at a particular point in time, as in Example 9.1. 
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Based on the logrank test, the Peto, eke ,  Armitage, et al. (1976) estimate of 
t_he_log hazard ratio or relative risk is PRR = -0.629 with estimated variance 
V(PRR) = 0.1034, which yields an estimate of the relative risk of 0.533 with 
asymmetric 95% confidence limits (0.284, 1.001). A Cox proportional hazards 
regression model fit to these data with a single covariate for treatment effect yields 
a regression coefficient of -0.677 with S.E. = 0.364, and with an estimated relative 
risk of 0.508 and confidence limits of (0.249, 1.036), close to those provided by the 
score-based estimate. This quantity corresponds to the effect tested by the logrank 
test. 

Likewise, for the PPP Wilcoxon test, the score-based estirnate_of-the log cumula- 
tive event odds ratio is &R = -0.884 with estimated variance V(P0,) = 0.2564, 
which yields an estimate of the cumulative event odds ratio of 0.413 with asym- 
metric 95% confidence limits (0.153, 1.115). The corresponding estimate of the 
survival odds ratio is 1/0.413=2.42 with 95% confidence limits (0.897, 6.53). This 
quantity corresponds to the effect tested by the Peto-Peto-Wilcoxon test. 

Example 9.5 Nephropathy in the DCCT (continued) 
For the analysis of the cumulative incidence of developing microalbuminuria in 
the Secondary Intervention cohort of the DCCT presented in Example 9.2, the 
study protocol specified a priori that the Mantel-logrank test would be used in 
the primary analysis to assess the difference between groups. This test ylelds 
X2 = 9.126 with p 5 0.0026. For comparison, the Peto-Peto-Prentice Wilcoxon 
test yields X2 = 8.452 with p 5 0.0037. For this example, the two tests are nearly 
equivalent. 

The relative risk estimated from a Cox proportional hazards model is 1.62 with 
95% confidence limits of (1.18, 2.22). This corresponds to a 38% reduction in 
the risk of progression to microalbuminuria among patients in the intensive versus 
conventional treatment groups. An additional calculation that adjusts for the log of 
the albumin excretion rate at baseline yields a 42.5% reduction in risk with intensive 
therapy. 

9.3.6 

For the squamous cell carcinoma data set of Example 9.1 with continuous (or nearly 
so) survival times, the statements shown in section 9.2.4 would be used to conduct 
an analysis using the SAS procedure LIFETEST. In this program, the independent 
treatment groups are referred to as STRATA, not as a CLASS variable as in other 
SAS procedures. In addition to estimates of the survival and hazard functions, 
the program computes the following tests of significance of the difference between 
groups (strata): 

SAS PROC LIFETEST: Tests of Significance 
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Test of Equality over Strata 

Test Chi-square DF Chi-square 
Pr > 

Log-Rank 3.8245 1 0.0505 
Wilcoxon 2.8116 I 0.0936 
-2Log (LR) 3.8869 1 0.0487 

The log-rank test value is the Mantel-logrank test and the Wilcoxon test is the 
Gehan Wilcoxon test, not the preferred Peto-Peto-Prentice Wilcoxon test presented 
in Example 9.4. The third test is a likelihood ratio test of the difference between 
groups based on the assumption of an underlying exponential distribution in each 
group (Lawless, 1982). 

PROC LIFETEST also provides a TEST statement that conducts either a lo- 
grank or a Gehan-Wilcoxon scores linear rank test that can be used to assess the 
association between a quantitative covariate and the event times. These tests are 
approximately equivalent to the value of the Wald test of the covariate when used 
in either a proportional hazards or a proportional odds model, respectively. These 
tests could also be used with a binary covariate representing treatment group. The 
tests, however, are based on the asymptotic permutational variance of the linear rank 
test and not the hypergeometric variance, as employed in the family of weighted 
Mantel-Haenszel tests. For the squamous cell carcinoma data, the logrank scores 
chi-square test value for the effect of treatment group is 3.579 with p 5 0.0585, 
and the Wilcoxon scores test value is 3.120 with p 5 0.0773. These tests do not 
correspond to the members of the GP family of weighted-Mantel-Haenszel tests, 
which, in general, are preferred. 

9.4 PROPORTIONAL HAZARDS MODELS 

The logistic and Poisson regression models of previous chapters assess the effects 
of covariates on the risk of the occurrence of an outcome or event, or multiple 
events, respectively, over a fixed period of time without consideration of the exact 
times at which events occurred, or the precise interval of time during which the 
event(s) occurred. The Cox (1972) Proportional Hazards (PH) regression model 
provides for the assessment of covariate effects on the risk of an event over time, 
where some of the subjects may not have experienced the event during the period of 
study, or may have a censored event time. The most common example is the time 
to death and the time of exposure (censoring) if a subject is still alive at the time 
of analysis. The Multiplicative Intensity Model of Aalen (1978), and Andersen 
and Gill (1992) allows the assessment of covariate effects on risk in the more 
general situation where subjects may experience multiple events during the period 
of exposure, or may experience none, in which case the time to the first event is 
also censored. These multiple events may be recurrent events of the same type, 
such as successive hospitalizations, episodes of infection, epileptic seizures, and so 
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forth. These multiple events, however, may be times to different events, such as the 
time to the development of retinopathy, nephropathy or neuropathy among subjects 
with diabetes. 

9.4.1 Cox's Proportional Hazards Models 

The assumption of proportional hazards is defined such that 

X ( t )  = 4x0 (t) and S (t) = SO (t)' (9.57) 

for some real constant of proportionality d,. Because the hazard function is the 
instantaneous risk of the event over time, the hazard ratio d, is a measure of relative 
risk. Now let z be a vector of covariates measured at baseline (t = 0). Later we 
generalize to allow for time-varying (time-dependent) covariates. A proportional 
hazards regression model is one where 

dJ = h ( z , P )  (9.58) 

for some smooth function h (5, p). Since the constant of proportionality must be 
positive, it is convenient to adopt a multiplicative risk model 

P 
h (z, p) = e"'P = ex,"=, . jPj  = JJ e x j P j  , (9.59) 

j=l 

where the covariate effects on risk (A)  are multiplicative. The coefficient for the 
j th  covariate is such that 

/3j = log(d,) per [AX, = 11 = Alog [A ( t ) ]  per [AX, = 1) (9.60) 

and epj is the log relative hazard (relative risk) per unit change in the covariate. 
Such regression models can be derived parametrically, by assuming a specified 

form for A0 (t) and thus X (ti=). For example, Feigl and Zelen (1965) describe 
a multiplicative exponential regression model when the hazard is assumed to be 
constant over time, and Pike (1966) and Pet0 and Lee (1983) describe a multiplica- 
tive Weibull regression model when the hazard function can be characterized by a 
Weibull distribution over time. 

To avoid the need to specify the shape of the hazard function, or a specific 
distribution, Cox ( 1972) proposed a semi-parametric proportional hazards model 
with multiplicative risks such that 

A (tJZi) = A0 (t) f e  and 4 = .&@ vt I (9.61) 

where A0 (t) is an arbitrary background or nuisance hazard function interpreted as 
the hazard for an individual with covariate vector z = 0. In this case the cumulative 
hazard is 

(9.62) 
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with corresponding survival function 

S(t1.i) = so (t)" ' . (9.63) 

The background hazard function X , ( t )  determines the shape of the background 
survival function So (t) that is then expanded or shrunk through the effects of the 
covariates. 

Assume that the observations are observed in continuous time with no tied event 
times. Then let t(l) < t ( 2 )  < . . . < t (D)  refer to the D unique event times. 
To derive estimates of the coefficients, Cox (1972) employed a partial likelihood 
motivated heuristically as follows. 

Let qj) be the covariate vector for the patient who experiences the event at the 
j t h  event time t ( j ) .  Then the probability of that patient experiencing the event at 
time t ( j ) ,  given the patient is still at risk, is 

(9.64) x ( t ( j ) l z ( j ) )  = XO (tcj)) effi ; j )P.  

Let R ( t ( j ) )  denote the risk set 

R ( t c j ) )  = { l  : te L t ( j ) )  (9.65) 

consisting of the indices of all subjects in the original cohort still at risk at time 
t ( j ) .  Then the total probability of an event occumng at t ( j )  among all subjects in 
the risk set is 

(9.66) 

Therefore, the conditional probability of an event occurring at t ( j )  in a subject with 
covariate vector qj) at that time is 

This leads to a likelihood: 

(9.67) 

(9.68) 

where only times at which events occur contribute to the likelihood. In fact, how- 
ever, as is shown below, this is not a complete likelihood but rather is a partial 
likelihood, the complete likelihood involving other terms. Thus the partial likeli- 
hood is designated as z (p). 

This likelihood can also be expressed in terms of individuals, rather than event 
times. Using the joint observations (6iIti),  where 6i is the indicator variable that 
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denotes either the event or right censoring at time ti ,  i = 1,. . . , N, Cox's 
likelihood is 

387 

partial 

(9.69) 

where only those individuals with an event (Si = 1) contribute to the likelihood. 
The partial likelihood can also be expressed as 

, (9.70) 

where Y ( t )  refers to a time-dependent at risk indicator variable to denote being at 
risk at time t. In the analysis of survival times, or the time of a single event, 

Y . ( u ) = {  1 : u l t a  } . > o .  
O : u > t i  ' (9.71) 

To see why Cox's likelihood is a partial likelihood, it is useful to examine the 
full model and its partition into two partial likelihoods as described by (Johansen, 
1983). From (9.57) and (9.61), the full likelihood under random censoring in (9.6) 
is 

(9.72) 

in terms of the at risk indicator process Y(u)  for each subject. Then let 

(9.73) 

Multiplying and dividing by B (u), and rearranging terms, the likelihood becomes 
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where (p) is Cox's partial likelihood (p) in (9.70) and [p, XO (t)] is 
the remaining partial likelihood involving both the coefficients p and the baseline 
hazard function XO (t) .  

The technical difficulty is to demonstrate that a solution to the estimating equa- 
tion based on the partial likelihood z(l) (p )  provides estimates with the same prop- 
erties as those of an MLE that maximizes a full likelihood. Cox (1972) simply 
applied the theory of maximum likelihood to the partial likelihood to provide esti- 
mates of the coefficients and to describe their asymptotic distribution, as though the 
associated score vector and information matrix were obtained from a full likelihood. 
However, this was received with some skepticism. Kalbfleisch and Prentice (1973) 
showed that Cox's partial likelihood could be obtained as a marginal likelihood 
when there were no tied observations. Cox (1975) provided a justification for the 
validity of inferences using a conditional likelihood argument. Tsiatis (1981) and 
others, under specific assumptions showed that the partial likelihood score vector 
is asymptotically normally distributed with mean zero and covariance matrix equal 
to the partial likelihood information function, and thus that the partial maximum 
likelihood estimates were also asymptotically normally distributed like those based 
on a full model. However, a rigorous justification was also provided using counting 
process methods by Andersen and Gill (1982) in the context of the more general 
multiplicative intensity model that generalizes the Cox model to recurrent events; 
see also Gill (1984). 

There are many generalizations of the basic proportional hazards model. A few 
of the most important are now described. 

9.4.2 Stratified Models 

Assume that the sample of N observations is divided among S mutually exclusive 
strata, and that there is a stratum-specific background hazard within each stratum. 
If we also assume that the covariate effects on the relative risks are homogeneous 
over strata, then for the hth stratum the stratified PH model specifies that 

Xh (tlz) = XOh ( t )  e='P h = 1,. * . , s, (9.75) 

where Xoh (t) may vary over strata. For example, if we wished to assess the effects 
of age and weight on the risk of death, it might be appropriate to consider a model 
stratified by gender, where the background hazards would be allowed to differ for 
men and women, but where the effects of age and weight on relative risks are 
assumed to be the same for men and women. 

A more general model arises when the covariate effects are also assumed to be 
heterogeneous over strata, in which case the model specifies that 

Xh (tlz) = XOh ( t )  ern'Ph h = 1 , .  . . , s, (9.76) 

where the PI ,  also differ among strata. Thus the background hazards differ among 
strata as well as the constant of proportionality for each covariate. In this more 
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general case, the stratified PH model partial likelihood is 

r 

where i (h)  denotes the ith subject within the hth stratum and 
is defined only among the N h  observations in the hth stratum: 

> (9.77) 

where the risk set 
Rh ( t i ( h ) )  = (1 6 - 

stratum h : t q h )  2 ti(,,)}. 
This stratified model implies that there is an interaction between the stratification 

variable and the background hazard hnction and with the other covariates that enter 
into the model through z’&. When the coefficients are homogeneous over stratum 
as in (9.79, then it is assumed that P h  = P for all strata, which yields a slight 
simplification of the partial likelihood. In this case, there is an interaction between 
stratum and the background hazard only. Thall and Lachin (1 986) describe these 
and other forms of covariate interactions in the PH model. 

Stratified models are useful when the proportional hazards assumption does not 
apply in the aggregate population, but it does apply within strata. For example, when 
the relative risks differ within intervals of time, so that the proportional hazards 
assumption does not apply in general, it may still apply within separate intervals of 
time, such as 0 < t 5 1, 1 < t 5 2, and so forth. In this case a stratified model as 
in (9.77) could allow for proportional hazards within time strata with differences 
in covariate effects on risk among the different time strata. 

9.4.3 Time-Dependent Covariates 

In some instances the covariate process may vary over time, in which case the 
covariate is termed time-dependent. Since the hazard function is the instantaneous 
probability of the event at time t given exposure to time t, or being at risk at time t, 
any aspect of the hstory of the covariate process up to time t may be incorporated 
into the model to assess the effect of the covariate on the relative risk of the event 
over time. Technically, a time-dependent covariate is assumed to be observable up 
to, but not including, t itself, or X (t) E Qt-,  which represents the history of the 
process up to the instant before time t ,  designated as t- .  Then the time-dependent 
PH model is of the form 

(9.78) 

where the j t h  coefficient now represents 

pj = log(4) per [ A X j ( t )  = 11 = A log {A  [t lXj (t)]} per [ A X j  = 11 . (9.79) 

For a non-time-dependent covariate, the value over time is the same as that at 
baseline as employed in (9.68). With a time-dependent covariate vector, the basic 
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partial likelihood then becomes 

(9.80) 
i=l 

To fit this model then requires that the time-dependent covariates be evaluated for 
all subjects at risk at each event time. 

9.4.4 Fitting the Model 

Consider the non-stratified model with a possibly time-dependent covariate vector 
with no tied event times for which the partial likelihood is (9.80). Then the j t h  
element of the score vector U ( P )  corresponding to coefficient p j  is 

is the weighted average of the covariate among all those at risk at time ti. Thus 
the score equation is of the form C(observed - expected) expressed in t e r n  of 
the covariate values for the ith subject who experiences the event at time ti. The 
contribution of each subject to the total score is also known as the Schoenfeld 
(1982) or score residual. 

The corresponding information matrix, where i ( p )  = I (p), then has elements 

with 

(9.84) 

for 1 5 j 5 k 5 p. The model is then fit using the Newton-Raphson iteration. 
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In a stratified model with homogeneous covariate effects among strata ( P h  = 
0 Vh) as in (9.79, the score equation for the j th  coefficient is simply U (P)pj = 

xi==, u h  (P)pj ,  where the u h  (P)pj is the score equation for the j th  covariate 
evaluated with respect to those subjects within the hth stratum only, h = 1,. . . , 5'. 
Likewise, using summations over subjects within strata, the covariate means within 
the hth strata {Zj(h)(ti(h),j3)} are computed with respect to the risk set comprising 
subjects within that stratum R h ( t i ( h ) ) .  The information matrix then has elements 
I ( / 3 ) j k  = Ch=l I h  ( P ) j k ,  where I h  (P)  is computed from the subjects in the hth 
stratum only. 

In a stratified model with stratum-specific covariate effects P h  for h = 1, . . . , S 
as in (9.76), the score vector contains S p  elements 

S 

where Uh ( P h )  is computed as in (9.81) among the subjects within the hth stratum. 
Since the strata are independent, the information matrix is a Sp x Sp block diagonal 
matrix of the form 

I ( P i , .  . . ,PSI = blockdiag [I1 (Pi) . . . I s  (PS I ] .  (9.86) 

The information matrix for the hth stratum I h  ( P h )  has elements I h  ( P h ) j k  eval- 
uated with respect to the subjects within that stratum. 

It is also straightforward to further generalize the above to the case with stratum- 
specific effects for some covariates and homogeneous effects for others. 

Although the model is based on a partial likelihood, the three general families 
of tests can be employed as for any other likelihood-based model: the Wald test, 
efficient scores test or the likelihood ratio test. As a problem it is readily shown 
that the Mantel-logrank test is the eficient scores test for the treatment group effect 
in the Cox model using the Peto-Breslow adjustment for ties (see Section 9.4.6.4). 

9.4.5 Robust Inference 

Inferences using the Cox model are dependent on the proportional hazards assump- 
tion that may not apply. In this case, one may still be interested in the Cox model 
coefficients as estimates of log average hazard ratios over time, even though a 
constant hazards ratio does not apply. The model-based standard errors and tests 
of significance in this case are possibly biased because of the departure from the 
proportional hazards assumption. 

Gail, Wieand and Piantidosi (1984) and Lagakos (1988), among others, have 
also shown that the estimates of the model coefficients in a Cox model are biased 
when important covariates are omitted from the model, even when the covariates are 
independent of each other. Whereas the coefficients in a simple exponential model 
are not biased by the omission of an independent relevant covariate, as shown 
in Problem 7.6.3, those in the Cox model are biased because of the presence of 
censoring, and because the estimates are obtained from a partial likelihood rather 
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than the full likelihood. Thus model-based inferences are also biased when an 
important covariate is omitted from the Cox model. 

The Cox model also assumes that the same background hazard function applies 
to all subjects in the population. A generalization of this assumption leads to a 
frailv model, in which it is assumed that the background hazard function has some 
distribution between subjects in the population (Clayton and Cuzick, 1985; see also 
Andersen, Borgan, Gill and Keiding, 1993). This is similar to a regression model 
such as logistic or Poisson regression, where it is assumed that the intercept in 
the model is distributed randomly in the population. Whereas the robust sandwich 
estimator will account for overdispersion in a logistic or Poisson regression model, 
it does not account for frailty in the Cox model. The reason is that under a frailty 
model, the coefficients are distinct from those in the marginal Cox model. 

In cases of model misspecification (other than frailty), proper estimates of the 
covariance matrix of the coefficient estimates, and related confidence intervals and 
statistical tests can be provided by the robust information sandwich (see Section 
A.9 of the Appendix). The score vector for the i th subject is 

where 

(9.87) 

(9.88) 

However, because the proportional hazards model is based on a partial rather than 
a full likelihood, the score vectors are not independently and identically distributed 
with expectation zero. Thus Lin and Wei (1989; see also Lin 1994), describe a 
modification to the information sandwich that provides a consistent estimate of the 
covariance matrix of the coefficient estimates under model misspecification. Lin 
and Wei (1 989) show that 

Wi (P)  = ui (P)  - E [ ui (P) ]  (9.89) 

where E [ U, (@)I is a weighted average of the scores of all subjects with events 
prior to time ti with respect to the covariate value for the i th subject at that time. 
Then, the { Wi ( P ) }  are i .i .d. 

Thus the robust estimator of the covariance matrix of the score vector is 

and the robust estimate of the covariance matrix of the coefficient vector is 

& (a) = I (jy 2 (a) I (a)-’. 

(9.90) 

(9.91) 
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This provides robust confidence limits for the parameter estimates and robust Wald 
and score tests for the parameters. By simulation, Lin and Wei (1989) show that the 
model-based Wald and score tests may have markedly inflated size when important 
covariates have been inadvertently omitted from the model, whereas the robust 
estimates retain their nominal size. 

Wei, Lin and Weissfeld (1989) and Lee, Wei and Amato (1992) generalized the 
Cox model to the analysis of multiple event times. They used a generalization of the 
information sandwich to provide estimates of the covariance matrix of the coefficient 
estimates for each of the event times simultaneously. These generalizations are 
provided by PROC PHREG. The program does not compute the robust estimate 
of the covariance matrix of the coefficients directly; however, it can be computed 
from by an additional routine as follows: Useful measures of the influence of an 
observation on the fitted model are the Jeave-cne-o_ut estimates ,Of the regression 
coefficients, called the DFBETAi = A& = - P(+ where f l ( i )  is the vector 
of coefficient estimates obtained by deleting the ith observation when fitting the 
model. Cain and Lange (1 984) showed that 

A& = I (B) -’ Wi (p) . (9.92) 

Thus the robust covariance matrix can be obtained from the DFBETA statistics as 

and the variance of the scores as 

(9.93) 

(9.94) 

A robust model score test of Ho: P = Po = 0 may be computed by evaluating 
the score vector Ui (PO),  the centered scores Wi (PO), and the matrix J ( P 0 )  
under the null hypothesis. From (9.89) the centered score vector for the ith subject 
evaluated under HO is 

where 5 ( t )  is the unweighted mean vector of covariate values among the n ( t )  
subjects at risk 9 time t. The robust covariance matrix under HO is then obtained 
as in (9.90) by J (PO) = xzl Wi (PO) Wi (PO)’. Using the total score vector 
W (PO) = xi Wi (PO), the robust model score test is then provided by X2 = 
W (Po)’ J^ (Po)-’ W (PO), which asymptotically is distributed as chi-square on 
p df under Ho. Similarly robust score tests may be obtained for the individual 
parameters of the model, although the computations are more tedious; see Section 
A.7.3. of the Appendix. 

9.4.6 Adjustments for Tied Observations 

The above presentation of the Cox PH model assumes that no two subjects expe- 
rience the event at the same time, or that there are no tied event times, such as 
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where multiple subjects die on the same study day. One crude and unsatisfactory 
option in this instance is to arbitrarily (by chance) break the ties and order them. 
With one or two ties, and a large sample size, this will have a trivial effect on the 
analysis. However, when there are many ties, or ties arise because of the manner 
in which the observations are recorded, the analysis should include an appropriate 
adjustment for ties. 

9.4.6.1 Discrete and Grouped Failure Time Data The simplest structure for a 
model that allows tied event times is to assume that events can only occur at fixed 
times 7 1  < 72 < . . . < TK.  However, this is unrealistic because almost always 
events occur continuously over time but may only be observed within grouped in- 
tervals of time, where the j t h  interval includes all times A j  = ( T ~ - I , T ~ ] .  For 
example, in many studies, an examination or procedure must be performed to deter- 
mine whether an event has occurred, in which case events during the j t h  interval 
will only be observed to have occurred on the examination conducted at T j .  This 
structure assumes that fired intervals apply to all subjects, or that all subjects are 
examined at the fixed times (7-j). When the observation times vary from subject to 
subject, then the observations are interval censored, in which case different models 
will apply (see below). In some cases, however, a fixed interval model will apply 
approximately to interval censored data. 

Prentice and Gloeckler (1 978) describe the generalization of the proportional 
hazards model to such discrete or grouped time data. The continuous time propor- 
tional hazards model specifies that the survival probabilities satisfy the relationship 
S(TjIzi) = SO (T j )  e x p ( E ; P )  at any time ~ j ,  where SO (~j) is the background sur- 
viva1 function for a subject with covariate vector a: = 0. In the grouped time 
model, 

(9.96) 

however, no information is provided regarding the form of the underlying hazard 
function A0 (7j). In either the grouped or discrete time model, the background 
conditional probability of a subject with covariate vector a: = 0 surviving interval 
Aj is 

(9.97) 

and the conditional probability that the event is observed at Tj is 1 - cpoj. Note 
that ‘poj is analogous to the continuation probability 1 - rj in (9.9) in the Kaplan- 
Meier construction. Under the proportional hazards model, it follows that cpjlS = 

To construct the likelihood, let ai denote the final interval during which the ith 
subject was observed to be at risk, ai E (1,. . . , K + l), where the last possible 
interval is A K + 1  = [TK, 7 ~ + 1 )  with T K + ~  = 00; and let Si be the indicator variable 

Cpoj=P(”’4 ,  
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to denote event (Si = 1) or censoring (Si = 0). Any subject censored during the 
j th  interval (ai = j, Si = 0) is assumed not to be at risk during that interval such 
that any observations event free and under follow-up at the end of the study are 
right censored after TK. Thus only censored observations have values ai = K + 1. 
From (9.6) the likelihood function for a sample of N observations under a random 
censoring model is 

for 8 = (pol . . . (POK p1 . . . p p ) T .  

plimentary log(-log) link such that 
Because the {cpo j }  are probabilities, Prentice and Gloeckler (1978) use the com- 

7j = log[- log(cpoj)], poj = e--e7j (9.99) 

for 1 < j < K. Substitution into the above yields estimating equations for the 
parameters 8 = (71 . . . 7K p1 . . . 

Note that the estimation of the relative risk coefficients requires joint estimation 
of the nuisance parameters (71 . . . YK). For finite samples, as the number of such 
parameters (intervals) increases, the bias of the coefficient estimates also increases 
(cf: Cox and Hinkley, 1974). 

The resulting model is then fit by maximum likelihood estimation. Whitehead 
(1989) shows that this model can be fit using PROC GENMOD or a program for 
generalized linear models that allows for a binomial distribution with a complimen- 
tary log(-log) link as described in Section 7.1.5. An example is also provided in 
the SAS (1997) description of PROC LOGISTIC. 

9.4.6.2 Cox's Adjustment for Ties In practice, even when the event-time distri- 
bution is continuous, ties may be caused by coarsening of the time measures, such 
as measuring time to the day or the week. For such cases, adjustments to the Cox 
PH model are employed to allow for ties. When there are tied event times, Cox 
(1972) suggested a discrete logistic model conditional on covariates x for some 
time interval of length dt of the form 

X (t lx) d t  - - Xo (4  dt em'p. 
1 - X (t lx) dt 1 - Xo ( t )  dt (9.100) 

Therefore, limdt 1 0 yields the PH model for continuous time in (9.61) since 
limdtlo [l - X ( t ) d t ]  -+ 1.0. In Problem 9.14.12 it is also shown that the PH 
model results from a grouped time logistic model, as above, where K -+ 00. If we 
let 

(9.101) 
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then 

(9.102) 

Therefore, we have a logistic model of the form 
eatm’P 

dt = 1 + ea+mtP = dJ (.I ’ (9.103) 

Now, consider a set of N small but finite intervals of time. During the j th  
interval assume that n3 subjects are followed (at risk) of whom dJ = m1, subjects 
experience the outcome event and n, - d3 = m2j  subjects survive the interval 
event-free, where ml, and m2, are the numbers with and without the event in the 
notation of matched sampling used in Section 7.6. Let x,k denote the covariate 
vector for the kth subject to have the event at time i!(J). Then conditioning on m1, 
events and rnz3 non-events during the j th  interval, the conditional likelihood is 

m l J  n q (%k) 3 11 - dJ ( % k ) l  

c n 1 ~ ,  ( z , k ( e ) )  ii [I- ( z j k ( e ) ) l  

k = l  k=ml, t 1  
L(P)Jlml,,n, - - (9.104) 

(z:,) ml, 

e=i k ( e ) = l  k(e)=mt,+l 

Because the successive intervals are conditionally independent, the total conditional 
likelihood is 

N 
L(P) = n L(P) j lml j ,n j .  (9.105) 

This likelihood is equivalent to that of the conditional logistic regression model 
for matched sets of Section 7.6.1. The score equations and the expressions for the 
information function are presented in (7.11 8)-(7.120). 

This model is appropriate when there is some natural grouping of the event times. 
Thus this model is appropriate for the instance described in Example 9.2, where 
the occurrence of the event can only be ascertained at fixed times during the study. 
One could also use the Prentice-Gloeckler grouped time model for such data. 

j=l 

9.4.6.3 Kalbfleisch-Prentice Marginal Model Kalbfleisch and Prentice (1973; 
see also Kalbfleisch and Prentice 1980), showed that Cox’s partial likelihood with 
no ties could also be expressed as a marginal likelihood obtained by integrating out 
the background hazard function. For tied observations, they provide an expression 
for the corresponding marginal likelihood that is somewhat more computationally 
intensive than Cox’s logistic likelihood. 
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9.4.6.4 Peto-Breslow Adjustment for Ties A computationally simple approach 
was suggested by Pet0 (1 972) and Breslow (1974) as an approximation to a precise 
model allowing for ties. Breslow (1974) showed that this provides an approximation 
to the marginal likelihood of Kalbfleisch and Prentice (1973) adjusting for ties. 
Again, let { t ( j ) }  denote the set of J distinct event times among the total of D 
patients who experience the event, J < D. The events are assumed to occur in 
continuous time but some ties are observed because of rounding or grouping of the 
times into small intervals, such that the number of tied event times is small relative 
to the total number of events D. Then let d j  denote the number of events observed 
among those at risk at time t ( j ) .  Generalizing (9.68), the approximate likelihood is 

where x j k  denotes the covariate vector for the kth subject to experience the event 
at time t ( j ) ,  1 5 k 5 d j ;  and where the dj subjects with the event at t ( j )  are 
included in the risk set at that time. This likelihood can also be expressed as a 
product over individuals as in (9.69). Thus the above equations (9.81)-(9,84) and 
the expressions for the robust information matrix in Section 9.4.5 also apply to the 
Peto-Breslow approximate likelihood with tied observations. 

9.4.6.5 Interval Censoring Ties may also be caused by interval censoring or 
grouping. Rather than observing an event time, we only observe the boundaries 
of an interval of time within which an event occurred. For an individual known 
to experience the event we then know that ti E (a i ,  b,], where the subject was 
known to be at risk and event free at time ai and to have had the event at some 
time up to time bi. Observations that are right censored then have the associated 
interval ti E ( a i , ~ ) .  Turnbull (1976) describes a method for estimation of the 
underlying hazard and survival functions for such data. Finklestein (1986) describes 
a generalization of the proportional hazards model for such data. Younes and 
Lachin (1 997) describe a family of models that includes the proportional hazards 
and proportional odds models for interval censored observations, and for mixtures 
of simple right-censored and interval censored observations. All of these methods 
are computer intensive and will not be considered further. 

9.4.7 Model Assumptions 

Consider a model with a single possibly time-dependent covariate X ( t ) .  The prin- 
cipal assumption of the proportional hazards model is that the effect of X ( t )  on 
the background hazard function over time is described by the constant of propor- 
tionality d, = es(t)P. To test this assumption, Cox (1972) proposed a test of Ho: 
4[tlz(t)] = ez ( t )p  Vt of a constant hazard ratio over time against the alternative 
H I :  q5 [ t )z( t ) ]  = h(t)  # es(t)P that the relative hazard is a monotonically increas- 
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ing or decreasing function of time h(t)  such as where h(t)  = log(t). This specific 
alternative implies that the true model includes an interaction term between the 
covariate and h(t)  such as z(t)P1 + z(t)h(t)P;?. Note that no term for h(t)  is 
required in the exponent because this term, if added, would be absorbed into the 
background hazard function X o ( t ) .  A test of Ho: PZ = 0 then provides a test of 
the PH assumption for that covariate in the model against the specific alternative 
that the hazard ratio 4 [tlz(t)] is assumed to be log linear in h(t). 

However, this is a test of a specific mode of departure from the PH model 
assumption. Numerous authors have proposed alternate assessments of this as- 
sumption, many based on graphical assessments. Lin and Wei (1991) present a 
review of these methods. Among the simplest is the following. Assume that we 
wish to assess the proportionality assumption for covariate 2 when added to the co- 
variate vector x, where 4(tlz, rn) = exp(zy+s’P). Then using the complimentary 
log(-log) transformation of the survival function yields 

(9.107) 

This implies that if 2 is used to construct separate strata (h = 1,. . . , S), then for 
fixed values of the other covariates, say 2, 

log(- log[3*(t(Z)]) = zf3 + log(- log[3oh(tl2)]). (9.108) 

Thus if the hazards are indeed proportional for different values of 2, now rep- 
resented by strata, then the background hazard functions w$hin strata should be 
proportional. In this case, plots of the functions log(- log[Soh(tlZ)]) versus t or 
log( t) should have a constant difference, approximately, over time. 

Various types of residual diagnostics have also been proposed that may be used 
to identify influential observations and to detect departures from the proportional 
hazards assumption. A summary of these methods is provided by Fleming and 
Harrington (1991). Many of these methods are also inherently graphical. 

Lin, Wei and Zing (1993) propose tests of model assumptions that can be used 
with the martingale residuals of Therneau, Grambsch and Fleming (1990). A some- 
what simpler test of the PH model assumption was also described by Lin (1991). 
Without showing the details, the basic idea is related to the properties of efficiently 
weighted Mantel-Haenszel tests where a unit weight for the difference (0 - E )  at 
each event time is asymptotically efficient against a proportional hazards alterna- 
tive. Thus if a different set of weights yields a test with a significantly greater value 
than the test with unit weights, this is an indication that the proportional hazards 
assumption does not apply. Lin (1 99 l), therefore, considers the difference between 
the weighted sum of the score vectors of the form 

T = xi [ u i ( P ) - w ( t i )  ui(~)l (9.109) 

for some weight w(ti) # 1. To test the proportional hazards assumption against 
a proportional odds assumption, the test would employ w(ti) = s^(ti) as would 
be used in a Peto-Peto-Prentice Wilcoxon test. Lin (1991) then describes a test of 
significance for the PH assumption based on this statistic and provides a program 
for its computation. A SAS macro is also available. 

log(- log[S(tlr, 41) = zy + X’P + log(- log[So(tlz,rn)]). 
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9.4.8 Explained Variation 

Since the PH model is semi-parametric and is based on a partial likelihood, no sim- 
ple, intuitively appealing measure of explained variation arises naturally. Schemper 
(1990) proposed a measure (his Vz), which is defined from the ratio of the weighted 
sum of squares of the deviations of the empirical survival function for each indi- 
vidual over time with respect to the_Cox model fitted survival function under the 
null (0 = 0 )  and alternative (0 = P )  hypotheses. O’Quigiey, Flandre and Reiner 
(1999) show that this measure is a Korn-Simon-like measure of explained varia- 
tion (see Section A.8 of the Appendix) in terms of survival probabilities that are 
weighted by the increments in the empirical cumulative distribution function of the 
event times. 

Schemper’s measure, however, is bounded above by some constant less than 1 
when the model fits perfectly. Also, it is based on the Cox model estimated survival 
function rather than the hazard function on which the model is based. Computa- 
tion requires estimation of the background survival hnction So(t), from which one 
obtains an estimate of the conditional survival function as g(tJs) = ~ ~ ( t ) ~ ~ P l ~ ’ a l .  
Kalbfleisch and Prentice (1980) describe a generalization of the Kaplan-Meier esti- 
mate of the background survival function So@), which is obtained by maximizing 
the non-parametric profile likelihood for the_hazard probabilities at the event times 
given the PH model estimated coefficients 0. This estimate requires iterative so- 
lution when there are tied event times. Simplifications and approximations can 
also be obtained (see Collett, 1994). Breslow (1974) also describes a non-iterative 
estimate that is based on an underlying piecewise exponential model. 

Korn and Simon (1990) also defined a measure of explained variation based on 
the survival times. To allow for censored observations, they use the expected square 
deviation of the survival time from its expectation. 

Alternately, Kent and O’Quigley (1988) describe a measure of explained vari- 
ation based on the Kullback-Leibler measure of distance or information gained. 
Their method is derived using a Weibull regression model that is a fully parametric 
proportional hazards model. They then show how the measure may be computed for 
a Cox PH model, which they denoted as &. An S-plus macro (Koq) is available 
from Statlib. 

O’Quigley and Flandre (1994) proposed a measure that is based on the sum 
of the squared scores or Schoenfeld (1982) residuals in (9.81) for each subject 
under the full versus the null model. This measure can be applied to models with 
time-dependent covariates, but like the Schemper and Kent-O’Quigley measures, 
requires additional computations. 

Kent and O’Quigley (1988) also suggested a simple measure of explained vari- 
ation analogous to Helland’s (1987) pa2 presented in (A.187) of the Appendix. 
Given a vector of estimated coefficients 3 from the PH model with covariate vector 
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X, they suggested that an approximate measure of explained variation is 

(9.110) 

where & is the empirical estimate of the covariance matrix of the covariate vector 
X. When the survival times are distributed as Weibull, then the covariate effects 
can be derived from an accelerated failure time model in log(T), where the errors 
are distributed as a Gumbel distribution (see Problem 9.3). In this case, g3 = 1.645. 
However, because the PH model is distribution-free, Kent and O’Quigley suggested 
using a: = 1 in (9,110), yielding their R&,A. They showed that the latter provides 
an adequate approximation to the more precise measure based on the proportion 
of information gained ijw. In the two examples presented the measure based on 
the estimated proportion information gain (p”) equaled 0.56 and 0.13, whereas the 
approximation R$,A equaled 0.59 and 0.13, respectively. 

In a widely used computer program (superceded by PROC PHREG), Harrell 
(1986) suggested that the proportion of explained log partial likelihood (equiva- 
lent to the estimated entropy R2, but not based on an entropy loss function) be 
used as a measure of explained variation. However, Schemper (1990) and Kent 
and O’Quigley (1988) have shown that this measure grossly underestimates the 
proportion of explained variation estimated from their respective measures. 

Schemper (1992) conducted a simulation to assess the accuracy of simple ap- 
proximations to his measure and concluded that Madalla’s likelihood ratio RtR in 
(A.203) provided a satisfactory approximation to his VZ, where the N is the total 
sample size, not the number of events. Over a range of settings, the median dif- 
ference V2 - RiR ranged from -0.033 to 0.003, indicating a slight negative bias. 
RiR also provides a rough approximation to the measures of Kent and O’Quigley 
(1988). In the two examples presented, their measure (p”,) equaled 0.56 and 0.13, 
respectively, whereas the approximation RtR yields values of 0.49 and 0.042, re- 
spectively. 

Schemper and Stare (1 996) presented an extensive assessment by simulation of 
the properties of the Schemper, Korn-Simon and Kent-O’Quigley measures. All 
but the latter were highly sensitive to the degree of censoring, whereas pw and its 
approximation Rk,A were largely unaffected. 

Some of these measures may also be used to assess the partial R2 or partial 
variation explained by individual covariates or sets of covariates, adjusted for other 
factors in the model. The simple approximation R i R  would use the likelihood ratio 
chi-square statistic for the contribution of the covariate(s) to the fill model. Kent 
and O’Quigley’s measure of the proportion of variation explained by a covariate, 
say the first j = 1, is computed as 

(9.11 1) 

A 

where 2 1 1 . 2  = 211 - E 1 2 E i i 2 2 1  is the conditional variance V(zllz2) for X 2  = 
(X2 ,  . . . , Xp). Schemper’s VZ, however, is a measure of the variation in the survival 
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probabilities that is explained by the full model. It does not describe the contribution 
of the individual covariates. 

All of the above measures apply to models with baseline (fixed) covariates. For 
models with time-dependent covariates, Schemper’s Vz and the approximation R i R  
may be applied. However, it is not clear whether the Kent-O’Quigley approximation 
R&,A would apply in this case. 

For a stratified PH model, there is no suitable measure of the proportion of 
variation explained by the stratification levels because the background hazards for 
each strata do not enter into the model directly. 

9.4.9 SAS PROC PHREG 

SAS PROC PHREG provides many of the above computations. The syntax of the 
model specification is similar to that of LIFETEST using a statement of the form 

model time*censor(O)=xl x2 / covb corrb r i s k l i m i t s ;  

to indicate that the hazard function is modified proportionately by the effects of the 
covariates XI and x2. The program will provide likelihood ratio and score tests of 
the model and Wald tests of the coefficients. The covb and corrb options print 
the model-based estimates of the covariance matrix of the coefficient estimates and 
their correlation. The r i s k l i m i t s  option prints the estimated hazard ratio per unit 
increase in the value of the covariate obtained as exp(p) and the corresponding 
95% confidence limits. The program does not provide type III or likelihood ratio 
tests; however, these can be computed by hand by fitting the appropriate nested 
models. 

To allow for ties, the program provides four options of the form t i e s=exac t  
or Breslow or Efron or Discrete. The exact  option fits the exact marginal 
likelihood (see Kalbfleisch and Prentice, 1973, 1980), whereas the Breslow option 
fits the Peto-Breslow approximation and the Ef ron option fits an approximation 
attributed to Efion (1977). The Discrete  option fits the Cox discrete logistic 
model, which is more appropriate when the times are coarsely grouped or are 
discrete. The others are more appropriate when the times may be tied because of 
rounding of the event times, such as to the day or week. The Breslow option is 
the default. 

The program provides a strata option to fit a stratified model as described 
in Section 9.4.2. It also allows the use of programming statements to define co- 
variate values, depending on the values of the strata effects or on time. Thus it 
accommodates time-dependent covariates of any form. 

Later versions of the program allow a counting process data structure that pro- 
vides extensions of the Cox model to the analysis of multiple events as described 
by Wei, Lin and Weissfeld (1989); to recurrent events as described by Prentice, 
Williams and Peterson (198 1); and also implements the multiplicative intensity 
model for recurrent events described in Section 9.6. The program does not com- 
pute the Lin and Wei (1 989) robust information sandwich directly. However, this 
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may be obtained by generating an output data set and then employing a separate 
program, as described in Example 44.8 of the SAS PROC PHREG documentation 
(SAS, 1997) Thus the information sandwich for a single event-time analysis and 
the robust score test may also be computed in this manner. Many of the program 
features are illustrated in the following examples. 

Example 9.6 
The analyses in Example 9.1 were restricted to the subset of patients who were non- 
ambulatory. The complete data set includes the age of the patient and the indicator 
variable for performance status (perf s t a t :  0 if ambulatory, 1 if not). Treatment 
is indicated by the value of group: 0 if B, 1 if A. The complete data set includes 
194 patients of whom 127 showed spread of disease during follow-up and 67 had 
right censored event times. The data set is available from the www (see Preface, 
reproduced with permission). 

An overall unadjusted assessment of the treatment group effect would employ 
the SAS statements: 

proc phreg; model time*delta(O) = group / r i s k l i m i t s ;  

Squamous Cell Carcinoma (continued) 

which would produce the following output: 

Testing Global Null Hypothesis: BETA=O 
Without With 

Cr i t e r ion  Covariates Covariates Model Chi-Square 
-2 LOG L 1085.464 1084.090 1.374 with 1 DF (p=0.2411) 
Score 1.319 with 1 DF (p=0.2507) 
Wald 1.313 with 1 DF (p=0.2619) 

Analysis of M a x i m u m  Likelihood Estimates 
Parameter Standard Wald P r  > 

Variable DF Estimate Error  Chi-square Chi-square 
GROUP 1 -0.250804 0.21889 I. 31282 0.2519 

Risk 95% Confidence L i m i t s  

0.778 0.507 1.195 
Ratio Lower Upper 

This shows that the overall hazard or risk ratio for treatment A:B is 0.778, which 
is not statistically significant with p 5 0.25 by the likelihood ratio test. 

In a model fit using only the two covariates (not shown), age is not statistically 
significant but the effect of performance status is highly significant (p 5 0.0045 
by a Wald test). Those who are not ambulatory have a risk 1.7 times greater than 
those who are ambulatory. The likellhood ratio model chi-square value is 8.350 on 
2 df. 
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An additional model was fit using the following statements to provide an estimate 
of the treatment group effect adjusted for the effects of age and performance status: 

proc phreg; model time*delta(O) = age perfstat group 
/ risklimits; 

This yields the following results: 

Testing Global Null Hypothesis: BETA=O 
Without With 

Criterion Covariates Covariates Model Chi-square 
-2 LOG L 1085.464 1073.951 11.513 with 3 DF (p=0.0093) 
Score 11.766 with 3 DF (p=0.0082) 
Wald 11.565 with 3 DF (p=0.0090) 

Analysis of Maximum Likelihood Estimates 
Parameter Standard Wald Pr > 

Variable DF Estimate Error Chi-square Chi-square 
AGE I -0.010664 0.00933 1.30737 0.2529 
PERFSTAT I 0.595259 0.19015 9.80008 0.0017 
GROUP I -0.387619 0.22524 2.96159 0.0853 

Risk 95% Confidence Limits 

0.989 0.971 1.008 
1.814 1.249 2.633 
0.679 0.436 I. 055 

Ratio Lower Upper 

The likelihood ratio test for the addition of treatment group, computed by hand is 
X2 = 11.513 - 8.35 = 3.163 with p 5 0.0753, slightly more significant than the 
Wald test for treatment group. 

The proportion of variation in the empirical survival functions explained by the 
model using Schemper’s VZ = 0.055. The approximate variation explained by the 
model is RiR = 1 - exp(-11.513/194) = 0.058. Based on the likelihood ratio 
test for the effect of treatment, the approximate proportion of variation explained 
by treatment group is RiR = 1 - exp(-3.163/194) = 0.016. The Kent and 
O’Quigley (1 988) approximation to their measure of explained information gained 
by the full model is R&,A = 0.105, and that explained by treatment group is 0.027. 
Because these measures are not affected by censoring, they are somewhat larger 
than the Schemper and RtR measures which are reduced by censoring. 

An additional model was fit with pairwise interactions among the three covariates 
in the linear exponent. The Wald test of the interaction between treatment group 
and performance status had a value X2 = 3.327 with p I 0.0681, which suggests 
heterogeneity of treatment group effects between the performance status groups. 
Thus an additional model was fit, dropping the other non-significant interactions 
with a treatment group effect nested within the levels of performance status. Among 
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those who were ambulatory (perf stat=O) the estimated relative risk for treatment 
group A:B is 0.996 withp 5 0.99. However, among those who were not ambulatory 
(perf s ta t= l ) ,  the estimated relative risk is 0.436 with p 5 0.0175. 

Since the treatment effect appears to depend on the value of performance status, 
a final model was fit that was stratified by performance status and which had nested 
effects for age and treatment group within strata using the likelihood (9.77). This 
model allows the background hazard function and the covariate effects to differ 
between performance status strata. 

Testing Global Nul l  Hypothesis: BETA=O 
Without With 

Cr i te r ion  Covariates Covariates Model Chi-square 
-2 LOG L 918.810 912.486 6.324 with 4 DF (p-0.1762) 
Score 5.861 with 4 DF (p=0.2097) 
Wald 5.751 with 4 DF (p=0.2185) 

Analysis of Maximum Likelihood Estimates 

Variable DF Estimate Error  Chi-square Chi-square 
AGE0 I -0.006504 0.01229 0.27995 0.5967 
AGE1 1 -0.021947 0.01491 2.16759 0.1409 
GROUP0 I 0.037793 0.29517 0.01639 0.8981 
GROW 1 I -0.770036 0.37309 4.25977 0.0390 

Parameter Standard Wald Pr > 

Risk 95% Confidence L i m i t s  

0.994 0.970 I .018 
0.978 0.950 1.007 
I. 039 0.582 1.852 
0.463 0.223 0.962 

Ratio Lower Upper 

This analysis shows that the treatment group effect is nominally significant at the 
0.05 level within the subgroup of patients who are not ambulatory with an estimated 
relative risk of 0.463 with p I 0.039, whereas there is no evidence of any treatment 
effect within the non-ambulatory subgroup with an estimated relative risk of 1.04. 

Unfortunately, it is not possible to conduct a direct test of the difference between 
the stratified model and that which is not stratified by performance status because 
the models are not nested in the coefficient parameters and thus the likelihoods 
are not comparable. Thall and Lachin (1986) describe a visual assessment of the 
hypothesis of homogeneous background hazards within strata. 

If the protocol had specified that the primary analysis was the comparison of 
the event-free or cumulative incidence curves, then the principal analysis would be 
the logrank test supplemented by an estimate of the relative hazard (relative risk) 
using either the Mantel-Haenszel estimate, the score-based estimate, or the estimate 
obtained from the Cox proportional hazards model. The latter is hlly efficient under 
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the proportional hazards model and is a consistent estimate of the time-averaged 
relative hazard when the proportional hazards model does not apply. In the latter 
case, however, the model-based confidence limits are too narrow and thus limits 
based on the robust information sandwich estimate of the covariance matrix are 
preferred. 

For this study, the logrank test applied to the complete sample of 194 patients 
yields a Mantel-logrank test value of Xz = 1.372 with p I 0.25. The Pet0 score- 
based estimate of the relative risk is = = 0.783 with 95% confidence limits (0.52, 
1.18). These are close to the Cox model-based estimates from the first of the above 
models. 

For this study, however, it is also important to note the suggestion of heterogeneity 
of the treatment effect within strata defined by the performance status of the patients. 
In this case, especially if the objective of the study were to conduct exploratory 
analyses of these relationships, it would be most appropriate to report the final 
model that is stratified by ambulatory status with stratum-specific covariate effects. 

Example 9.7 Robust lnformation Sandwich 
For the no-interaction model with treatment group adjusted for age and perfor- 
mance status, the COVB option provides the following model-based estimate of 
the covariance matrix of the estimates obtained as the inverse of the information 
matrix: 

AGE PERFSTAT GROUP 
AGE 0.0000869908 -.0001999462 0.0001887417 
PERFSTAT -.0001999462 0.0361561494 -.0085786551 
GROUP 0.0001887417 -.0085786551 0.0507323757 

Using the vector of DFBETA values for each subject, the robust estimate of the 
covariance matrix is computed to be 

AGE PERFSTAT GROUP 
AGE 0.0000809359 -0.0003168883 0.0002510116 
PERFSTAT -0.0003168883 0.0342840251 0.0017102024 
GROUP 0.0002510116 0.0017102024 0.0516267618 

This matrix yields Wald tests and confidence limits for the model coefficients that 
are similar to the model based estimates. 

The similarity of the two covariance matrices indicates that the proportional 
hazards model specification appears to be appropriate for these data. 

Using a separate program, the centered score vector from (9.95) evaluated under 
the model null hypothesis Ho: /3 = 0 is 

W(&) = [ -82.50022 14.11157 -5.600537 ] 
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and the robust estimate of the covariance matrix is 

1 9592.8705 -9.248928 27.70094 
-9.248928 26.649602 8.3026425 
27.70094 8.3026425 8.3026425 

mil) = 

The resulting score test is X2 = 13.155 on 3 df with p 5 0.0014. This test value 
is comparable to the likelihood ratio test (X2 = 11.513) and efficient score test 
(Xz = 11.766) based on the assumed model. 

Example 9.8 
For the same model used in the preceding example, Lin’s (1991) procedure was 
applied using an estimating equation derived from weighted scores as in (9.109), 
using the Kaplan-Meier estimated survival function from the combined sample as 
the weights. The coefficient estimates and their estimated standard errors derived 
from the weighted score equation, the difference of the weighted estimates from the 
Cox model estimates, and the standard error of the difference were 

Weighted Difference 

Testing the Proportional Hazards Assumption 

Parameter Estimate Std. Error Estimate Std. Error 
CROUP -0.48504 0.251705 -0.09742 0.112351 
AGE -0.01812 0.010092 -0.00746 0.003855 

PERFSTAT 0.704442 0.203207 0.109183 0.071672 

The difference in the estimates of the coefficient for age is nearly twice its standard 
error (2 = -0.00746/0.003855 = -1.935), suggesting that the proportional haz- 
ards assumption for age may not be applicable. Using the vector of differences and 
its associated estimated covariance matrix (not shown) as the basis for an overall 
test of the three covariate proportional hazards model versus a non-proportional 
hazards model yields a Wald test X 2  = 6.36 with 3 df (p 5 0.0954), which is not 
statistically significant. 

An additional analysis can be conducted using Cox’s method, in which a sep- 
arate model is fit containing an interaction between each covariate, in tum, with 
log(t). The Wald test of the interaction effect for each coefficient did not approach 
significance, p 5 0.27 for age, 0.15 for performance status and 0.41 for treatment 
group. Cox’s test, however, is designed to detect a monotone shift in the hazard 
ratio over time, and not a general alternative. 

Since Lin’s analysis suggests some departure from proportional hazards for the 
effect of age, age was divided into two strata and a model fit for the othzr two 
covariates stratified by age. Figure 9.3 presents the plots of the log(-log(So(t))) 
within age strata. Noting that the failure probability is directly proportional to 
the complimentary log-log function of the survival probability, this plot suggests 
(weakly) that those in the lower age stratum tend to have higher risk during the 
middle of the study, but equivalent risk otherwise. This non-monotonic departure 
from the proportional hazards assumption was not detected by Cox’s interaction 
test but was suggested by Lin’s test. Overall, however, there does not appear to be 
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Fk. 9.3 The Cox-model estimated background log(-log) survival probabilities, or the log 
cumulative hazard function, within the low (L) and upper (H) halves of the distribution of 
age, including treatment group and performance status in the model. 

0 1 2 3 4 5 

log(time) 

a major departure from the proportional hazards assumption for this or the other 
covariates. 

Example 9.9 DCCT Time-Dependent HbA1, and Nephropathy 
Example 9.2 describes the cumulative incidence of developing microalbuminuria 
among subjects in the Secondary Intervention Cohort of the DCCT. Such analyses 
established the effectiveness of intensive therapy aimed at near-normal levels of 
blood glucose at reducing the risk of progression of diabetic eye, kidney and nerve 
disease. However, it was also important to describe the relationship between the 
risk of progression and the level of blood glucose control achieved, as measured 
by the percent of total hemoglobin that was glycosylated, or the % HbAI,. The 
median of the current average HbAI, over the period of follow-up was 8.9% among 
patients in the conventional treatment group (upper and lower quartiles of 9.9% and 
8%), compared to a median of 7.0% (extreme quartiles of 6.5% and 7.6%) in the 
intensive group. The questions were whether the risk gradients for the level of 
HbAl, were the dominant determinants of the risk of progression of complications, 
whether the risk gradients were different between the groups, and whether this 
difference between groups in the level of HbA1, accounted for the difference in 
risk of complications. These questions were addressed by the DCCT Research 
Group (1995). An additional paper (DCCT, 1996) showed that the there is no 
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threshold of glycemia (HbA1,) above the normal range below which there is no 
further reduction in risk. 

To address these questions, the DCCT Research Group (1995) describes Cox 
PH model analyses of the effects of the log of the current mean HbAlc, as a 
time-dependent covariate, on the relative risk of developing nephropathy (microal- 
buminuria) in the Diabetes Control and Complications Trial. To fit the model, for 
each subject a vector (array) of mean HbA1, values was computed as of the time 
of each annual visit, the values MHBA1-MHBA9 for the nine years of study. Then 
the following SAS statements were used to fit the model separately within each 
treatment group: 

proc phreg; by group; 
model time*flag(O)= lmhba / ties=discrete alpha=0.05 rl; 
array mhba (9) mhbal-mhba9; 
do j=l to 9; 

end; 
if time eq j then lmhba=log(mhba(j)); 

Note that the observation for each subject includes the array of current mean HbA1, 
values and additional programming statements are used to define the appropriate 
covariate value for each subject at each event (annual visit) time. Also, note that 
the array must include the values of the covariate at all event (visit) times up to the 
last visit for each subject. Thus a subject with the event at year 5 ,  or one with the 
last evaluation at year 5 ,  would have the vector of values defined for years 1-5 and 
missing for years 6-9. 

The following results were obtained from the analysis of the 316 patients in the 
conventional treatment group of the Secondary Intervention cohort. 

Testing Global Null Hypothesis: BETA=O 

Criterion Covariates Covariates Model Chi-square 
-2 LOG L 715.917 698.106 17.811 with I DF (p=O.OOOl) 
Score 17.646 with 1 DF (p=O.OOOl) 
Wald 17.364 with I DF (p=O.O001) 

Without With 

Analysis of Maximum Likelihood Estimates 
Parameter Standard Wald Pr > 

Variable DF Estimate Error Chi-square Chi-square 
LMHBA 1 3.170502 0.76086 17.36408 0.0001 

Because the log HbA1, was used in the model, it is inappropriate to simply 
interpret ep = e3.I7 = 23.8 as a risk ratio per unit change in the HbAI,, although 
this is the estimate of the risk ratio per unit change in log(HbA1,). Rather, it is 
more informative to consider the change in risk associated with a proportionate 
change in HbA1,. Since p = log4 per AlogX(t)  = 1, it can be shown (see 
Problem 9.14.11) that lOO(cp - 1) represents the percentage change in risk per 
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a c-fold change in X ( t )  = HbA1, (c > 0). Therefore, the estimated coeficient 
p̂  = 3.17 represent a 35.3% increase in the risk of developing nephropathy per 10% 
higher value of the current mean HbA1, at any point in time (c = l . l ) ,  or a 28.4% 
decrease in risk per 10% lower HbAI, (c = 0.9). Using the 95% confidence limits 
for p yields 95% confidence limits for the risk reduction per 10% lower HbA1, of 
(16.2, 38.8%). 

Among the measures of explained variation described in Section 9.4.8, only 
the crude approximate measure R i R  may be readily applied because the model 
included time-dependent covariates. Based on the likelihood ratio chi-square test, 
the log of the current mean HbA1, explains l O O ( 1 -  exp(-17.811/316)) = 5.48% 
of the variation in risk. In DCCT (1995), such measures were used to describe the 
relative importance of different covariates, not as an absolute measure of explained 
variation. 

In the analyses of the total conventionai group, stratified by primary and sec- 
ondary cohort, and also adjustis for the baseline level of the log albumin excretion 
rate, the estimated coefficient ,kl = 2.834 corresponds to 25.8% risk reduction per 
10% lower HbAI,, with similar risk reductions in the primary and secondary in- 
tervention cohorts (DCCT, 2995). Nearly equivalent results were obtained in the 
intensive treatment group, ,f3 = 2.639. Thus virtually all of the difference between 
the treatment groups in the risk of developing microalbuminuria was attributable to 
the differences in the level of glycemia as represented by the HbA1,. 

9.5 EVALUATION OF SAMPLE SIZE AND POWER 

9.5.1 Exponential Survival 

In general, a distribution-free test such as the Mantel-logrank test is used for the 
analysis of survival (event-time) data from two groups. In principle, the power 
of any such test can be assessed against any particular alternative hypothesis with 
hazard functions that differ in some way over time. It is substantially simpler, 
however, to consider the power of such tests assuming some simple parametric 
model. The Mantel-logrank test is the most commonly used test in this setting, 
which is asymptotically fully efficient against a proportional hazards or Lehmann 
alternative. The simplest parametric form of this model is the exponential model 
with constant hazard rates X1 and Xz over time in each group. 

Asymptotically, the sample estimate of the log hazard rate log(5) is distributed 
as N[log(X), E(DIA)-']. Thus the power of the test depends on the expected 
total number of events E(DIX) to be observed during the study. Here E(DJX) = 
NE(61X), where 6 is a binary variable representing observation of the event (6 = 1) 
versus right censoring of the event time (6 = 0); and E(6lX) is the probability that 
the event will be observed as a function of X and the total exKosye of the cohort 
(patient years of follow-up). The test statistic then is T = log(Xl/A2). Under Ho: 
X1 = A2 = X and the statistic has expectation po = 10g(Xl/X2) = 0, while under 
H I ,  p1 = [log(XI) - log(Xz)]. As in Section 3.3.1, let Ci refer to the expected 
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sample fraction expected in the ith group (i = 1'2) where E(ni) = N<i. Then 
the variance of the test statistic under the alternative hypothesis is 

and under the null hypothesis is 

The basic equation relating sample size N and power 21-p is 

(9.1 12) 

(9.113) 

(9.114) 

where A = C1A1 + C2X2 analogously to (3.34) in the test for proportions. 
Lachin (1981) and Lachin and Foulkes (1986) present a similar expression_forihe 

case where the test statistic is the difference in estimated hazard rates, T = A1 - A2. 

Freedman (1982) shows that these expressions can also be derived from the null 
and alternative distributions of the Mantel-logrank statistic. As cited by Lachin 
and Foulkes (1 986), computations of sample size and power using the difference 
in hazards are conservative relative to those using the log hazard ratio in that the 
former yields larger required sample sizes, lower computed power for the same 
values of A1 and A2. As the difference in hazards approaches zero, the difference 
in the two methods also approaches zero. In some respects the use of the difference 
in hazards would be preferred because, in fact, the Mantel-Haenszel (logrank) test 
statistic can be expressed as the weighted sum of the difference in the estimated 
hazards between groups (see Section 9.6.3). Herein, however, we use the log hazard 
ratio because generalizations also apply to the Cox PH model. 

In the simplest case of a study with no censoring of event times, E(61A) = 1 
and the event times of all subjects are observed (N = D). In this case, the total 
number of events D and power 21-p are obtained as the solutions to 

(9.115) 

Thus the total number of events D required to provide power 1 - 
specified hazard ratio in a test at level a! is 

to detect a 

(9.1 16) 

(George and Desu, 1974; Schoenfeld, 198 1). Usually, however, there are censored 
event times because of administrative curtailment of follow-up (administrative cen- 
soring) or because of random losses to follow-up. 
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To allow for administrative censoring, let Ts designate the maximum total length 
of study. In the simplest case, each subject is followed for Ts years of exposure and 
E(61X) = 1 - e - A T S .  Typically, however, patients enter a study during a period of 
recruitment of TR years and are then followed for a maximum total duration of Ts 
years (Ts 2 TR) so that the first patient entered is followed for Ts years and the 
last patient for Ts - TR years. In a study with uniform entry over the recruitment 
interval of TR years and with no random losses to follow-up, it is readily shown 
(see Problem 9.1.5) that 

(9.117) 

(Lachin, 1981). Substitution into (9.114) and solving for N yields the sample size 
needed to provide power 1 - /3 in a test at level CY to detect a given hazard ratio, 
say N(X).  

Rubenstein, Gail and Santner (1981) and Lachin and Foulkes (1986) present 
generalizations that allow for randomly censored observations because of loss to 
follow-up. Let yi be an indicator variable that denotes loss to follow-up at random 
during the study prior to the planned end at Ts. If we assume that times of loss 
are exponentially distributed with constant hazard rate 7 over time, then for a study 
with uniform entry the probability of the event is 

1 1 ATR 

e-A(TS-TR) - e-AT.5' 
E(61A) = 1 - 

and the probability of loss to follow-up is 

E(TlA> 17) = p(m 17) (9.1 19) 

(see Problem 9.1.6). When 71 = 172 for the two groups, then the equation relating 
sample size and power is obtained by substituting E(61X,q) in (9.114) evaluated 
at XI, XI, and A. When 171 # 172, then the probability of the event in each group 
under HO will differ. In this case, the general equation in (9.114) is modified to 
employ the term 

(9.120) 

In the more general case, where losses to follow-up may not be exponentially 
distributed, Lachin and Foulkes (1986) show that the sample size with losses that 
follow any distribution G(t)  can be obtained approximately as 

(9.121) 

where E [SIX, G(t) ]  is the probability of an event during the study. Thus random 
losses to follow-up, whatever their distribution, that result in a 10% reduction in 
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the probability of the event being observed require that the sample size needed with 
no losses to follow-up, N (A), be increased by 11.1 %. 

For cases where the exponential model is known not to apply, Lakatos (1988) 
describes the assessment sample size based on the power function of a weighted 
Mantel-Haenszel test against an arbitrarily specified alternative hypothesis. In this 
procedure one specifies the hazard rates in the control and experimental groups 
over intervals of time along with other projected features of the study, such as 
the proportion censored or lost to follow-up within each interval. This allows the 
assessment of power under any alternative, including cases where the hazards may 
not be proportional, or may even cross, and where the pattern of random censoring 
is uneven over time and may differ between groups. Wallenstein and Wittes (1993) 
also describe the power of the Mantel-logrank test in an analysis where the hazards 
need not be constant nor proportional over time, although the Lakatos procedure is 
more general. 

9.5.2 Cox's Proportional Hazards Model 

As with the logistic regression model, the power function of a test for the vector of 
coeficients in the Cox PH model is a function of the joint distribution of the vector 
of covariates among those with the event and those not at each event time, which 
are unknown. However, one can assess the power of a Wald or score test in a PH 
model that is stratified by other factors. Under an exponential model, Lachin and 
Foulkes (1 986) describe the relationship between sample size and power for a test 
of the difference in hazards for two groups that is stratified by other factors. Since 
the logrank test is the score test in a Cox PH model, these methods also apply, 
approximately, to a test of the difference between groups in a Cox PH model with 
other binary covariates that define a set of strata. 

Schoenfeld (1983) showed that the probability of events in each of two groups 
under the assumption of constant proportional hazards over strata can be obtained 
if one has information on the survival hnction over time in the control group. Let 
E(6) denote the resulting probability of an event in the total sample. Then the 
sample size required to provide power 1 - @ in a test at level a to detect a given 
hazard ratio (RR) is provided as N = D/E(6) ,  where D is the total number of 
events required from (9.116) substituting RR for Xl /Xz .  Many, such as Palta and 
Amini (1985), describe generalizations of this approach. 

Example 9.10 Lupus Nephritis: A Stud' 
Lewis, Hunsicker, Lan, et al. (1992) describe the results of a clinical trial of 
plasmapheresis (plasma filtration and exchange) plus standard immunosuppressive 
therapy versus standard therapy alone in the treatment of severe lupus nephritis. The 
sample size for this study was based on two previous studies in which the survival 
hnction was log-linear with constant hazard approximately X = 0.3 yielding median 
survival of 2.3 1 years. Since lupus is a rare disease, recruitment was expected to be 
difficult. Thus initial calculations determined the sample size required to provide 
90% power to detect either a 40 or 50% risk reduction (relative hazards of 0.6 and 
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0.5) with a one-sided test at level a = 0.05. From (9.116), the total number of 
events required are 13 1.3 for a 40% risk reduction and 7 1.3 for a 50% reduction, 
assuming no right censoring. In practice these would be rounded up to 132 and 72 
events, respectively. 

The study was planned to recruit patients over a period of TR = 4 years with 
a total study duration of Ts = 6 years. With no adjustments for losses to follow- 
up, to detect a 40% risk reduction, a total N = 222 (221.9) subjects would be 
required. Among those in the control group with hazard A2 = 0.3, the probability 
of the event is E(61A2 = 0.3) = 0.6804, which yields 75.5 expected events. In the 
plasmapheresis group with hazard A1 = 0.18, the event probability is E(61X1 = 
0.18) = 0.5027 with 55.8 expected events. To detect a 50% risk reduction, the total 
sample size required is N = 127.3. In the control group, the event probability is 
unchanged, yielding 43.3 expected events. In the plasmapheresis group with hazard 
XI = 0.15, the event probability is E(b(A1 = 0.15) = 0.4429 with 28.2 expected 
events. 

In each case, the total expected number of events under the alternative hypothesis 
is approximately equal to the total number of events required in a study with no 
censoring. Thus the sample size is the number to be placed at risk such as to yield 
the required expected number of events in the presence of censoring. The greater 
the average period of exposure, the larger the expected number of events and the 
smaller the required sample size. For example, if all patients could be recruited 
over a period of only six months (TR = 0.5) in a six year study, then the numbers 
of patients required to detect a 40% risk reduction is 178.2, substantially less than 
the 222 required with a four year recruitment period. With a six month recruitment 
period, the average duration of follow-up is 5.75 years, yielding a total of 131 
expected events among the 179 patients. With a four year recruitment period, the 
average duration of follow-up is four years, again yielding 131 expected events 
among the 222 patients. 

Because lupus is a life-threatening disease, it was considered unlikely that pa- 
tients would be lost to follow-up at a rate greater than 0.05 per year. An ad- 
ditional calculation allowing for losses using (9.114) with a loss hazard rate of 
q1 = 772 = 71 = 0.05 in each group in (9.118) yields the following: 

A1 N E(-/lAl,rl) E(61X1,V) E(61A,q) D1 D2 
0.18 241.6 0.128 0.460 0.553 55.5 75.9 
0.15 138.8 0.135 0.404 0.532 28.0 43.6 

In the control group, for both values of XI, about 11% of the patients would be 
lost to follow-up (E(y(X2,q) = 0.105); and the probability of observing an event 
is reduced to E(61A2,q) =0.628 because of these losses to follow-up. With a 
40% risk reduction (A1 = 0.18), about 13% of the patients in the experimental 
group, E(y(A1, q), would be lost to follow-up; and likewise the probability of an 
event is reduced to E(SJA1,q)  = 0.46. Substituting these probabilities into (9.1 14), 
the total sample size is increased to N = 241.6 compared to N = 221.9 with 
no losses to follow-up. The total expected number of events, however, is still 
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approximately D = 131 as before. The combined probability of the event with 
no losses, 0.59 = (0.680+0.503)/2), is 8.7% greater than that with losses (0.54). 
Thus the simple approximation in (9.121) indicates that the sample size with losses 
should be approximately N = 1.087 x 221.9 = 241.3. Similarly, to detect a 50% 
risk reduction (XI = 0.15), a total sample size of N = 138.8 is required. 

Based on such calculations, the final sample size was determined to be N = 125 
recruited over four years with a total duration of six years. Allowing for a loss to 
follow-up hazard rate of 0.05 per year, this provides power of 0.872 to detect a 50% 
reduction in the hazard rate relative to the control group hazard of 0.3 per year with 
a one-sided test at the 0.05 level. This sample size provides power of 0.712 to detect 
a 40% reduction in the hazard, and only 0.553 to detect a one-third reduction. Were 
it not for the fact that lupus nephritis is a very rare disease, a larger sample sue 
would have been desirable, one that would provide perhaps a minimum of 80% 
power to detect a one-third risk reduction. Eventually the trial was terminated early 
because of lack of evidence of a beneficial effect of plasmapheresis on disease 
progression (Lachin, Lan, et al., 1992). 

9.6 ANALYSIS OF RECURRENT EVENTS: THE MULTIPLICATIVE 
INTENSITY MODEL 

In many prospective studies, the exact times of possibly recurrent events are recorded 
for each subject over a period of exposure that may vary among subjects because of 
staggered subject entry or random loss to follow-up. For example, such events may 
include successive hospitalizations, epileptic seizures, infections, accidents or any 
other transient, non-absorbing or non- fatal event. For each subject, the sequence 
of times of the event constitutes a simple point process observed continuously 
over time (or in continuous time). From such data it is desired to estimate the 
underlying hazard function over time and to test the difference between groups in 
these functions. In the more general case, we wish to assess the effects of covariates 
on the aggregate risk of events over time. 

One of the major advances in event-time analysis is the application of stochastic 
models for such counting processes to the analysis of survival and recurrent event- 
time data. Excellent general references are the texts by Fleming and Harrington 
(1991) and by Andersen, Borgan, Gill and Keiding (1993). This approach general- 
izes methods for the analysis of survival data to the analysis of recurrent event data, 
including tests for differences between two groups of subjects and the generalized 
proportional hazards regression model for a counting process. A rigorous treatment 
is beyond the scope of this text. In the following I provide a brief description of 
the extensions to the analysis of recurrent events, with only a brief introduction to 
martingales. 
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9.6.1 Counting Process Formulation 

We begin with a cohort of N subjects, where each subject is observed over a subset 
of the interval (0, T I .  The counting process for the ith subject, designated as Ni(s), 
is the number of events experienced by that subject up to study time s 5 T ,  for i = 
1,. . . , N. The aggregate counting process for the cohort is N(s) = N;(s), 
s > 0. 

To indicate when events occur in each subject, let dNi(s) and dN(s) designate 
the point processes corresponding to the “jumps” in the counting process for the 
ith subject or the aggregate process, respectively. Using a Stieltjes integral, then 

N 

N ( t )  = dN(s). I’ (9.122) 

For a continuous time process, where it is assumed that no subject experiences 
multiple events at any instant and that no two subjects experience an event at the 
same instant, then dN(s) = 1 or 0, depending on whether or not an event occurred 
at time s, 0 < s 5 7. However, such strict continuity is not necessary. To allow 
for tied event times, such as multiple recurrent events in a subject on the same day, 
or two or more subjects with events on the same day, the point process may be 
defined as 

AN(s) = N(s) - N(s-), (9.123) 

where N(s-) = limN(s - As) is the left-hand limit at s-, or the value of the 
As10 

process at the instant before time s. 
To designate the individuals at risk of an event at any time s, for the ith subject 

let Y,(s )  designate the at risk process where Y,(s )  = 1 if the subject is alive and at 
risk (under observation) at time s; 0 otherwise. The total number of subjects in the 
cohort at risk of an event at time s is Y ( s )  = ELl y i ( s ) .  The at risk indicator 
x ( s )  is a generalization of the simple right censoring at risk function employed 
in (9.71) with the proportional hazards model, where for the ith subject followed 
to time t i ,  Y,(s )  = 1 for s 5 ti, 0 for s > ti. In the analysis of recurrent events, 
however, k;.(s) may vary over time such that K(s) = 1 over intervals of time while 
a subject is under surveillance and at risk and y i ( s )  = 0 over intervals of time 
while a subject is lost to follow-up or is not at risk. In this setting Y,(s )  may 
switch back and forth between the values 0,l over time. By construction, a subject 
is not at risk of a recurrent event over the duration of an event. For example, in an 
analysis of the risk of recurrent hospitalizations, Y,(s )  = 0 over those intervals of 
time while a subject is hospitalized and is not at risk of another hospitalization. 

We also assume that the risk process x(s) is statistically independent of the 
counting process N;(s) for the ith subject, and likewise for the aggregate processes 
in the cohort. This is a generalization of the assumption of censoring at random 
that was employed in the analysis of survival data. 

Note that the above formulation is easily adapted to the case of calendar time 
rather than study time. In the case of calendar time, time s = 0 is simply the earliest 
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calendar time for the start of observation among all subjects, and time s = T is 
the latest calendar time for the end of observation among all subjects. The Ni(s), 
&(s) and d N i ( s )  processes are then defined in calendar rather than in study time. 

Now let 3, designate the history or thefiltration of the aggregate processes for 
all N subjects up to time s { N , ( u ) ,  K(u) ;  i = 1,. . . , N ;  0 < u 5 8 ) .  Likewise, 
3,- designates the history up to the instant prior to s. Then in continuous time the 
conditional probability (intensily) of an event in the ith subject at time s is 

a i ( ~ ) d s  = E [ d N i ( ~ ) 1 F . - ]  = A ( ~ ) Y , ( s ) d s  i = 1, ..., N ,  (9.124) 

where X(s) is the underlying intensity or ratefunction that applies to all the subjects 
in the cohort. The hazard function for a single event in continuous time is now 
generalized to the case of possibly recurrent events as 

(9.125) 
Pr [ { N i  (s + A s )  - N, (3) = 1}13,-] 

A (s) = lim 
ASLO As 

for the ith subject. Likewise, for the ith subject, the cumulative intensityfirnction 
of the counting process N i  ( t )  is defined as 

(9.126) 

The intensity ai(t) and cumulative intensity Ai(t) are interpreted as the point and 
cumulative expected numbers of events per subject at time t. Note that the intensity 
of the point process a,(s) is distinguished from the underlying intensity X(s) in the 
population, in that the former allows for the extent of exposure over time within 
individual subjects. 

Similar results apply to the aggregate counting process in the aggregate cohort. 
These results are now presented using Stieltjes integrals to allow for observations in 
continuous or discrete time. The intensity function for the aggregate point process 
is then defined by 

dd(s) = E [ d N ( ~ ) l 3 , - ]  = Y(s)dA(s) ,  (9.127) 

where, in continuous time, dA(s )  = X(s)ds, and in discrete time dA(s) = AA(s) = 
[A(s) - h ( s - ) ] .  Thus the cumulative intensity function for the aggregate counting 
process is 

rt  
A(t) = E [ N ( t ) l F t ]  = J dA(s) .  

0 
(9.128) 

In continuous time, dd(s) = a(s)ds = A(s)Y(s)ds .  In discrete time dd(s) = 
Y(s)AA(s) and the integral may be replaced by a sum. 
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Since N(t)  is a non-decreasing process in time, it is termed a submartingale. 
The cumulative intensity d(t) is referred to as the compensator of the counting 
process N(t). Since d(t) is the conditional expectation of the counting process 
given the past history of the process Ft, then the difference M ( t )  = N(t) - d(t) is 
a martingale which satisfies the essential property that 

EIM(t)l.Fs] = M ( s ) ,  s < t (9.129) 

or, equivalently, that 

E [ M ( t )  - M(s)).F,] = 0,  s < t .  (9.130) 

Likewise, the change in M ( t )  at any instant in time dM( t )  = d N ( t )  - dd(t) is a 
martingale with respect to the history of the process 3t. Note that M (t) is of the 
form (Observed - Expected) and thus represents the random noise associated with 
the observed counting process N( t )  over time. 

The theory of martingales then provides powerful tools that establish the large 
sample distribution of regular functions of martingales. The variance of the count- 
ing or point process is provided by the variation process and the large sample 
distribution is described by the martingale central limit theorem. 

9.6.2 Nelson-Aalen Estimator 

We now wish to estimate the underlying intensity X ( t )  for the cohort of N in- 
dividuals followed up to some time r. Aalen (1978) presented the following es- 
timators of the intensity for possibly recurrent events as a generalization of the 
estimators of the intensity for survival data first proposed by Nelson (1972). Let 
{ t ( l )  < t (2 )  < . . . < t ( J ) }  refer to the sequence of J distinct event times in the 
combined cohort of size N, where dN (3) > 0 for s E [ t ( l ) ,  . . . t ( ~ ) )  and = 0 
otherwise. We again designate the total number of subjects in the cohort at risk 
at the j t h  event time as Y(t) .  If we assume that the intensity is discrete with 
probability mass at the observed event times, then from (9.127), a simple moment 
estimator of the jump in the cumulative intensity at time t ( j )  is 

(9.13 1) 

where &(s) = 0 for values s 4 (t(l)l . . . , t ( ~ ) ] .  The corresponding Nelson-Aalen 
estimator of the cumulative intensity then is 

for 0 c s 5 r. Allowing for tied event times, the variance of the estimate is 

( Y ( s )  - AN ( s ) ]  dN (s) 
7 (9.133) 
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which is estimated consistently as 

(9.134) 

For the analysis of survival data, or the time to the first or a single event, in the 
notation of Section 9.1, dj  = d N ( t ( j ) ) ,  nj = Y ( t ( j ) )  and p j  = d N ( t ( j ) ) / Y ( t ( j ) ) .  
In this case, the cumulative intensity equals the cumulative hazard and the estimate 
in (9.132) equals that in (9.27). Likewise, the estimate of the variance in (9.134) 
equals that in (9.30). 

Clearly the estimated intensity d x ( t )  is a step function that can be smoothed 
by standard methods. The simplest approach is to use linear interpolation between 
successive event times such that 

A 

where h(s) has successive steps at t ( j )  and t(j+l). This is equivalent to the simple 
histogram method of density estimation (cJ Bean and Tsokos, 1980). 

RamlawHansen (1983a, 1983b), and others, have described kernel functions that 
yield a smoothed estimator of the intensity A(s). In general, the kernel estimator of 
the intensity is defined as 

A X*(s) = 5 Jdm K (4) s - t  d i ( t )  
(9.136) 

with bandwidth b, where K(u)  is a smoothing kernel hnction defined for IuI 5 1, 
0 otherwise, and where f 1  K(u)du = 1. Computationally, the smoothed estimator 
is obtained as 

(9.1 37) 

Andersen, Borgan, Gill and Keiding (1993) describe an adjustment for values that 
are within b units of the left boundary (t = 0) that may also be applied to values 
approaching the right boundary (t = t(  J ) ) .  

Ramlau-Hansen (1983a) also describes a consistent estimator of the variance of 
this smoothed estimator. Allowing for ties, the estimated variance, say S2(s) = 

e [x* (s)] , is provided as 
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(Andersen, Borgan, Gill and Keiding, 1993). Therefore, a point-wise large-sample 
1 - (Y confidence band is provided by i * ( s )  f 21-,/232(s). 

Basically, p (s) is a weighted average of the intensity in the neighborhood of time 
s using weights defined by the kernel function. If K(u)  is the uniform distribution, 
then p(s) is the unweighted mean of the intensity over the region s f b. Usually, 
however, a kernel function gives weights that decline as the distance s - t increases. 
Ramlau-Hansen (1983b) also derives a family of optimal smoothing kernels for 
counting process intensities. If the true intensity can be expressed as a polynomial 
of degree r ,  Ramlau-Hansen shows how to derive the optimal smoothing kernel in 
the sense that it minimizes the variance of the estimator of the vth derivative of the 
cumulative intensity hnction, for specified T and o. For a polynomial of degree 1, 
that is, a linear hnction in the immediate region, the optimal smoothing h c t i o n  
for o = 1, that is, for the intensity itself, is the Epanechnikov (1969) kernel 

K ( u )  = 0.75(1 - u2) ,  ( u I  5 1. (9.139) 

However, as is the general case in non-parametric density estimation, the choice 
of the smoothing kernel is not nearly as important as the choice of the bandwidth. 
Although iterative procedures have been proposed for determining the optimal band- 
width, they are computationally tedious; see Andersen, Borgan, Gill and Keiding 
(1993). Often, therefore, the bandwidth is determined by trial and error, starting 
with a bandwidth that is too wide, and then successively reducing it to the point 
where further reductions in the bandwidth yield an overly noisy estimate. Andersen 
and Rasmussen (1986) present an example of kernel smoothed intensity function 
estimates. 

9.6.3 Aalen-Gill Test Statistics 

Now consider the case where there are two groups of subjects and we wish to test 
the equality of the intensities 

Ho : X ~ ( S )  = X ~ ( S )  = X(S) 0 c s 5 7 ,  (9.140) 

where X(s) = d A ( s ) / d s  is the assumed common intensity. This hypothesis can be 
tested using a family of non-parametric tests that are generalizations of the weighted 
Mantel-Haenszel tests for lifetables which includes the logrank test and the Gehan 
Wilcoxon test as special cases. These are also called "Aalen-Gill" tests, based on 
the pioneering work of Aalen (1 978) and Gill (1 980). Andersen, Borgan, Gill and 
Keiding (1 982) and Harrington and Fleming (1 982) also present further results. The 
properties of these tests are established using the theory of martingales for counting 
processes. Lan and Lachin (1995) present a heuristic introduction to martingales 
and their application to rank tests for survival data using the analogy of a video 
game originally described by Lan and Wittes (1985). 

Let Ni (s) and Y, (s) denote the aggregate counting and at risk processes summed 
over all ni members of the i th group, i = 1,2;  and let N. ( 9 )  = N ~ ( s )  + N2 (9) and 
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Y.(s) = Yl(s) + Yz(s) refer to the aggregate processes for both groups combined, 
all evaluated over 0 < s I 7. Then, let K(s )  be a predictable process meaning 
that it is a function of the past history Fs-, or is F+-measurable, where K ( s )  
defines the weighting process for different test statistics. 

The Aalen-Gill test statistic is defined as the stochastic integraZ 

(9.141) 

where 

dMi(s)  = dNi(s) - d d i ( s )  (9.142) 

is a martingale with the compensator ddi(s) = &(s)dA (9) defined in terms of 
the assumed underlying common intensity under Ho. Because K ( s ) ,  Y I ( s )  and 
Yz(s) are predictable processes, then the test statistic is the difference between two 
stochastic integrals each of which is a martingale transform, and thus is also a 
martingale. Expanding, the terms d h  (9) cancel to yield 

Since the Stieltjes integral can be expressed as a sum over the observed event times 
at which dN,(s) > 0, then from (9.132), 

bil (s) - d& (s)] , (9.144) 

which is a weighted sum of the differences between the estimated intensities of the 
two groups. 

From (9.143) the test statistic can also be expressed as 

TAG = 1' KO [dNl(s)Yz(s) - dNz(s)Yi(s)] (9.145) 
y* (s) 

From (9.132), the estimate of the common underlying intensity under Ho is 

which is obtained from the combined sample. Thus 
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where the conditional expectation is 

Expressing the Stieltjes integral as a sum over the observed event times { t ( j ) }  yields 

Allowing for ties (cf: Fleming and Harrington, 1991; Andersen, Borgan, Gill and 
Keiding, 1993), the variance of the test statistic is consistently estimated as 

(9.150) 

where AN.(t(,)) = [N.(t(,)) - N.(t;,)]. Then from the martingale central limit 

theorem, asymptotically X i G  = (TjG/Z2) 
In terms of the notation of a 2 x 2  table at each event time, then aj = dN1 (+,I), 

stituting into the above, the Aalen-Gill test statistic for either the time to a single 
event, or for recurrent events, is equivalent to the weighted Mantel-Haenszel test in 

The predictable weight process K ( s )  then determines the specific form of the test. 
The logrank or Mantel statistic employs K ( s )  = 1, for 0 < s 5 T and the Gehan- 
type modified Wilcoxon statistic employs K (  s) = Y, (s). For recurrent events, the 
Harrington-Fleming GP family of tests may also be defined, but in terms of the 

weight processes K ( s )  = exp -px (s )  using the estimated cumulative intensity 

rather than the estimated survival function. Again p = 0 yields a logrank test, 
p = 1 a modified Wilcoxon-like test. 

Example 9.11 DCCT Hypoglycemia Incidence 
Examples in Chapter 8 describe the rate of severe hypoglycemia in the intensive 
and conventional treatment groups of the Diabetes Control and Complications Trial. 
Those results describe the overall incidence rate of possibly recurrent events over 
time, and the relative risk between groups, based only on the total number of 
events experienced by each subject in the cohort. Here we expand those analyses 
to incorporate information based on the time of each event. A detailed assessment 
of the time-varying incidence of severe hypoglycemia over time is presented by the 
DCCT (1997). The DCCT hypoglycemia data for the secondary intervention cohort 
used herein is available from the www (see Preface). 

Among the 715 patients in the secondary cohort, a total of 2266 episodes of 
severe hypoglycemia occurred at a total of 1565 distinct event times during the 
total of 9.4 years of follow-up. The total number at risk ranged from 715 at the 

d x2 on 1 df under Ho. 

721, 3 Yl(t(,)), m1, = AN,(t(,)), N, = Y'(t( ,)) ,  and w(t(,))  = K(t(,)). Sub- 

(9.47). 

[ I  
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Fig. 9.4 Kemel-smoothed estimates of the intensity function expressed as a rate per 100 
patient years within the intensive and conventional treatment groups in the secondary cohort 
of the DCCT, using a band width of nine months. The 95% confidence bands are also 
presented for each group. 
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start of treatment, 713 at year 1 (365 days), 711 at year 3, 705 at year 5,  469 at 
year 7 and 173 at year 9. Figure 9.4 presents the kernel-smoothed estimates of 
the intensity (rate per 100 patient years) using a bandwidth of nine months. This 
shows that as intensive therapy was implemented over the first three months of 
treatment, the risk in the intensive group rose to a level about three times that in 
the conventional group. This excess risk persisted over time. The estimates beyond 
five years are increasingly unstable because of the declining numbers at risk. 

The computation of the Aalen-Gill statistic requires that essentially a 2 x 2 table 
be constructed for each of the 1565 times at which one or more events occurred. The 
test using logrank (unit) weights yields X2 = 562.2 on 1 df, whereas the test using 
Gehan-Wilcoxon weights yields X2 = 564.5, both being markedly significant. 

9.6.4 Multiplicative Intensity Model 

The Cox (1 972) proportional hazards regression model was adapted to the problem 
of modeling the risks of recurrent events by Prentice, Williams and Peterson (1981) 
and Kay (1 982), among others, using a partial likelihood argument. However, using 
the martingale theory for counting processes, Andersen and Gill (1982) describe a 
generalization of the PH model that can be applied to any continuous time point 
process, including multiple recurrent events. 

Consider the combined cohort of N subjects. For the i th subject with covariate 
vector zi(a),  possibly time-dependent for 0 < a 5 7, the intensity is assumed to 
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be of the form 

ai(s) = yi(s)xo(s)ezi(s)’P; o < s _< 7, i = I , .  . . , N ,  (9.151) 

where A0 (s) is the background intensity of possibly recurrent events over time and 
ai(s) is defined for those points in time when the subject is at risk of the event, 
X(s) = 1. As before, let dNi(s)  designate whether the ith individual experienced 
an event at time s; dNi(s) = 1 if yes, 0 otherwise, and denote the successive event 
times among all subjects as t ( j ) ,  1 5 j I J. The conventional partial likelihood 
allowing for time-dependent covariates can then be written as 

which is an obvious generalization of Cox’s partial likelihood for survival data in 
(9.69) where the “risk set” of individuals at risk at each event time is explicitly 
defined in the denominator by the &(t( j ) ) .  The principal distinction is that subjects 
are removed from the risk set immediately following the event in the analysis of 
survival data, whereas in this model, individuals may be at risk over different 
periods of time and may be retained in the risk set following each event, designated 
by the values of Y, (s). 

As for the Cox model in Section 9.4.4, the kth element of the score vector U (p) 
corresponding to coefficient ,& is 

where 

is again the weighted average of the covariate among all those at risk at time t ( j ) .  
The information matrix then has elements 

with 

f o r l l k < m l p .  
As a problem it is shown that the score test for the coefficient of a binary 

covariate for each of two treatment groups reduces to the Aalen-Gill generalized 
Mantel or logrank test. 



424 ANALYSIS OF EVENT-TIME DATA 

Andersen and Gill (1982) show that the usual properties of large sample esti- 
mators and score tests are then provided by the theory of martingales for counting 
processes. Gill (1984) provides a readable account of these derivations with an 
introduction to the martingale central limit theorem. The basic result is the demon- 
stration that the total score vector U ( p )  is a martingale. Even though the score 
vectors for the individual subjects are not i.i.d. with mean zero, then from the 
martingale central limit theorem it can be shown that asymptotically 

(9.157) 

where I @ )  is the expected information matrix. Large sample inferences can then 
be obtained as for the Cox model. 

There has been no exploration of measures of explained variation for use with 
the multiplicative intensity model for recurrent events. For lack of an alternative, 
the proportion of explained log likelihood, analogous to the entropy R2 in logistic 
regression, may be used to assess the relative importance of alternate models or of 
different covariates. This measure likely under-estimates the proportion of explained 
variation with respect to other possible metrics. 

Example 9.12 DCCT Hypoglycemia Risk 
Analyses were also conducted to assess the relationship between the level of HbA1, 
as a time-dependent covariate and the risk of severe hypoglycemia over time, in- 
cluding the risk of recurrent events (DCCT, 1997). In both the intensive and con- 
ventional treatment groups, the dominant predictor of fbture hypoglycemic episodes 
was a history of past hypoglycemia as represented by an additional time-dependent 
covariate giving the number of prior episodes since entry into the trial. The analy- 
ses employed the multiplicative intensity model using the SAS PROC PHREG with 
“counting process” input. For example, the data for a single subject are: 

(start stop] Event Iog(HbA1,) #Prior 

0 34 0 
34 66 0 

145 162 1 
162 189 1 
189 194 0 

2.39971 2 0 
2.198335 0 

1.947338 0 
1.947338 1 
1.947338 2 

600 608 1 1.89 1605 2 
608 630 0 1.89 1605 3 

3421 3451 0 1.960095 27 

Each interval is defined by a start and stop time, closed on the right. A new interval 
is also constructed whenever an event occurs, in which case the value of the stop 
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time equals the event time. A new interval is also constructed whenever the value of 
a time-dependent covariate changes, where the start time indicates when the change 
becomes effective. 

In this example, the patient starts at day 0 with a log HbA1, of 2.399712 and 
with no prior episodes of hypoglycemia. On day 34 a new blood sample was 
drawn for which the log HbA1, value was 2.198335. An updated HbA1, value 
was obtained on day 66. As of day 145 a new log HbA1, value of 1.947338 was 
obtained. The patient then experienced the first episode of severe hypoglycemia 
on day 162, followed by a second episode on day 189. On day 194 an updated 
value of %Al, was then obtained. On day 608 the patient experienced a third 
episode, and so on. The last updated HbA1, was obtained on day 3421 and the 
patient completed the study on day 345 1, having experienced a total of 27 episodes 
of severe hypoglycemia during the study. 

The number of prior episodes during the study is a second time-dependent co- 
variate. It is incremented beginning with the interval immediately following that in 
which an event occurs. If a patient experienced more than one event on the same 
day, then the additional events were included in the data set as though they had 
occurred on successive days. 

Among the 7 15 intensive group patients in the Secondary cohort, the following 
SAS statements would fit a quadratic model in the log HbA1,: 

proc phreg; 
strata phase2; 
model (start,stop)*hypo(O) = lhbalc lhbaic2 nprior; 

where lhbalc2 is the square of lhbalc, the log(HbA1,). The model is stratified 
by the phase in which the subject entered the study because after the first year 
of recruitment (Phase 2) the eligibility criteria were changed to exclude patients 
with a prior history of severe hypoglycemia. The principal output of the program, 
including the model estimates of the coefficients, is presented in Table 9.6. Note 
that the data set contained 32,413 records based on the data ftom the 715 patients 
who experienced a total of 1720 episodes of severe hypoglycemia. 

Since a quadratic effect for the log %A1, was included in the model, it can 
then be shown that the percentage reduction in risk for a fixed 10% reduction in 
the HbA1, at an HbA1, value of x is computed as lOO(0.9Q - l), where q = 
,f?1 + ,f?z log(0.9x2). Thus from the estimated coeficients, a 10% reduction from 
an HbA1, of 10 yields a 55.5% increase in risk, whereas a 10% reduction from 
an HbA1, of 8 yields a 29.2% increase in risk. Because the coefficient for the 
quadratic effect is negative, the risk reduction per 10% lower HbA1, declines as 
the reference value of the HbA1, declines. 

As a crude measure of explained variation for the model, the proportion of log 
likelihood explained by these three covariates (see Section A.8.3 in the Appendix) 
is provided by Ri = 974.037f17520.386 = 0.056. In analyses of the complete 
cohort (DCCT, 1997), the risk relationships were stronger among patients in the 
conventional than in the intensive treatment groups, explaining a higher fraction 
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Table 9.6 Multiplicative Intensity Model of Recurrent Hypoglycemia with a Quadratic 
Effect for log Hbalc 

Summary of the Number of Event and Censored Values 
Percent 

Stratum PHASE2 Total Event Censored Censored 
I 0 21038 1015 20023 95.18 
2 1 11375 705 10670 93.80 

Total 32413 1720 30693 94.69 

Testing Global Null Hypothesis: BETA=O 
Without With 

Criterion Covariates Covariates Model Chi-square 
-2 LOG L 17520.386 16546.349 974.037 with 3 DF (p=O.OOOi) 
Score 1628.964 with 3 DF (p=O.OOOI) 
Wald 1278.827 with 3 DF (p-0.0001) 

Analysis of Maximum Likelihood Estimates 
Parameter Standard Wald Pr > 

Variable DF Estimate Error Chi-square Chi-square 
LHBAIC I 13.557041 3.94309 11.82104 0.0006 
LHBAlC2 I -3.943712 1.00977 15.25346 0.0001 
NPRIOR 1 0.088835 0.00269 1090 0.0001 

of the log likelihood. Further, the risk gradients were different between the two 
groups, such that the difference in the level of glycemia alone was not the principal 
determinant of the difference in risk of severe hypoglycemia between the two groups. 

9.7 PROBLEMS 

9.1 Exponential Model. Assume a simple exponential survival model with con- 
stant hazard A ( t )  = A, t > 0, where S(t)  = e-At. 

9.1.1. In a cohort of size N, none of whom have censored survival (event or 
death) times (that is, all N event times are observed), derive the maximum likelihood 
estimator of A and its asymptotic variance as 

(9.158) 

in terms of the observed event times t j  ( j  = 1 , .  . . , N). 
9.1.2, In a cohort of size N, now let there be D event (deaths) observed and the 

remainder N - D right censored at random. Let Sj be the binary indicator variable 
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that denotes whether the j t h  subject's event time was observed (Sj = 1) or was 
right censored (Sj = 0), where D = Cj Sj. Using the likelihood in (9.6), derive 
the maximum likelihood estimator and variance as 

(9.159) 
- D A A2 A2 , V(A)= - - 
A = t .  + c;=,+, tf E(D) - NE(6) 

3=1 3 

where t j  (j  = 1 , .  , . , 0) are the observed event times and tj' (j = D + 1 , .  . . , N) 
are the right censored event times. Thus asymptotically 

9.1.3. Under random censoring, use the delta Fethod to show that the estimated 
log survival distribution at a given time t, log[S(t)], is asymptotically normally 
distributed with expectation -At  and variance (At)2 /E(D) .  

9.1.4. Also show that the estimated survival distribution at a given time t, 
,!?(t), is asymptotically normally distributed with expectation e-At and variance 
e-2At( At)2/E( 0). 

9.1.5. Now consider the case of staggered entry into the trial where we assume 
subjects enter the study uniformly over the interval 0 to TR in calendar time, mean- 
ing that the entry times, say r j  are distributed as uniform over (0, TR]. Also assume 
that all subjects are followed to time Ts > TR, Ts being the total study duration. 
Then any subjects event free at the end of the study are administratively censored 
with a censored event time of tf = Ts - r j .  Allowing only for administrative 
censoring (that is, no other censoring during the study), derive the expression for 
E(61X) presented in (9.117). 

9.1.6. Now assume that losses to follow-up occur randomly over time with a 
constant hazard rate rj. Show that the probability of the event in the study is given 
by the expression in (9.11 8) and that the probability of being lost to follow-up is 
given by (9.11 9). 

9.1.7. Consider the case of two populations with constant hazards X i  and corre- 
sponding survival functions Sj (t); i = 1,2.  The constant of proportionality of the 
hazards is 9 = XI/&. Show that &(t)  = s ~ ( t ) ~ .  

9.1.8. Let ti, be the time at which a is the remaining proportion of survivors in 
the ith population, or Si(ti,) = a, 0 < (Y < 1, i = 1,2.  Show that tl,/tza = l /8 
for all a E (0, 1). Thus a hazard ratio of 9 = 2 implies that it will take half the 
time for subjects in population 1 to reach the a fraction of survivors than those in 
population 2; or B = 1/3 implies that it will take 3 times as long. Thus when 8 is 
the hazard ratio, l /9 is the factor by which the event times are either accelerated 
or decelerated. 

9.2 Weibull Model. The Weibull distribution with rate parameter p and shape 
parameter y has a hazard function A ( t )  = py(t)'-', p > 0, y > 0, where y = 1 
equals the exponential distribution. 

N "A, X2/E(D)] .  

9.2.1. Show that the Weibull survival distribution is expressed as 

S( t )  = exp(-pt7) (9.160) 
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and the death density as 

f ( t )  = py( t )Y- ' exp( -p t r ) .  (9.161) 

9.2.2. For a random sample of N observations containing D event times { t j }  
and N - D censored event times {t:}, show that the likelihood hnction in the 
parameters e = ( p  y)T is 

From the log-likelihood and its derivatives, show that the maximum likelihood 
estimating equations for p and 7 are 

(9.163) 

Given an estimate of y, the MLE of the rate parameter is 6 = D/ (Cj t:), What 
does this suggest as to a starting value for p and y in the Newton-Raphson iteration? 

9.2.3. Then show that the expected information matrix for p and y has elements: 

9.2.4. Use the &method to show that the variance of the log estimated survival 
distribution at time t is 

V (log[S^(t)]) = t2rcri + p2t2? [1og(t)l2 05 + pi2? log(t)a,, , (9.165) 

where the variances (a;, o;) and covariance (o,,?) of the parameter estimates are 
provided by the inverse information matrix. 

9.2.5. Now let the rate parameter be a function of a vector of covariates z of the 
form p = exp(a  + z'p). Show that the score equations for the elements (a, p) are 

and 
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for 1 5 k I p .  
9.2.6. Show that the elements of the information matrix are 

for 15 k < m I p .  
9.2.7. Show that ePj equals the hazard ratio per unit increase in the j t h  covariate 

xj. Thus the Weibull model with this parameterization is a parametric proportional 
hazards model. 

9.2.8. In this model show that the survival function for an individual with co- 
variate vector x is 

-e(a+ic’P)tY = exp [- exp (Tlog(t) + cx + x‘p)] . (9.168) 1 
9.2.9. Then show that 

log(- log[S^(tlx)]) = ?log(t) + d + X ’ B  (9.169) 

and that V log(- log[S^(tJz)])] = H ’ X H ,  where [ 
H = [log@) 1 x’]? (9.1 70) 

The covariance matrix of the parameter estimates, C, is provided by the inverse 
information and is partitioned as 

fl; f l y a  C,P 
C =  [ cay (7: z a p ]  > (9.17 1) 

CP, CP 

where C p  is a p x p matrix. 

9.3 Accelerated Failure Time Model. The accelerated failure time model as- 
sumes that the time to any fraction of survivors is accelerated o,’ decelerated by 
some function of a covariate vector X with coefficient vector p, usually of the 
form exp [ - (E + x’a)/c] where c is a scale parameter. That is, for a specified 

survival function So(t), then the survival function for a patient with covariate vector 
x is of the form 

s ( t l x ) =  S o ( e - ( ‘ + ~ ’ ~ ) / ~ t )  = s0(rm) (9.1 72) 
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- 
where t ,  = e-(z+ffi'B)/ut is the transformed accelerated failure time determined by 
the covariates vector value z. 
9.3.1. Noting that A(tlz) = Ao(e-(E+ffi'B)/"t), show that the hazard function 

is of the form 

A(+.) = e - ( a + ~ ' B ) / u X o ( e - ( z + " ' ~ ) / u ~ ) .  (9.173) 

Hint: Use Leibniz' rule for the derivative of an integral. Thus 

f(tlz) = e-  (a+ffi%/u Xo( e-ca+ffi'B)/ut)~o (e-G+ffi'B)/"t), 

9.3.2. Now, let y/c = log(t) so that t = exp(y/z). Given any underlying 
distribution with hazard function Xo( t )  and corresponding survival function So(t), 
show that the conditional distribution of Y given z is 

- 
Thus we can adopt a linear model of the form yi = li + ZIP + ~ i o  with error 
distribution f ( ~ ) .  
9.3.3. Since P(ti > t) = P[log(ti) > log(t)], then show that 

(9.176) 

evaluated with respect to the distribution of the errors that in turn can be obtained 
from the assumed underlying survival distribution SO( t). These developments can 
be used to obtain an accelerated failure time model for a given parametric distrib- 
ution So(t). 

9.3.4. Weibull Accelerated Failure Time Model. In a standard Weibull model 
with = 1 then X(t) = y(t)Y-l. Adopting the accelerated failure time transfor- 
mation as in (9.172) with the acceleration factor -(Z + d p )  for a subject with 
covariate vector a, show that 

and that 
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Substituting y = l/u it follows that 

I) . (9.179) 

This is the parameterization used by the SAS procedure LIFEREG that fits a Weibull 
accelerated failure time model in which the covariates determine the expected value 
of Y and c is the scale parameter. 

Compared to (9.168) it follows that the Weibull proportional hazards parameters 
in Problem 9.2.5 can be obtained from the accelerated failure time model as a = 
-G/u, ,L3j = -,L3j/u, and y = l/u. The SAS procedure LIFEREG provides 
estimates of E, f i  and c and of the large sample covariance matrix of the estimates. 
From these, the estimates of a, p and y are readily derived, and their covariance 
matrix obtained via the &method. 

9.3.5. The Weibull accelerated failure time model in log(t) may also be derived 
as follows: Let the rate parameter be expressed as a function of a covariate vector 
X as p = exp -(Z + d f i ) y ]  where y = u-'. Then show that the distribution 

of y = log(t) can be expressed as 
[ 

9.3.6. Now let E = [y - E ( y J z ) ]  /c be the scaled residual where E(y)z) = 
G + z'g. Show that the density of E is an extreme value (Gumbel) distribution 
with density f ( ~ )  = exp [E  - e E ] .  Thus the log-linear model is of the form y = 
Z + d B  - UE with Gumbel distributed errors. 

9.3.7. Now let w = e'. Show that the density function for w is the unit 
exponential, f(w) = e-'". 

9.3.8. The survival function is defined as S ( t )  = P(T > t )  = P[log(T) > 
log(t)]. Since e' is distributed as the unit exponential, show that the survival 
function for a subject with covariate vector 2 equals that presented in (9.178). 

9.4 Log-logistic Model. Consider the log-logistic distribution with rate parameter 
p and shape parameter y, where the hazard function is 

(9.181) 

9.4.1. Show that the survival function is S( t )  = [l + ptr ] - ' .  
9.4.2. Show that the survival distributions for two groups with the same shape 

parameter (y) but with different rate parameters p1 # p2 have proportional failure 
and survival odds as in (9.55) with failure (event) odds ratio p l / p ~  and survival 
odds ratio p z / p ~ .  



432 ANALYSIS OF EVENT-TIME DATA 

9.4.3. To generalize the log-logistic proportional odds model as a function of a 
covariate vector 2, let p = exp(a + dp) .  Show that 

(9.182) 

9.4.4. Show that the coefficient ePJ equals the failure odds ratio per unit increase 

9.4.5. Now, let Y = log(”). Show that the density of the distribution of 
in the j t h  covariate xj and that e-Pj equals the survival odds ratio. 

y = log(t) is 

(9.183) 

and the survival function is 

9.4.6, Then for an individual with covariate vector z, show that the conditional 
distribution is 

f (Y 1.) = . (9.185) 
[I+ exp (v-(~~~~31)lZ = [ I +  exp (*>I 

where the proportional odds model parameters are now expressed as 

- 
with y = 0-l so that a = -Z/u, = -PI.. Therefore, the proportional failure 
or survival odds model parameters can be obtained from the accelerated failure time 
model. 

9.4.7. Then show that the survival function in log t can be expressed as 

9.4.8. Show that the density of E = [y - E ( y ( z ) ]  /u is the logistic distribution 
with density 

f ( E )  = - eE ‘ 
(9.188) 

Thus the errors in the log-linear model are distributed as logistic and the hazard 
function in (9.181) corresponds to a log-logistic density. 
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9.5 
respectively. 

tional simultaneously under the same survival model. That is, 

Consider two populations with arbitrary hazard functions X1 (t) and X 2  (t), 

9.5.1. Show that the hazard ratio and the survival odds ratio cannot be propor- 

a. If X 1  ( t ) / A z ( t )  = r j  Vt,  then 0 1  (t)/Oz(t) # constant Vt ;  and 
b. If Ol( t ) /02( t )  = cp Vt, then Xl(t)/X2(t) # constant Vt where Oi(t) = 

9.5.2. Show that two populations with Weibull survival distributions with rate 
parameters p1 and p2, where p1 # p2 but with the same shape parameter 71 = 
7 2  = 7 satisfy (a). 

9.5.3. Show that two populations with logistic survival distributions with rate 
parameters p1 and p2, where p1 # p2 but with the same shape parameter 71 = 
72 = 7 satisfy (b). 

9.6 Let T,, and Tb be two independent random variables corresponding to two 
separate causes of death, each with corresponding hazard functions Aa( t ) ,  and X b ( t ) ,  

respectively. A subject will die from only one cause, and the observed death time 
for a subject is t* = min(t,, t b ) ,  where t ,  and t b  are the potential event times for 
that subject. 

9.6.1. Show that t* has the hazard function 

Si(t)/[I - Si(t)], i = 1,2. 

b 

X * ( t * )  = X a ( t * )  + X b ( t * ) .  (9.189) 

Note that this generalizes to any number of competing causes of death. 
9.6.2. Consider the case where one cause of death is the index event of interest 

with hazard function XI@), and the other is a competing risk with hazard Xc(t). 
Suppose each is exponentially distributed with constant cause-specific hazards XI 
and XC. From (9.44) show that the sub-distribution of the index event has density 

.fJ(t) = AJ exp [- ( X I  + XC) t)  * (9.190) 

9.6.3. Now consider two populations with constant cause specific hazards ( A l l ,  
Acl) in the first population and ( X r 2 ,  A c 2 )  in the second. Show that the ratio of 
the ratio of the sub-distribution densities is 

(9.191) 

9.6.4. Show that if the cause-specific index hazards are the same in each pop- 
ulation, =  XI^, but the competing risk hazards differ, then this index event 
density ratio is increasing (decreasing) in t when Xcl < (>) X c 2 .  

9.6.5. Use numerical examples to show that when the cause-specific index haz- 
ards differ, then depending on the values of the competing risk hazards, the above 
density ratio may remain constant over time, may be increasing in t, or decreasing 
in t. Also show that in the latter two cases the density ratio over time may cross 
from < 1 to > 1 or vice versa. 
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9.6.6. For  XI^ = 4, = 2, Xcl = 3, Xc2 = 1, show that the index density 
ratio is decreasing in t and that the ratio equals 1 at t = -; log(1/2). 
9.6.7. Section 9.2.3 presents an example involving competing risks where inclu- 

sion of competing risk exits in the risk set throughout yields a correct estimate of the 
survival probability. Show that this adjustment, in general, is appropriate when there 
are no exits other than those caused by the competing risk. For the j t h  interval, the 
extent of exposure or number at risk becomes nj = r j  + C",; ee = N - C'-' e=i d e .  
Then show that the adjusted product-limit estimator at t ( j )  is 

(9.192) 

9.7 Use the following set times of remission (in weeks) of leukemia subjects 
treated with 6-MP from Freireich, Gehan, Frei, et al. (1963), with censored survival 
times designated as t+: 

6+ 6 6 6 7 9' 10+ 10 11+ 13 16 17+ 19' 20+ 22 23 25+ 32' 32' 34' 35' 

9.7.1. Ass$ng exponential survival, estimate X and the variance of the es- 
timate. Use X to estimate the survival function S(t) and its 95% asymmetric 
confidence bands based on the estimated variance of log[S^(t)]. 
9.7.2. Alternately, assuming a Weibull distribution, use Newton-Raphson itera- 

tion or SAS PROC LIFEREG to compute the maximum likelihood estimates of the 
parameters (p ,  7) and the estimated covariance matrix of the estimates. Note that 
PROC LIFEREG uses the extreme value representation in Problem 9.3 to provide 
estimates of a and c2 in a no-covariate model. Use these to compute the esti- 
mated hazard function, the estimated survival function, and the asymmetric 95% 
confidence bands. 
9.7.3. Likewise, assuming a log-logistic distribution, use Newton-Raphson iter- 

ation, or SAS PROC LIFEREG to compute the maximum likelihood estimates of 
the parameters (p , 'y )  and the estimated covariance matrix of the estimates. Use 
these to compute the estimated hazard function, the estimated survival function, and 
the asymmetric 95% confidence bands. 
9.7.4. Cornputelhe Kaplan-Meier product limit estimate of the survival function 

and its asymmetric 95% confidence band. 
9.7.5. Is there any substantial difference among these estimates of the survival 

distribution and its confidence bands? 

9.8 Consider the case of a discrete survival distribution with lumps of probability 
mass of the event j j  at the j t h  discrete event time t ( j ) ,  1 5 j 5 J. Then the event 
probability lrj at the j t h  event time is defined as 

(9.193) 
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9.8.1. Show that 

~ ( t ( j ) )  = n[l - re] = 1 - Cte. (9.194) 

9.8.2. At the j t h  discrete event time t ( j ) ,  let nj be the number at risk, and 
let dj  be the number of events observed, dj  > 0. Also let wj  be the number of 
observations censored during the interval (tcj), t ( j + l ) ]  between the j t h  and ( j+ l ) th  
event times. Then nj+l = nj - dj - wj .  Using the product representation of the 
survival hnction in (9.194), show that 

w e G  

J J n s ( t ( j - l ) ) d J  s ( t ( j ) p  = n(l - "j)+j , 
j = 1  j = 1  

(9.195) 

thus deriving the simplification in (9.14) from the likelihood in (9.10). 
9.8.3. Using similar steps, show that the modified likelihood in (9.39) yields the 

actuarial estimate ?j = p j  in (9.40). 
9.8.4. The A product-limit or actuarial estimator of the survivor hnction can be 

expressed as S( t ( j ) )  = n",=, qe, as shown in (9.18) and (9.42), respectively, where 
the estimate of the continuation probability is qj = 1 -pj and p j  = d j / n j .  Consider 
the estimates p j  and pj+l at two successive event times t ( j )  and t ( j + l ) .  Despite 
the clear dependence of the denominator nj+l of pj+l on the elements of p j ,  

show that p j  and pj+l are uncorrelated. Do likewise for any pair p j  and p k  for 
1 5 j < k I J. Thus asymptotically the large sample distribution of the vector of 
proportions p = (p1 . . . p J ) ~  is asymptotically distributed as multivariate normal 
with expectation 7r = (nl . . . n ~ ) ~  and covariance matrix C that is diagonal with 
elements c+ = nj(1- r j ) / n j .  

9.8.5. Then using the &method, derive the variance of 10g[S^(t(~))] presented in 
(9.20). 

9.8.6. Again use the &method to derive Greenwood's expression for the vari- 
ance of , $ ( t ( j ) )  shown in (9.22). This yields the large sample S.E. of s^(t) and a 
confidence interval which is symmetric about S^(t), but not bounded by 0 and I .  

9.8.7. To obtain a boucded confidence interval, derive the expression for the 
variance of the log( - log[S(t))) in (9.23). 

9.8.8. Noting that - log[,$(t)] = i ( t ) ,  derive the asymmetric confidence limits 
presented in (9.24). 

9.8.9. As an alternative to the complimentary log-log transformation, show that 
the variance of the logit of the survival probability at time t is 

(9.196) 
1 - S( t )  1 - S(t)  

This also yields asymmetric confidence limits on the survival odds ratio at time t. 
Then use the logistic function to obtain the expression for the asymmetric confidence 
limits on the survival probability S(t). 
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9.8.10. Show that the Kaplan-Meier estimate of the survival function estimate 
implies an estimate of the hazard function at time Qj), which is obtained as 

A - log qj - log(1 - p j )  
X K M , j  = - 

t ( j )  - + I )  

- 

t ( j )  - t(j-1) 
(9.1 97) 

h h 
This is also called Peterson’s estimate (Peterson, 1977). 

X j  in 
(9.26) and that the Kaplan-Meier estimate of the survival function g(t) in (9.18) 
is approximately equal to the Nelson-Aalen estimate S N A ( ~ )  in (9.28). Hint: Use 
A ~ ~ ( t ( j 1 )  and note that log(1 - E )  = E for 6 1 0. 

9.9 Consider a sample of N observations with an indicator variable 6j that denotes 
whether the observed time t j  is an observed event time (6j = 1) or censoring time 
(Sj  = 0). The overall proportion of events then is p = Cj 6 j /N .  The naive 
binomial variance is V ( p )  = n(1 - n ) / N ,  where n = E(p) .  

9.9.1. Condition on the set of exposure times ( t l ,  . . . , t N )  as fixed quantities. 
Then, given the underlying cumulative distribution and survival functions F ( t )  and 
S(t),  respectively, show that 

9.8.11. Asymptotically as J + 00 and pj 1 0, show that X K M , ~  

9.9.2. 

9.9.3. 
binomial 

Also show that the variance of p is 

(9.198) 

(9.199) 

Show that this correct variance Vc(p) 5 V ( p )  where V ( p )  is the naive 
variance. Hint: Note that V(6) = E[V(Glt)) + V[E(6lt)]. 

9.10 The proportional odds model assumes that the survival odds over time for 
a subject with covariate vector 2 is proportional to the background survival odds. 
Bennett (1983), among others, describes the proportional odds model where the 
survival function is of the form 

(9.200) 

where ao(t) is some function of time that is expressed as a function of additional 
parameters. 

9.10.1. Show that the survival odds for two subjects with covariate values 2 1  

and 2 2  are proportional over time. 
9.10.2. Show that the cumulative distribution is a logistic function of ao(t) + 
9.10.3. Show that the hazard ratio for two subjects with covariate values 2 1  and 

ZIP.  

2 2  is 

(9.201) 
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9.10.4. Now consider a single binary indicator variable to represent treatment 
group, 2 = (0, l), with coefficient P. Then let 

(9.202) 

Under the null hypothesis of no treatment group difference, Ho: P = PO = 0, use 
a Taylor’s expansion of H ( P )  about H(P0) to show that 

H(P) (P  - POlH’(P0). (9.203) 

9.10.5. Then show that 

H’(P) = 1 - F ( t J 2 ) .  (9.204) 

Evaluating H ’ ( P )  under the null hypothesis at P = PO, it follows that 

A ( t l 2  = 1) 2 (P - Po)[l - Fo(t)l = g[Fo(t)l, (9.205) 
log q t l x  = 0) 

which is a function of Fo(t), thus satisfying Schoenfeld’s (1981) condition in (9.50). 
9.10.6. Using (9.51), show that the asymptotically efficient test against the al- 

ternative of proportional odds over time forAmo groups is the weighted Mantel- 
Haenszel test in (9.47) with weights w ( t )  = S( t )  based on the Kaplan-Meier esti- 
mate of the survival function in the combined sample. This is the Peto-Peto-Prentice 
Wilcoxon test. 

9.11 The following table presents the data from Freireich, Gehan, Frei, et al. 
(1963) with the times of remission in weeks of leukemia subjects treated with 
placebo 

1 1 2 2 3 4 4 5 5 8 8 8 8 1 1  I1 1 2 1 2 1 5 1 7 2 2 2 3  

where no event times were censored. We now wish to compare the disease-free 
survival (remission) times between the group of patients treated with 6-MP presented 
in Problem 9.7 with those treated with placebo. 

9.11.1. Order the distinct observed death times (ignoring ties or multiplicities) 
as ( t( l) ,  . . . , t ( J ) )  for the J distinct times (J 5 D = # events) in the combined 
sample. 

9.11.2. Compute the number at risk nij in the ith group (i = 1 for 6-MP, 2 for 
placebo) and the number of events dij  at the j th  remission time t ( j ) ,  j = 1 , .  . . , J. 
Construct a table with columns t ( j ) ,  d j ,  N j ,  d, , ,  nlj ,  dz j ,  n2j. Note that for 
each event time we can construct a 2 x 2 table of treatment (1 or 2) versus event 
(remission or not) with Nj being the total sample size for that table. 

9.11.3. From these data, calculate the Kaplan-Meier estimator of the survivor 
distribution and its standard errors for each of the treatment groups. 

9.11.4. Compute the S.E. of the log(-log[g(t)]) and the 95% asymmetric 
confidence limits for each survivor function. 
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Table 9.7 Number Entering Each Year of Follow-Up, Numbers Withdrawn Alive During 
That Year, and Number of Deaths During the Year for the Tolbutamide and Placebo Groups 
of the UGDP 

Placebo To Ibutamide 
Year nij Wij dlj n2j "2, dzj 

1 205 0 0 204 0 0 
2 205 0 5 204 0 5 
3 200 0 4 I99 0 5 
4 196 4 4 194 5 5 
5 188 23 4 184 24 5 
6 161 43 3 155 41 4 
7 115 50 1 110 47 5 
8 64 36 0 58 33 1 

9.11.5. Likewise, using the expressions in_Section 9.1.4, compute the piecewise 
constant (linearized) hazard function estimate A(j), the Nelson-Aalen estimate of the 
cumulative. hazard i ~ ~ ( t )  and the Nelson-Aalen estimate of the survivor function 
g ~ ~ ( t )  for each group. 

9.11.6. At each event time, compute v[ANA(t(j))] and the corresponding 8.E. 
From these, for each group compute the asymmetric 95% confidence limits on S(t)  
obtained via confidence limits on A ( t ) .  

9.11.7. Compute the Mantel-logrank, Gehan-Wilcoxon and the Peto-Peto- 
Prentice Wilcoxon tests of equality of the hazard functions. In practice, the specific 
test to be Qsed would be specified a priori. From examination of the linearized 
hazard function estimates, explain why the logrank test yields the larger test value. 

9.11.8. As described in Section 9.3.5, compute the Pet0 approximate estimate 
of the relative risk and its 95% confidence limits, and also for the survival odds. 

9.11.9. Using the methods described in Section 4.9.2, compute the correlation 
between the Mantel-logrank and the Peto-Peto-Prentice Wilcoxon tests, the MERT 
combination of these two tests, and the estimated maximin efficiency of the test. 

9.12 Table 9.7 presents data showing the incidence of cardiovascular mortality 
among subjects treated with tolbutamide versus placebo over eight years of treatment 
and follow-up in the University Group Diabetes Project (UDGP, 1970). This is an 
example of grouped-time survival data. 

9.12.1. Compute the actuarial adjusted number of units of exposure at risk nj, 

nlj, and n2, during each interval, and from these calculate the actuarial estimator 
of the survivor function for each treatment group and their standard errors using 
Greenwood's equation. 
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9.12.2. Compute the logrank test, the Gehan-Wilcoxon test, the Peto-Peto- 
Prentice Wilcoxon test and the MERT to compare the two groups. In practice 
the test to be used should be specified a priori. 

9.12.3. Compare the results of these tests based on the nature of the differ- 
ences between groups with respect to the survival distributions and the censoring 
distributions. 

9.13 Table 9.8 presents observations from a hypothetical time-to-event study in 
discrete time. Here we studied an experimental drug versus placebo for treatment 
of bone cancer in an extremity among an elderly population. Patients were x-rayed 
every two months after treatment was started to see if the cancer had gone into 
remission (that is, the subject had healed). The outcome for each subject was 
categorized as either healed at a designated evaluation visit at week 2, 4, or 6; the 
subject died during the stated month (and prior x-rays showed that the subject had 
not yet healed); the limb was removed surgically during the stated month because 
the cancer had spread; the subject dropped out (withdrew) during the stated month; 
or the subject had not gone into remission (healed) after completing the six months 
of follow-up. For each subject, the month of the last x-ray is also given. 

9.13.1. Using the standard intervals (0-21 months, (2-41 months, and (4-61 
months; construct a table that shows the timing of losses to follow-up in relation 
to the time of the last examination. As described in Section 9.2.3, construct a 
worktable that shows the numbers evaluated at each time, the number healed and 
the numbers “censored” between evaluations. 

9.13.2. Censoring on DeaMSurgery: Treat death, surgery and lost-to-follow- 
up as censored at random immediately following the last x-ray evaluation. From 
this, present a work table with the numbers of events and the adjusted numbers 
at risk separately for each group and for both groups combined. Within each 
treatment group, compute the modified Kaplan-Meier “survival” or “disease dura- 
tion’’ function and the linearized estimate of the hazard function. Also compute the 
Mantel-logrank and Peto-Peto-Prentice Wilcoxon tests. Note that this survival func- 
tion estimates the probability of continuing to have cancer in a population where 
no one dies or has limb amputation. The hazard function is an estimate of the 
cause-specific hazard function that also forms the basis for the statistical tests. 

9.13.3. Competing Risk A@.utrnenl: Treat death and surgery as competing risks 
that are not censored during the study but are retained in the adjusted numbers at 
risk. Also treat lost-to-follow-up as censoring at random. From this, present a work 
table with the numbers of events and the adjusted numbers at risk separately for 
each group. Use this table to calculate the modified Kaplan-Meier intent-to-treat 
survival function, including the standard errors of the survival function, separately 
for each treatment group. Also compute the Mantel-logrank and Peto-Peto-Prentice 
Wilcoxon tests. 

9.13.4. Sub-Distribution Function: Now use a combined outcome of healing, 
death or surgery and treat losses-to-follow-up as censored after the last x-ray evalua- 
tion. Compute the estimate of the survival function for the combined outcome, des- 
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Table 9.8 Hypothetical Data from Clinical Trial of Drug Treatment for Bone Cancer 

Drug Group Placebo Group 
Status Month Last x-ray Status Month Last x-ray 

Healed 
Healed 
Healed 
Healed 
Healed 
Healed 

Lost 
Lost 

S w e r y  
Healed 
Healed 
Healed 
Healed 
Death 
Lost 
Lost 
Lost 

Surgery 
Surgery 
Healed 
Healed 

Lost 
Lost 

Surgery 
Not Healed 
Not Healed 
Not Healed 
Not Healed 

2 
2 
2 
2 
2 
2 
1 
2 
1 
4 
4 
4 
4 
3 
3 
4 
4 
3 
4 
6 
6 
5 
5 
6 
6 
6 
6 
6 

0 
0 
0 
0 

2 
2 
2 
2 
2 
2 

4 
4 
4 
6 
6 
6 
6 

Healed 
Healed 

Lost 
Lost 
Lost 

S w e r y  
S w e r y  
Death 
Healed 
Healed 

Lost 
Lost 

Surgery 
Surgery 
Surgery 
Healed 
Healed 

Lost 
Lost 
Lost 

Surgery 
Surgery 
Death 

Not Healed 

2 
2 
1 0 
1 0 
2 0 
2 0 
2 0 
1 0 
4 
4 
3 2 
4 2 
4 2 
3 2 
4 2 
6 
6 
5 4 
5 4 
5 4 
6 4 
5 4 
5 4 
6 6 

ignated as ,!?~,c(t) in Section 9.2.3. Then calculate the cumulative sub-distribution 
function for healing @ ~ ( t )  using (9.46). Note that the estimates of F I ( ~ )  are ap- 
proximately equal to 1 - s^(t) in Problem 9.13.3 above. In the drug treated group, 
the values of @,(t) at 2, 4, and 6 months are 0.231, 0.413 and 0.531, respec- 
tively, whereas the estimates of ,!?(t) in Problem 9.3.3 are 0.769, 0.588 and 0.481, 
respectively. For a definitive analysis, the sub-distribution function calculation is 
preferred. In this case, the standard errors would be calculated using the results 
of Gaynor, Fener, Tan, et al. (1993) and the tests of significance computed as 
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described by Gray (1988). These computations are described by Marubini and 
Valsecchi (1 995). 

9.14 Consider the case of J distinct event times t ( 1 )  < t (q  < . . . < t ( ~ ) ,  where 
allowing for ties, the total number events at t ( j )  is d j  2 1 for all j, 1 5 j 5 J ;  
where d j  > 1 indicates tied event times. 

9.14.1. Using the Peto-Breslow approximate likelihood allowing for ties in 
(9.106), show that the kth element of the score vector U ( 0 )  corresponding to 
coeflicient ,f3k is 

where S j k  = E?Ll X j k  for the d j  subjects with the event at time t j ;  and where 
Z k ( t j ,  8) is as shown in (9.82) with the subscript i changed to j to designate the 
j th  event time. 

9.14.2. Then show that the information matrix has elements 

with elements C j k r n ( t j r P )  as shown in (9.84) evaluated at the j th  event time t j  
f o r l < k < m < p .  

9.14.3. Now consider that we wish to use a Cox proportional hazards model 
with a solitary binary covariate xi = 1 or 0 for i = 1 , .  . . , N ,  such as where 
X designates treatment or exposure group. Using the Peto-Breslow approximate 
likelihood allowing for ties, show that the score equation for 0 can be expressed as 

(9.208) 

where at the j t h  event time t ( j ) ,  di j  is the number of events among the nij subjects 
at risk in the ith group and m l j  is the total number of events in both groups 
combined, m l j  = d j  = d p j  + d z j .  Thus under the null hypothesis Ho: p = = 0, 
the score is 

where Nj = n 1 j  + n z j .  

9.14.4. Show that the expected information then is 

(9.210) 
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which, when evaluated under the null hypothesis, yields 

(9.21 1) 

9.14.5. Then show that the score test equals the Mantel-logrank test with no 
ties. For the case of ties, show that the emcient score test variance I&)  differs 
from the Mantel-logrank test variance in (9.47) by the factor m2j/(Nj - l), where 
m2j = Nj - mlj.  

9.14.6. Using the score equation for the PH model with no ties, use a Taylor’s 
expansion about the null value as described in Section 6.4 to show that the Pet0 
score based estimate of the log relative risk equals that described in Section 9.3.5 
based on the logrank test. 

9.14.7. Now consider the case of K independent strata, where it is assumed that 
there is a constant ratio of the hazards of the two groups over time within all strata. 
This entails the stratified likelihood in (9.77), where ,Oh = p for all strata but where 
the background hazard tinctions within each stratum may be different. With no 
ties, generalize the above results to show that the efficient stratified-adjusted score 
test equals the stratified-adjusted Mantel-logrank test presented in (9.56). 

9.14.8. To allow for ties, now use the Cox conditional likelihood in (9.105). 
Show that the efficient scores test for Ho: p = 0 equals the Mantel-logrank test in 
(9.47) with wj = 1. In this derivation, note that the score equation and the infor- 
mation are functions of the mean and variance, respectively, of a hypergeometric 
random variable, from which the result follows. 

9.14.9. Now consider a model with multiple covariates. If one of the covariates, 
say X I ,  is a binary indicator variable for group membership, 1 if experimental, 0 
if control, then show that the hazard ratio 4 = A, ( t ) /A , ( t )  = eel. 

9.14.10. Alternately, let X1 be a quantitative variable. Show that epl = A(tlz+ 
l)/A(tlx) is the relative hazard per unit increase in the value of the covariate, the 
values of other covariates held constant. 

9.14.11. Now let X1 be the log of a quantitative variable, X I  = log(&). 
Consider two subjects, say i and j, with values xi1 and Z j l  ( ~ $ 1  and z j l ) .  Express 
the relative hazards for these two subjects in terms of the value of P I ,  the values of 
other covariates held constant. Show that if Z i l / Z j l  = c for c > 0 then the relative 
hazard for these two subjects is cp1. Thus the relative percentage change in the 
hazard is lOO(cP1 - 1) per c-fold change in 2. 

9.14.12. The discrete or grouped time model of Section 9.4.6.2 assumes that a 
logistic model applies to the j th  interval such that 

(9.2 12) 

for 1 < j < K, where noj = njla=o = 1 - JT7-l Ao(t)dt and rjl, = 1 - 
/TJ!-l X(tJz)dt. Show that as K -t 00, such that the Tj rj-1 V j ,  then this model 
approaches the continuous time PH model in (9.61). Hint: Use L’Hospital’s rule. 

T ’  



PROBLEMS 443 

9.15 Consider planning a two-group clinical trial to test the hypothesis Ho: X1 = 
X2 under exponential model assumptions at a = 0.05, two-sided. We desire 90% 
power to detect a specific hazard ratio q5 = X1 /XZ for a specified hazard rate in the 
control group XZ. 

9.15.1. Assume no censoring other than administrative censoring with uniform 
entry over the interval (0, TR] and total study duration Ts > TR. Consider each of 
the following designs: 

Design A2 4 TR Ts 
1 0.1 2 3 5 
2 0.1 2 5 5 
3 0.2 2 3 5 
4 0.1 2.5 3 5 

Assuming equal allocations to the two groups, compute the required total sample 
N, the expected proportion of events within each group E(SIX1) and E(61Xz), and 
that under the null hypothesis E(61X). 

9.15.2. What is the implication of the difference between designs 1 and 2 (TR = 
3 vs. 5 years)? 

9.15.3. What is the implication of the difference between designs 1 and 3 (A2 = 
0.1 vs. 0.2)? 

9.15.4. What is the implication of the difference between designs 1 and 4 (4 = 2 
vs. 2.5)? 

9.15.5. Now assume random censoring with an exponential hazard rate 77 = 
0.05 within each of the two groups. For each of the four designs, compute the 
above quantities plus the expected proportions lost to follow-up within each group 
E(EIX1,q) and E(<IX2,9) and that under the null hypothesis E(()X, 7). 

9.15.6. What impact do these losses have on the relative comparisons in Prob- 
lems 9.15.2, 9.15.3 and 9.15.4? 

9.16 Table 9.9 presents data from Prentice (1973) for subjects with lung cancer 
treated by a standard or by a test method. The covariates are 21: performance 
status with nine levels that is treated as a quantitative covariate; 2 2 :  time since 
diagnosis; 2 3 :  age (years) at diagnosis; Z4: any prior treatment (l=yes, O=no); and 
Z5: study drug (l=test, O=standard). Survival times are recorded to the nearest day 
since entry into the study and delta = I(death). 

The principal objectives of this analysis are to compare the study drug treatment 
groups (test vs. standard) to assess the impact of other covariates on survival, and to 
assess the differences between treatment groups adjusting for these other covariates. 

9.16.1. Compute and plot the Kaplan-Meier estimated survival functions and 
the Nelson-Aalen estimates of the cumulative hazard functions for the two drug 

9.16.2. Compute the unadjusted logrank test comparing the drug groups and an 
estimate of the average relative risk (hazard ratio) computed using the Pet0 estimate 
along with its 95% confidence limits. 

groups ( 2 5 ) .  
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Table 9.9 Prentice (1973) Lung Cancer Data 

ID ti 6, 21 22 2 3  2 4  2 5  ID ti bi 21 Z2 2 3  2 4  2 5  

16 999 1 90 12 54 I I 
21 991 I 70 7 50 1 I 
24 587 I 60 3 58 0 I 
29 457 1 90 2 64 0 1 
2 411 1 70 5 64 1 0 
25 389 I 90 2 62 0 1 
28 367 1 70 13 58 0 I 
9 314 I 50 18 43 0 0 
34 283 1 90 2 51 0 1 
20 242 I 50 1 70 0 1 
19 231 0 50 8 52 1 1 
3 228 1 60 3 38 0 0 
30 201 I 80 28 52 1 I 
13 141 1 30 4 63 0 0 
4 126 1 60 9 63 1 0 
5 118 1 70 11 65 I 0 
17 112 1 80 6 60 0 1 
22 Ill 1 70 3 62 0 I 

8 
10 
18 
7 
I 
33 
I1 
26 
32 
27 
14 
35 
15 
6 
12 
23 
31 

110 1 80 29 68 0 0 
100 0 70 6 70 0 0 
87 0 80 3 48 0 I 
82 1 40 10 69 1 0 
72 I 60 7 69 0 0 
44 1 60 13 70 1 1 
42 I 60 4 81 0 0 
33 1 30 6 64 0 I 
30 I 70 11 63 0 1 
25 I 20 36 63 0 1 
25 0 80 9 52 I 0 
15 1 50 13 40 1 I 
11 1 70 11 48 1 0 
10 I 10 5 49 0 0 
8 I 40 68 63 1 0 
I 1 20 21 65 I 1 
1 1 5 0  7 3 5 0 1  

9.16.3. Compute an estimate of the average relative risk (hazard ratio) from an 
unadjusted PH model and its 95% confidence limits. 

9.16.4. Compute a measure of explained variation using Madalla's R t R  in 
(A.203) and also using RZ2 in (9.110) with n," = 1; i.e., using the Kent and 
O'Quigley R"W,A. 

9.16.5. The covariate 2 4  is binary. Consider the model where 2 4  is used to 
define strata and where the covariates within each strata are 2 = (21, 22,  2 3 ,  2 5 ) .  

Compute log [ - log[sj (t)]] plots for the two strata ( j  = 1,2) to assess whether the 
PH assumption for 2 4  is appropriate. 

9.16.6. Do likewise for 2 5  used to define strata and for (21, 2 2 ,  2 3 ,  2 4 ) .  

9.16.7. Fit a PH model with an interaction between 2 4  and log(t) to assess 
whether a monotone departure in log t from the PH assumption exists for this 
covariate. 

9.16.8. Likewise, fit a PH model with an interaction between 2 5  and log(t) 
to assess whether a monotone departure from the PH assumption exists for the 
differences between drug treatment groups. Since there are no substantial departures 
from the PH model assumptions for these two covariates, there is no need to adopt 
remedial measures. 

9.16.9. Now fit a model with the adjusting covariates only (21, 22,  2 3 ,  2 4 ) .  

Use Rz2 in (9,110) to provide a measure of explained variation for the model. 
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9.16.10. For an “average” individual with covariate vector equal to the mean 
values for these adjusting covariates 2 Z (including the binary covariate Z4), 
describe the estimated survival function S(t1Z). 

9.16.11. The coefficients are negative for (21, Z 3 )  and positive for ( 2 2 ,  Z4). 
Thus consider a high-risk subject with covariate values equal to the 25, 75, 75 and 
25th percentiles for (21, 2 2 ,  2 3 ,  Z4), respectively; and a low-risk subject with 
values equal to the 75, 25, 25 and 75th percentiles. Compute and plot. the estimated 
survival function s(tlz) for each of these two patients. 

9.16.12. Now fit a model with treatment group adjusting for the other covariates 
(21, 2 2 ,  2 3 ,  Z4). Compute the likelihood ratio test of the treatment group effect 
from the change in the model chi-square compared to the covariate only model. 
Use Madalla’s approximate R i R  based on this chi-square test value to describe the 
partial variation explained by treatment group. Also compute the R$,,A in (9.11 1) 
to describe the treatment group effect. 

9.16.13. Then fit a model with a simple interaction between treatment group and 
each of the other covariates to assess the presence of interactions in the regression 
coefficients. 

9.16.14. Also fit a model stratifying on the value of 2 4  with no interactions 
with other covariates but with separate treatment group coefficients within each 
Z4 stratum. Conduct a Wald test of the difference between the treatment group 
coefficients within the two strata. Because there is no indication of a treatment 
group by covariate (or by stratum) interaction, the no-interaction adjusted model 
appears adequate. 

9.16.15. Using the no-interaction model, compute the information sandwich ro- 
bust estimate of the covariance matrix of the coefficient estimates. Also compute 
the robust model score test for the model on 5 df Compared to the model-based 
covariance of the estimates and score test, does it appear that there is gross model 
misspecification? 

9.17 Byar (1985) presents the data from the Veterans Administration Cooperative 
Urologic Research Group (VACURG) study of the treatment of prostate cancer 
with high-, versus low-dose estrogen versus placebo. These data are available from 
StatLib. Analyses of these data were presented by Byar (1985) and Thall and 
Lachin (1986), among others. For this Problem, some manipulations are required, 
the SAS program for which is available from the www (see Preface). Here we 
employ only the data from the high- versus low-dose groups. The variables in 
this data set are: pat = patient number (not a covariate); trt = 1 (high dose), 0 
(low dose) estrogen; died = 1 (died), 0 (survived, censored); mosfu = number of 
months of follow-up to death or censoring; history = 1 (yes), 0 (no) for history of 
cardiovascular disease; age in years; and size (of tumor) = 1 (large), 0 (small). The 
objective is to examine covariate effects on the risk of all-cause mortality, including 
cardiovascular mortality, for which a history of cardiovascular disease and age are 
the dominant risk factors. Perform the following analyses of these data: 

9.17.1. Compute a Kaplan-Meier estimate of the survival function within each 
group and conduct a logrank test of the difference between groups. Also compute 
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the score-based estimate of the unadjusted relative risk and its 95% confidence 
limits. 

9.17.2. Fit a PH model to obtain an unadjusted estimate of the relative risk and 
its 95% confidence limits. 

9.17.3. Fit a PH model with trt history age size as covariates to obtain an 
adjusted estimate of the relative risk for treatment group. Interpret each coefficient 
in terms of the hazard ratio (relative risk) with asymmetric confidence limits. 

9.17.4. For age, also compute the relative risk per ten years of age and the 
associated confidence limits. 

9.17.5. Also, fit a model without trt and compute a likelihood ratio test of the 
effect of treatment. 

9.17.6. State your conclusion as to the effects of high-dose estrogens on all-cause 
mortality. 

9.17.7. Compute the robust information sandwich estimator of the covariance 
matrix of the estimates and the associated robust 95% confidence limits and the 
robust Wald tests for each covariate. Compare these to those obtained under the 
assumed model. 

9.18 Problem 8.10 describes the data presented by Fleming and Harrington (1991) 
on the rate of serious infections among children in a clinical trial of interferon versus 
placebo. There, only the total number of infections experienced by each child were 
considered. Here, we consider the actual times of infection and the underlying 
intensity functions over time. The more complete data set includes one record per 
interval of time per subject. Each interval is designated by a start time (T-)  and a 
stop time (TI) ,  where TI is either the time of an event designated by d = 1 or the 
time of curtailment of follow-up or right censoring ( d  = 0). The record number for 
each subject is designated by the variable s. The complete event time data are also 
available from the www (see Preface). 

9.18.1. Separately within each treatment group, compute the Nelson-Aalen es- 
timate of the cumulative intensity function over time. 

9.18.2. Also, compute the linearized estimate of the underlying intensity h c -  
tion, or the kernel-smoothed estimate using Epanechnikov’s kernel. 

9.18.3. Compute the Aalen-Gill logrank test of the difference between intensities 
using all recurrent events. 

9.18.4. Fit the multiplicative intensity model with treatment group as the only 
covariate to obtain an unadjusted estimate of the relative risk and its confidence 
limits. Compare the Wald and likelihood ratio tests for the treatment group effect 
to the logrank Aalen-Gill test. 

9.18.5. Fit a more complete model to assess the treatment group effect adjusted 
for the other covariates. Note that three separate binary indicator variables must be 
defined to reflect the effect of hospital type. Compare the adjusted to the unadjusted 
assessment of the treatment effect. 
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9.18.6. Fit an additional model that includes an interaction between treatment 
group and weight and an interaction between group and height. Describe the effect 
of treatment as a function of height and weight. 



Appendix 
Statistical Theory 

A. l  INTRODUCTION 

This appendix contains all of the mathematical statistical developments employed in 
the text. It is intended to be used hand-in-hand with the chapters in the main body 
of the book. In keeping with the general tone of the text, these developments are 
presented in an informal but precise manner. Readers who desire a more rigorous 
development of these results, such as the required regularity conditions, are referred 
to one of the many excellent texts on theoretical statistics such as those by Bickel 
and Doksum (1977), Cox and Hinkley (1974), Cramer (1946), Kendall and Stuart 
(1979), Lehmann (1 983 and 1986), and Rao (1 973), among many. 

A. l . l  Notation 

Throughout this text, the following notation conventions are employed. 

E ( Y )  and V ( Y )  denote the mean and variance of the random variable Y. 

N denotes the fixed total sample size. 

n denotes an increasing sequence of observations of sample size n as n 4 00. 

The notation 1: refers to convergence in probability. 
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d The notation 4 refers to convergence in distribution, or in law. 

The symbol G means “estimated as” as in p 

The symbol N means “is distributed as.” 

The symbol Gx means “is asymptotically equal to.” 

The symbol = means “is approximately equal to.” 

The symbol x means “is asymptotically distributed as.” 

The symbol I is used as a conditioning operator as in E(yla) 
The symbol ; is used to designate the assumed parameters of a distribution, as in 

%. 

d 

f (y ;  B) to designate the distribution of Y with parameter 8. 

A.1.2 Matrices 

A review of matrix algebra will not be provided. Selected results will be presented 
as needed. The following conventions are employed. 

” being 
the transpose operator. Alternately, 8’ is used to designate the row vector 
transpose of 8. 

The symbol 1 1  indicates the concatenation by columns of two matrices or vectors. 
For example, if A is a px 1 vector and B is a p x  2 vector, then C = (A 11 B) 
is p x 3. 

The symbol // indicates the concatenation by rows of two matrices. For the 
above example, then C = (AT // BT)T is obtained as the transpose of 
the concatenation by rows of the two matrices AT and BT. Alternately, 
D = (A / /A)  is a 2 p  x 1 vector and E = (B // B) is a 2 p  x 2 matrix. 

The ( j k ) t h  element of the inverse of a matrix [A-’1 jk is also expressed as Ajk. 

Likewise, let the p x p square matrix A be partitioned as 

All vectors are column vectors, such that 8 = (0, . . . B p ) T ,  the 

with diagonal square matrices, A,, and A,, of dimensions T and s, respec- 
tively, T + s = p. Then the partitioned inverse matrix is expressed as 

where, for example, Arr refers to the elements of A-’ in the positions 
corresponding to the T x T submatrix, or [A-’I,,. Thus A“ # A;:. For 
such a matrix, the upper left submatrix of the inverse is obtained as 

A“ = [A,, - A,,A,’A,,]- . (A.3) 
1 
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A.1.3 Partition of Variation 

A usefid result is the principle of partitioning of sums of squares that forms the 
basis for the Analysis of Variance. Given a set of constants { a i }  and values {q} 
such that xi aiyi = xi aizi, then the total sum of squares of Y can be partitioned 
as 

whenever it can be shown that xi  aizi ( y i  - .i) = 0.  The values zi may be random 
variables or constants. 

A similar result provides the partitioning of variation (Mean Squa? Error) for 
an estimate ê  of a parameter 8.  When the estimate has expectation E(B) # 8, then 
the mean square error of the estimate can be partitioned as 

= V($) + [Bias(e^)I2 

A related expression is the well known result 

v (Y) = Ex [V (YIX)] + v x  IE (YlX>l (A.6) 

expressed in terms of the conditional moments of Y given the value of another 
variable X, integrated with respect to the distribution of X. 

A.2 CENTRAL L IMIT  THEOREM A N D  THE LAW OF LARGE 
NUMBERS 

A.2.1 Univariate Case 

The Central Limit Theorem and the Law of Large Numbers, when used in con- 
junction with other powerful theorems, such as Slutsky's Theorem, provides the 
mechanism to derive the large sample or asymptotic distribution. of many statistics, 
and virtually all of those employed in this text. 

Let { y l ,  y2 , .  . . , y ~ }  refer to a sample of N independent and identically dis- 
tributed (i.2.d.) observations of the random variable Y drawn at random from a 
specified distribution, or 

Yi  N ~ ( Y ; c L ,  g 2 )  vi (A.7) 

for some density or probability mass distribution f(y; .) with mean p and variance 
u2. Let B be the sample mean, jj = EL, y i / N .  Then the Central Limit Theorem 
is often expressed as 

(A.8) 
d 

g = N ( p ,  u 2 / w  
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to indicate that the asymptotic or large sample distribution of the sample mean based 
on a large sample of size N is normal with expectation E(p) = p and variance 
V(g) = c 2 / N .  This is a casual notation that is fine in practice and thus is used 
throughout the text. The large sample variance, a 2 / N ,  of the sample mean B may 
then be used as the basis for the computation of a large sample confidence interval 
or a statistical test. In the limit, however, this distribution is degenerate because 
limn+m nz/n = 0. Thus a more statistically precise description is as follows: 

Let {yn} = {yl . . . y,} be a sequence of n i . i .d.  observations drawn from 
some distribution f(y; .) with mean p and finite variance nz. Let pn be the sample 
mean computed from the first n observations. The Weak Law of Large Numbers 
specifies that the limiting value of the sample mean is the expected value of the 
random variable, often designated as the expectation of the i t h  observation in a 
sample; or that as n + 00 then 

g, 3 E(Y) = E(yi)  = p. (A.9) 

Thus the sample mean provides a consistent estimator of (converges in probability 
to) the mean of the distribution from which the observations arose. 

Now let S, = (y1 + . . -i- p,) be a sequence of partial sums of n a i d .  observa- 
tions drawn from this distribution, where 5, = S,/n. The Central Limit Theorem 
then asserts that a sequence of partial sums computed as n + 00, satisfies 

where @ ( z )  is the standard normal cumulative distribution function. Thus 

(A. 10) 

(A.l l )  

where 5, refers to the corresponding sequence of sample means as n + 00. Then, 
from (A.lO) 

and from (A.ll)  

(A.12) 

(A. 13) 

Using JV(,~ .) to denote the normal distribution, the above expressions in terms of 
S, and jj,, respectively, can be expressed as 

(A. 14) 

and 

(A.15) 
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to indicate convergence in distribution or in law to the normal distribution. These 
lead to the equivalent expressions 

or as 

(A.16) 

(A.17) 

where x:l) refers to the central chi-square distribution on 1 d j .  

The expression in (A.15) implies that P [(& - p )  > €1 1: 0 for any value E 

which indicates that 8 is a consistent estimator of the population mean p regardless 
of the distribution f(y;  .) from which the observations are assumed drawn at ran- 
dom. A formal proof of the above results, generally known as the Lindberg-Levy 
Central Limit Theorem, requires regularity conditions that essentially assert that 
the sequence of random variables {y,} has bounded variation, which is virtually 
always the case for the statistics considered herein. 

The Liapunov Central Limit Theorem (cf: Rao, 1973, p. 127) provides a gener- 
alization to the case of a sample of independent, though not identically distributed, 
random variables. 

Expression (A.15) also demonstrates that B, is a fi-consistent estimator of 
p. Any estimator ê  of a parameter 9 is said to be fi-consistent if f i ( e^ -  8 )  
converges in distribution to a non-degenerate probability distributionl(cf. Lehmann, 
1998). Such estimators converge to the true value at the rate of n-5. 

Example A.1 Simple Proportion 
Consider the simple proportion of positive (+) responses from a sample of N i . i .d .  
Bernoulli observations where pi = 1 if +, 0 if -, where E ( y i )  = P(y i  = 1) = A 

and V(yi) = E(yi - K ) ~  = u2 = ~ ( 1  - A).  Then the sample proportion can be 
expressed as the mean of the { p i } ,  or p, = ji, = cbl y i / n  as n --t 00, where 
Edl y i  equals the number of + responses in the sample. Thus the Law of Large 
Numbers provides that the limiting value of the proportion is the probability, or that 
p, 3 E(yi)  = K, and thus p is a consistent estimator for A. The Central Limit 
Theorem further provides that 

J;;; ( p ,  - n) 3 N [ O ,  A(1  - .)I 1 

and asymptotically the large sample distribution of p with total sample size N is 

p = " A ,  x(1- n ) / N ] .  

(A.18) 

d 
(A. 19) 

A.2.2 Multivariate Case 

Now consider the case where the observation for the ith subject is a p-vector 
of measurements yi = (y,l yiz . . , yip)T,  for i = 1,. . . , n, drawn from some 
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distribution f(p; .) with mean vector p = (111 . . . p p ) T  and covariance matrix 
E. Let 5, refer to a sequence of sample means computed as n ---t 00. Then, 
analogously to (A.9), the Weak Law of Large Numbers specifies that the limiting 
value of the sample mean vector is the mean vector 

V n  ':CL (A.20) 

and analogously to (A.13), the Central Limit Theorem specifies that 

(A.21) 

where @ p (  z )  refers to the standard p-variate normal cumulative distribution func- 
tion. Using N ( p ,  E) to denote the pvariate normal distribution with mean p and 
variance C, this can be expressed as 

112 - (A.22) f i x -  ( p n  - CL) 3 ~ ( 0 ,  ~ p ) ,  

where I, is the identity matrix of order p. Thus 

f i ( g n  - P )  3 ~ ( 0 1  1=>1 (A.23) 

and for a large sample of size N, the large sample distribution of the mean vector 
is asymptotically (approximately) distributed as 

5 k N ( p ,  E / N ) .  (A.24) 

Further, from (A.23) the quadratic form 

n(Pn - PL)~c- '  (5, - P) 4 ~ f p l >  (A.25) 

where xfp ,  is the central chi-square distribution on p df. 

Example A.2 Multinomial Distribution 
Consider the trinomial distribution of the frequencies within each of three mutually 
exclusive categories from a sample of N L i d  observations. In this case, the ith 
observation is a vector y i  = (yil yiz y,3), where yij is a Bernoulli variable that 
denotes whether the ith observation falls in the j t h  category; yij = 1 if j th  
category, 0 if otherwise. Since yij for the j t h  category is a Bernoulli variable, then 
E(yij)  = P(yij = 1) = nj and V(yij) = u; = nj(1 - x j ) .  It also follows that 
for any two categories j # k, C O U ( ~ , ~ ,  '&k) = b j k  = E(T/,jy,k) - E ( y i j ) E ( y i k )  = 
-njj?Tk, since by construction, YijUik = 0. Thus the pi have mean vector p = r = 
(nl 7r2 ~ 3 ) ~  and covariance matrix 

(A.26) 1 T(1- .1) -7r1=2 -aln3 
- 7 ~ 1 ~ 2  ~ 2 ( 1 - . 2 )  - ~ 2 ~ 3  . 
-TIT3 -nZn3 n3(1 - n3) 
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The covariance matrix is often denoted as X(n)  because it depends explicitly on the 
mean vector 7r. Since the {yij} are subject to the linear constraint that C,”=, yij = 
1, then the covariance matrix is singular with rank 2. 

The vector of sample proportions can be expressed as the mean vector of the 
{yi} ,  or as p = ( p l  p2 p ~ ) ~  = y = C:=, yi/N, where Cy=, I/* is now the 
vector of frequencies within the three categories. Thus from (A.24), for a large 
sample of size N ,  p is asymptotically normally distributed with mean vector 7r 
and covariance matrix X ( n ) / N .  Because these proportions are likewise subject to 
the linear constraint C,”=,pj = 1, the asymptotic distribution is degenerate with 
covariance matrix of rank 2. However, this poses no problems in practice because 
we need only characterize the distribution of any two of the three proportions. 

- 

A.3 DELTA METHOD 

A.3.1 Univariate Case 

A common problem in statistics is to derive the large sample moments, principally 
the expectation and variance, of a transformation of a statistic, including non-linear 
transformations. These expressions are readily obtained by use of the S-method. 

Let t be any statistic for which the first two central moments are known, E( t )  = 
p and V ( t )  = c2. We desire the moments of a transformation y = g ( t )  for 
some function g( .) which is assumed to be twice differentiable, with derivatives 
designated as g’( .) and g”( .). A first-order Taylor’s Series expansion of g( t )  about 
p is: 

d t )  = 9 b )  + 9’(P)( t  - P )  + R2(.). (A.27) 

From the mean value theorem, the remainder to second order is 

R2(a) = ( t  - d 2 9 ” ( 4 / 2  (A.28) 

for some value a contained in the interval ( t ,  p).  If the remainder vanishes under 
specified conditions, such as asymptotically, then 

dt) d P )  + S’ (P) ( t  - PI (A.29) 

so that 

-%) = PY = E [g(t)l% 9 ( P )  + g’ (p) -W - P )  = S(P) (A.30) 

and 

V(Y) = E(Y - Pa/)2 2 E kJ(t) - 9(P>I2 (A.31) 

= E [S’(CL)(t - P)I2 = [S’(P)l2 V(t) .  
Herein, we frequently consider the moments of a transformation of a statistic t 

that is a consistent estimate of p. In such cases, since t 3 p, then the remainder 
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in (A.28) vanishes asymptotically, or &(a) 1: 0, and the above results apply to 
any transformation of t. Furthermore, if c(t) is a consistent estimator of V ( t ) ,  
then it follows from Slutsky's Convergence Theorem (A.45, below), that c(y)  = 
[g'(t)12 P(t) is a consistent estimator of ~ ( y ) .  

Example A.3 log@) 
For example, consider the moments of the natural log of the simple proportion p 
for which p = n and u2 = n(1 - n ) / N .  The Taylor's expansion yields 

(A.32) 

where the remainder for some value a E ( p ,  n) is &(a)  = (p - ~ ) ~ g " ( a ) / 2 .  Since 
p is consistent for n, p 3 n, then asymptotically Rz(a) --$ 0 and thus 

E [log(p)I = log(x) (A.33) 

and 

A.3.2 Multivariate Case 

Now consider a transformation of a p-vector T = (tl . . . tp )T of statistics with 
mean vector p and covariance matrix ET. Assume that Y = (y1 . . . Ym)T = 
G( T)  = [gl (T) . . . gm( T)IT, m i p ,  where the kth transformation gk( T)  is 
a twice-differentiable function of T. Applying a first-order Taylor's series, as in 
(A.27), and assuming that the vector of remainders Rz(A) vanishes for values 
A E (T, p),  yields 

E ( Y )  = py G(T) (A.35) 

v(y)  = Z Y  H ( p ) ' X T H ( p )  9 

where H (p )  is a p x m matrix with elements 

891 (T)/atl * * .  agl(T)/ap 

(A.36) 

evaluated at T = p. 
When T is a jointly consistent estimator for p, then (A.35) provides the first 

two moments of $e asymptotic distribution of Y.  Further, from Slutsky's Theorem 
(A.45, below) if X T  is consistent for X T ,  then 

Z y  = E( T ) ' Z T E ~ (  T )  = H XTH (A.37) 
h l r ,  h 

is a consistent estimator of &. 
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Example A.4 Multinomial Generalized Logits 
For example, consider the case of a trinomial where we wish to estimate the mean 
and variance of the vector of log odds (logits) of the second category versus the 
first, log(pz/pl), and also the third category versus the first, log(p3Ipl). Thus 
p = (p1 pz ~ 3 ) ~  has mean vector 7r = (TI 7 ~ 2  ~ 3 ) ~  and covariance matrix 

-TzT3 . (A.38) I - Tl)  -x1nz -TI r 3  

E(7r) = - -7r17r2 nz(1- 7r2) 
l [  -Tin3 -nZn3 n3(1 - T3) 

The transformation is Y = G(p) = [g1(p) gz(p)lT, where g1(p) = log(pz/pl) 
and gz(p) = log(p3/p1). Asymptotically, from (A.35), 

(A.39) 

To obtain the asymptotic variance requires the matrix of derivatives, which are 

Thus 

provides the asymptotic covariance matrix of the two logits. 

A.4 SLUTSKY’S CONVERGENCE THEOREM 

Slutsky’s Theorem (c !  Cramer, 1946; Serfling, 1980) is a multifaceted result which 
can be used to establish the convergence in distribution and/or the convergence in 
probability (consistency) of multidimensional transformations of a vector of statis- 
tics. For the purposes herein, I shall present these as two results, rather than as a 
single theorem. The theorem is then used in conjunction with the delta method to 
obtain the asymptotic distribution of transformations of statistics. 

A.4.1 Convergence in Distribution 

The most common application of Slutsky’s Theorem concerns the asymptotic distri- 
bution of a linear combination of two sequences of statistics, one of which converges 
in probability to a constant, the other of which converges in distribution to a spec- 
ified distribution. In this text we are only concerned with functions of statistics 
that are asymptotically normally distributed, for which the theorem is so described. 
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The result, however, applies more generally to statistics that follow any specified 
distribution. The theorem also readily generalizes to more than two such statistics. 

Let tn be a sequence of statistics that converges in distribution to a normal 
distribution as n -t 00 such that 

(A.42) 

where the variance uz may be a function of the expectation p. Also, let rn be a 
sequence of statistics that converges in probability to a constant p, expressed as 
T, 3 p. Then 

(A.43) 

and 

An example is provided below. 

A.4.2 Convergence in Probability 

Consider a set of statistics, each of which in sequence converges in probability to 
known quantities, such as a, -+ a, b, 1: p, and c, -% y. For any continuous 
function A(.), then 

P 

R(an,bn,cn) -% R ( ~ , P , Y ) .  (A.45) 

This result will be used to demonstrate the consistency of various “plug-in” esti- 
mators of parameters. 

A.4.3 

The &method and Slutsky’s Theorem together provide powefil tools that can be 
used to derive the asymptotic distribution of statistics which are obtained as transfor- 
mations of basic statistics that are known to be asymptotically normally distributed, 
such as transformations of means or proportions. The &method provides the ex- 
pressions for the mean and variance of the statistic under a linear or non-linear 
transformation. Slutsky‘s Theorem then provides the proof of the asymptotic con- 
vergence to a normal, or multivariate normal, distribution. This result is stated 
herein for the univariate case, the multivariate case follows similarly (cf; Rao, 
1973, p. 385; or Bickel and Doksum, 1977, pp. 461-462). Under certain condi- 
tions, similar results can be used to demonstrate convergence to other distributions. 
However, herein we only consider the application to transformations of statistics 
that converge in distribution to a normal distribution. 

As above, let f i ( t n  - p)  be a sequence of statistics which converges in distri- 
bution to the normal distribution with mean 0 and variance a2 as in (A.42). Also, 

Convergence in Distribution of Transformations 
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let g ( t )  be a single variable hnction with derivative g’( . )  that is continuous at p. 
Then g( t )  converges in distribution to 

fi [dL) - d ~ ) ]  5 N (0, [g’(~)1’ 0’) . (A.46) 

Thus for large N, the approximate large sample distribution of g ( t )  is 

(A.47) 

Example A S  log(p) 
To illustrate the application of this result and its derivation using Slutsky’s Theorem, 
consider the asymptotic distribution of log@). Applying the Taylor’s expansion 
(A.27), then from (A.32) asymptotically 

where the last term is f i R z ( u ) .  Since p is asymptotically normally distributed, 
then the first term on the r.h.s. is likewise asymptotically normally distributed. 

To evaluate the remainder asymptotically, let {p,} denote a sequence of values as 
n --$ 00. In Example A. 1 we saw that p, is a sample mean of n Bernoulli variables, 
and thus is a fi-consistent estimator of n so that (p, - n)’ -+ 0 faster than n-4, 
and thus f i R 2 ( a )  -% 0. Therefore, asymptotically fi[log(p) - log(n)] is the 
sum of two random variables, one converging in distribution to the normal, the 
other converging in probability to a constant (zero). From Slutsky’s Convergence 
in Distribution Theorem (A.43) it follows that 

and for large N asymptotically 

The large sample variance of log(p) is 

which can be estimated by “plugging in” the estimate p for n to obtain 

(A.49) 

(A.50) 

(A.51) 

(A.52) 
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P Then from Slutsky’s Convergence in Probability Theorem (A.49, since p ,  -+ 7~ 

it follows that (A.52) 5 (AS l), which proves the consistency of the large sample 
estimate of V [log@)]. 

From the asymptotic distribution of log(p) in (A.50) and the consistency of 
the estimate of the variance using the “plug in” approach in (A.52), again using 
Slutsky’s Convergence in Distribution Theorem (A.44) it follows that asymptotically 

log(P) - log(r) g N (o, 1), (A.53) 
JGGI 

Thus the asymptotic coverage probability of (1 - a) level confidence limits based 
on the estimated large sample variance in (A.52) is approximately the desired level 
1 -a. 

Example A.6 Multinomial Logits 
For the multinomial logits in Example A.4, it follows from the above theorems 
that the sample logits Y = [log(p2/pl) log(p3/p1)lT are distributed as bivariate 
normal with expectation vector py = (log(7r2/nl) l o g ( ~ 3 / n l ) ] ~  and with variance 
as presented in (A.41). Substituting the elements p = (p1 p2 ~ 3 ) ~  for R = 
( X I  7r2 ~ 3 ) ~  yields the estimated large sample covariance matrix 

(A.54) 

Since p is jointly $onsistent for R then from Slutsky’s Convergence in Probability 
Theorem (A.49, E y  is a consistent estimate of Ey. This estimate may also be 
obtained by evaluating 

-1 .. 
5 y  = H X(p)E ,  ( A S )  

in which X ( p )  = X ( T ) I ~ = ~  and in which H = H ( p )  = H ( T ) + ~  as in (A.37). 
h 

A.5 LEAST SQUARES ESTIMATION 

A.5.1 Ordinary Least Squares (OLS) 

Ordinary least squares is best known as the method for the derivation of the pa- 
rameter estimates in the simple linear regression model. In general, OLS can be 
described as a method for the estimation of the conditional expectation of the de- 
pendent variable Y within the context of some model as a function of a covariate 
vector with value x, which may represent a vector of p covariates, plus a constant 
(1) for the intercept. The values of x are considered fixed quantities; that is, we 
condition on the observed values of x. In the simple linear multiple regression 
model, the conditional expectation is expressed as E(ylx) = x’6 as a function of a 
vector of parameters 6. This specification is termed the structural component of the 
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regression model, which in this instance is a linear function of the covariates. Given 
z, it is then assumed that the random errors E = y - E(yls )  are statistically in- 
dependent and identically distributed (i.i.d.) with mean zero and common variance 
u,". This specification is termed the random component of the regression model. 
The structural and random components together specify that y = E(yJz )  +E, which 
then specifies that V(yJz)  = uz conditionally on z. 

For a sample of N observations, let Y = (y1 . . . y ~ ) ~  refer to the column 
vector of dependent variable values, and X refer to the N x ( p  + 1) vector of 
covariate values for the N observations. The ith row of X consists of the vector 
of (p + 1) covariate values for the ith observation, zT = (1 xi1 . . . zip). For 
the ith observation, the random error is ~i = yi - E(ylzi), and for the sample of 
N observations the vector of random errors is E = ( ~ 1  . . . E N ) = ,  where, as stated 
above, it is assumed that E ( E )  = 0 and COZI(E) = & = U z I N ,  with I N  being 
the identity matrix of dimension N .  In vector notation, the linear model then can 
be expressed as 

Y = x e + € ,  (A.56) 

where 8 = (a // p), p = (PI . . . /3p)T, a being the intercept. Note that through- 
out the Appendix the intercept is implicit in the expression z'8 whereas elsewhere 
in the text we use the explicit notation a + z'p. 

We then desire an estimate of the coefficient vector 8 that satisfies some desirable 
statistical properties. In this setting squared error loss suggests choosing the vector 
8 so as to minimize the sums of squares of errors C j  €3 = E'E = SSE. Thus the 
estimate satisfies 

min (Y - X 5 ) '  (Y  - X 5 )  = min (Y'Y - 2Y'XZ + 8 'X'X8)  . (A.57) 
I I 

Using the calculus of maxidminima the solution is obtained by setting the vector 
of first derivatives equal to 0 and solving for 5. For this purpo_se we require 
the derivatives of the bilinear and quadratic forms with respect to 8 which are as 
follows: 

(A.58) 

Thus 

8SSE 8 (Y'Y- 2YI.x; f G ' x ' x 5 )  
-- - = -2Y'X + 25'X'X,  (A.59) 

and the matrix of second derivatives ( 2 X ' X )  is positive definite, provided it is 
of full rank. Thus setting the vector of first derivatives equal to 0 yields the OLS 
estimating equation 

G'X'X - Y ' X  = 0 ,  

85 a5 

(A.60) 
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for which the SSE is minimized with respect to the choice of G. Solving for 
yields the OLS estimate 

5 = (X'x)-' X'Y. (A.61) 

A unique solution vector for 5 is obtain provided that X'X is of full rank and 
the inverse exists. Another basic result from the algebra of matrices is that the rank 
of X'X is the minimum of the row and column rank of X. Since X is a n x (p+ 1) 
matrix, then X'X will be positive definite of full rank (p + 1) unless there is a 
linear dependency or degeneracy among the columns of the X matrix, which would 
require that one covariate in the design matrix X be a linear combination 2f the 
others. If such a degeneracy exists, then there is no unique solution vector 8 that 
satisfies the OLS estimating equation. In this case, one among the many solutions 
is obtained by using a generalized inverse. Throughout, however, we assume that 
X'X is of full rank. 

A.5.2 Gauss-Markov Theorem 

The properties of least squares estimators are provided by the Gauss-Markov Theo- 
rem. From the assumption of i . i .d .  homoscedastic errors (with common variance), 
the following properties are readily derived (cf: Rao, 1973). 

The least squares estimates of the coefficients are unbiased, since 

E ( G )  = (x'x)-' X'E(Y) = (xlx)-' x'xe = e. (A.62) 

To obtain the variance of the estimags, note that the solution ^e is a linear combi- 
nation of the Y vector of the form t9 = H'Y where HI = (X'X)- '  X' .  Since 
V(Y) = V(E) = U ? I N ,  then 

V(5) = H' [ V ( Y ) ]  H = (x'x)-' x' [ . ; IN]  x (x'x)-* (A.63) 

= (x'x)-' Ug. 

Since 

(Y - xo)' (Y  - xo) 
5: = MSE = (A.64) 

provides a consistent estimator of u:, then a consistent estimator of the covariance 
matrix of the estimates is provided by 

N - p - 1  

P (6)  = (x'x)-'l?:. (A.65) 

Since the least squares estimator is that linear function of the observations which 
is both unbiased and which minimizes the SSE, or which has the smallest variance 
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among all possible unbiased linear estimators, then this is a best linear unbiased 
estimator (BLUE). Again, this result only requires the assumption that the {gi} 
are independent and that the random errors are i .i .d. with mean zero and con- 
stant variance 0: conditional on the covariates {zi}. No hrther assumptions are 
necessary. 

In addition, if it is assumed that the { ~ i }  are normally distributed, then the F 
distribution can be used to characterize the distribution of a ratio of independent 
sums of squares as the basis for parametric tests with finite samples. However, the 
normal errors assumption is not necessary for a large sample inference. Since the 
{yi} are independent with constant conditional variance 0: given {zi}, then from 
(A.62) and the Liapunov Central Limit Theorem, asymptotically 

(5 - e )  & N [o, v (g)] . (A.66) 

This provides the basis for large sample Wald tests and confidence limits for the 
elements of 8. 

A.5.3 Weighted Least Squares (WLS) 

These developments may also be generalized to the case where the random errors 
have expectation zero but are not i.i.d., meaning that V ( E )  = Xs # O z I N .  Thus 
there may be heteroscedasticity of the error variances such that V ( E ~ )  # V ( E ~ )  
for some two observations a # j ,  and/or the errors may be correlated such that 
C O V ( E ( , E ~ )  # 0. As with ordinary least squares, we start with the assumption 
of a simple linear multiple regression model such that the conditional expectation 
is expressed as E ( Y ( z )  = d o .  Thus the model specifies that Y = X8 + E,  

where E ( E )  = 0, but where V ( E )  = C,. When C, is of full rank, then by a 
transformation using the root of the inverse, X:C1/', we have 

which can be expressed as 

L Z e + z ,  (A.68) 

where 

Thus the transformed random errors Elsatisfy the assumptions of the OLS estimators 
so that 

-1- -1 I-/ - 5 = (x x) x Y = (xlx;lx)-l ( X ' C ; l Y ) .  (A.70) 
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As in (A.62)-(A.63), it follows that the WLS estimates are unbiased with covariance 
matrix 

v (5) = (x x) = (x%;lx)-l , (A.71) 

and that the estimates areymptotically normally distributed as in (A.66). Further, 
if a consistent estimator C, of X, is available, then the covariance matrix of the 
estimates can be consistently estimated as 

-1- -1 

"5) = (x,e;'x)-' , (A.72) 

which provides the basis for large sample confidence intervals and tests of signifi- 
cance. In these expressions, the matrix Xi1 is termed the weight matrix since the 
solution vector 8 minimizes the weighted SSE computed as 

S S E =  (?-zG)'(?-%6) = (Y-X5)'Ci1(Y-X6). (A.73) 

Example A.7 Heteroscedasticity 
One common application of weighted least squares is the case of heteroscedastic 
variances. One instance is where yi is the mean of ni measurements for the ith 
observation, where ni varies among the observations. Thus 

(A.74) 

Example A.8 Correlated Observations 
Another common application is to the case of clustered sampling, such as repeated 
or clustered measures on the same subject, or measures on the members of a family. 
In this case the sampling unit is the cluster and the observations within a cluster 
are correlated. Let nj refer to the number of members within the j t h  cluster and 
let Cj denote the nj x nj matrix of the variances and covariances among the nj 
observations within the j th  cluster. Then 

C, = blockdiag[E1. - .  C N ]  = [ i, . . .  i ] , (A.75) 

where N is now the total number of clusters. The within-cluster variances and 
covariances may be specified on the basis of the statistical properties of the sampling 
procedure, or may be estimated from the data. 

For example, for nj repeated measures on the same subject, one may assume 
an exchangeable correlation structure such that there is constant correlation, say 
p, among measures within the subject (cluster). Given an estimate of the common 
correlation, p? and estimates of the variances of each repeated measure, say ?;, 
then the covariance between the first and second repeated measures, for example, 
is j%31:1~. From these the estimated covariance matrix could be obtained for the set 
of repeated measures for the j t h  subject. 

c1 . . .  0 

... C N  
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A.5.4 

In some instances, the covariance matrix of the random errors is a function of the 
estimated conditional expectations, such that Zc = G(8) for some N x N matrix 
with elements a function of the coefficient vector 8. In this case, the weight matrix 
depends on the values of the coeffcients. In general, an iterative procejure is 
required as follows: Given some initial esti_mates of the coeffcients, say 8 0 ,  one 
computes the weight matrix, say GO = G(80), and then computes the first-step 
estimates as 

Iteratively Reweighted Least Squares (IRLS) 

A el = (x'G,'x)-~ ( x ' G ~ ~ Y ) .  (A.76) 

Then the weight matrix is updated as G1 = G(&), and then the second-step 
estimate & obtained. The iterative process continues until the coefficient estimates 
converge to a constant vector, or equivalently until some objective hnction such as 
the SSE converges to a constant. As with ordinary least squares, the final estimates 
are asymptotically normally distributed as in (A.66), where a consistent estimate 
of the cov_ariance matrix of the coefficient estimates is provided by (A.72) using 
5= = G(8). 

Often a relationship between the conditional expectations and the variance of the 
errors arises from the specification of a parametric model in the population based 
on an underlying distribution conditional on the values of the covariates. In this 
case the IRLS estimates of the coefficients equal those obtained from maximum 
likelihood estimation. 

A.6 MAXIMUM LIKELIHOOD ESTIMATION AND EFFICIENT 
SCORES 

A.6.1 Estimating Equation 

Another statistical approach to the estimation of parameters and the development of 
statistical tests is to adopt a likelihood based on an assumed underlying population 
model. Let (yl, y2, . . . , YN) refer to a sample of independent and identically dis- 
tributed ( i . i .d . )  observations drawn at random from a specified distribution f(y; 0 ) ,  
where the density or probability mass distribution f(.) has unknown parameter 8 
which may be a p-vector of parameters 8 = (el . . . 8,)T. Throughout we assume 
that 8 is the true parameter value, although at times we use the notation 8 = 80 
to denote that the true value is assumed to be the specified values 00. When not 
ambiguous, results are presented for the scalar case using the parameter 8. 

The likelihood function then is the total probability of the sample under the 
assumed model 

N 

~ ( ~ 1 9 . .  . YN; 0 )  = n f(yi; 01, (A.77) 
i=l 
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which, for simplicity, is designated as simply L(8). Alternately, when a known 
suflicient statistic, say T, is known to exist for 8, then apart from constants, the 
likelihood may be expressed in terms of the distribution 0,f T. 

The maximum likelihood estimate of 8, designated as 8, is that value for which 
the likelihood is maximized. This value is most easily determined using the log- 
likelihood, which in the case of (A.77), is represented as a sum rather than a product 
of terms 

N 

e(e) = log q e )  = C log f(yi; 8). (A.78) 

The MLE ê  is then obtained from the calculus of the local extrema (max/rnin) of 
a function. Thus in the single parameter case, the maximum likelihood estimator 
(MLE) is that value such that 

i= l  

(A.79) 

The first derivative is the slope of the function e(8) with respect to 8. The 
maximum occurs at the point where the tangent to l ( 8 )  is the horizontal line or the 
point along the likelihood surface where the slope is zero. The second derivative 
represents the degree of curvature of the function e(8)  and its direction: facing up 
or down. Thus the condition on the second derivative is that the likelihood fimction 
be convex or L'concave down." 

The maximum likelihood estimating equations, therefore, in the scalar or vector 
parameter cases are 

The MLE ê  then is the solution for 8 in the scalar parameter case, and 8 is the 
solution for 8 in the multiparameter case, the vector estimating equation applying 
simultaneously to the p elements of 8. In many cases the solution of these estimating 
equations requires an iterative procedure such as the Newton-Raphson method. 

A.6.2 Efficient Score 

The estimating equation for a scalar 8 is a function of the Fisher Eflcient Score 

where Ui(8) is the Fisher efficient score for the i th observation. When 0 is a 
p-vector then the total score vector is 

N 

(A.82) 
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where for the ith subject, 

. . .  

The notation U(0)aj  designates that the score for the j t h  element of the parameter 
vector is some function of the p-vector 8. The MLE is defined as that value of the 
p-vector 

An important property of the efficient score is that E [ U(O)] = 0 when the score 
is evaluated at the true value of the parameter in the population 8. To derive this 
result, consider the case where 8 is a scalar. Since 

for which the total score is the zero vector. 

(A.84) 

then 

Thus 

(A.86) 

This result also applies to the multiparameter case where E [U(O)] = 0. 

of an hypothesis of the form Ho: 8 = B0. 
This property plays a central role in the development of the efficient score test 

A.6.3 Fisher's Information Function 

Again consider the case where 8 is a scalar. Since the likelihood in (A.77) is the 
probability of any observed sample of N i.i.d. observations, then 

(A.87) 

Taking the derivative with respect to 8 yields 

As in (A.84), however, 

d l (B)  d l o g L ( 8 )  1 d L ( 8 )  
d8 dt9 L(8)  dt9 
-- - =-- 

(A.88) 

(A.89) 
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so that 

Then, (A.88) can be expressed as 

(A.90) 

(A.91) 

which is a generalization of (A.85). 
Differentiating E [U(0)]  in (A.91) a second time with respect to 8 yields 

(A.92) 

so that 

(A.93) 

Since the two terms s u m  to zero and the first term must be positive, then this yields 
Fisher's Information Equality 

I ( 0 )  = E [ ( $)2] = E [ l 1 ( 8 ) ~ ]  (A.94) 

The Information function I ( 0 )  quantifies the expected amount of information in 
a sample of n observations concerning the true value of 0. The second derivative 
of the likelihood function, or of the log likelihood, with respect to 0 describes the 
curvature of the likelihood in the neighborhood of 8. Thus the greater the negative 
derivative, the sharper is the peak of the likelihood function, and the less dispersed 
the likelihood over the parameter space of 0. Thus the greater is the information 
about the true value of 0. 

In the general multiparameter case, Fisher's Information firnction for a p-vector 
8 may be defined in terms of the matrix of mixed partial second derivatives, which 
is a p x p matrix defmed as 
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for 1 5 j 5 k 5 p. Alternately, I( 0 )  may be defined from the outer product of 
the score vector as 

(A.96) 

The matrix of mixed second derivatives is commonly known as the Hessian 
These expressions describe the Expected Information function. 

matrix, 

Thus from (A.96) I (0 )  = E [-H ( O ) ] .  The observed information, therefore, is 

ip) = -H (e )  = -v ' (e ) .  (A.98) 

For a sample of i . i .d.  observations 

(A.99) 

for any randomly selected observation (the ith). Thus if E [ Ui ( O ) ]  exists in closed 
form, in terms of 8, then one can derive the expression for the expected information 
I (O)  for any true value 8. 

The observed and expected information can also be expressed in terms of the 
sums of squares and cross-products obtained fiom the outer product of the vectors 
of efficient scores. From (A.96) the p x p matrix of outer products is 

Therefore, 

Since the observations are i . i .d . ,  then 

E [Ui( O)Uj(0)T] = E [Ui(O)] E [Uj(O)'] = 0 (A.102) 

for all 1 5 i < j 5 N. Therefore, 

for any random observation, arbitrarily designated as the ith. 
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A .6.4 

Developments similar to the above lead to an important result which establishes 
the lower bound for the variance of an estimator, the Cram&-Rao lower bound. 
Consider a statistic T that provides an unbiased estimate of some function p(8) of 
the scalar parameter 0 such that E(T 1 8) = pT(8).  This statistic may, however, 
not provide an unbiased estimate of 0 itself, as when p ~ ( 8 )  # 8. Then 

Cram&- Rao Inequality: Efficient Estimators 

where both T and L(0) are fbnctions of the observations. Differentiating with 
respect to 8 and substituting (A.90) yields 

We now apply the Cauchy-Schwartz inequality 

so that 

Therefore, 

(A.109) 

If pb(0) = 1, such as when T is unbiased for 0, then the variance of T is bounded 

V ( T )  2 I(e)-l. (A.llO) 

Similar developments apply to the multiparameter case where T, pk(8) and 8 
are each a p-vector. In this case, a lower bound can be determined for each element 
of the covariance matrix for T, (cf: Rao, 1973, p. 327). For the case where T is 
unbiased for 8, then the lower bound is provided by the inverse of the information 
as in (A.110). 

From these results we can define an eflcient estimator T of the parameter 8 
as a minimum variance unbiased estimator (MVUE) such that E ( T )  = 8 and 

by 

V ( T )  = q q - 1 .  
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A.6.5 

To derive the asymptotic distribution of the maximum likelihood estimate, we first 
obtain that of the efficient score on which the estimates are based. To simplify 
matters, we consider only the single parameter case where 8 is a scalar. 

Since the {yi} are i.i.d., then likewise the scores Ui(e) = alogf(yi ;  O)/ae are 
i.i.d. with expectation zero from (A.85). Thus 

Asymptotic Distribution of the Efficient Score and the MLE 

N N N 

i=l i=l i=l 

from the Information equality. Further, since the total score U ( e )  is the sum of 
i.i.d. random variables, and thus can be characterized as a sequence of partial 
sums as n + 00, then from the central limit theorem (A.14) it follows that 

(A. 112) 

and asymptotically for large N 

u(e) N [O, I(0)l I (A.113) 

where I ( 6 )  = N E  [-U,l(Q)] for any random observation (the ith). 
Now a Taylor’s expansion of U ( g )  about the value U ( 6 )  yields asymptotically 

(A. 114) v(i7) z u(e) + (5- e)v’(e). 
Since U ( g )  = 0 by definition, then asymptotically 

(A.115) 

Since the denominator contains -U’(e) = - C:=, U;(O), then from the law of 
large numbers, it follows that 

(A.116) 

Thus the numerator in (A. 115) converges in distribution to a normal variate whereas 
the denominator converges in probability to a constant. Applying Slutsky’s Theorem 
(A.44) we then obtain 

(A.117) 



472 STATISTICAL THEORY 

An equivalent result also applies to the multiparameter case. 

MLE asymptotically is 
Thus in the general pvector parameter case, the large sample distribution of the 

(ii - e )  & N [ol r(e)-1] . (A.118) 

The_large sample variance of the j th  element of the parameter vector estimate, 
V(8j) is obtained as the j th  diagonal element of the inverse information matrix, 

(A.119) 

A.6.6 

From (A. 117), the asymptotic variance of the MLE is 

Consistency and Asymptotic Efficiency of the MLE 

= lim qe)- l  = o (A.120) 

00 is 

1 
lim v(;) = lim 

so that the distribution of the MLE as n 

7/+W n - + w n ~  [-v;(s)l n4w 

@- e )  3 N(O, 01, (A. 12 1) 

which is a degenerate normal distribution with variance zero. Thus ê  converges in 
distribution to the constant 8, which, in turn, implies that ê  3 8 and that the MLE 
is a consistent estimator for 8.  A similar result applies in the multiparameter case. 
The MLE, however, is not unbiased with finite samples. In fact, the bias can be 
substantial when a set of parameters are to be estimated simultaneously; see Cox 
and Hinkley (1974). 

Since the asymptotic variance of the MLE is V ( @  = I(O)-l, which is the 
Cramer-Rao lower bound for the asymptotic variance of a consistent estimator, then 
this also establishes that the MLE is asymptotically a minimum variance estimator, 
or is hlly efficient. 

From these results, an asymptotically efficient estimator T of the parameter 8 
is one which is consistent, T 1: 8, and for which the asymptotic variance equals 
I(e)-l. 

A.6.7 Estimated Information 

The expressions for the expected and observed information assume that the true 
value of 8 is known. In praztice, these quantities are estimated based on the 
maximum likelihood estimate 8 of 8. This leads to expressions for the estimated 
expected information and the estimated observed information. 

The estimated Hessian is obtained from (A.97) evaluated at the value of the MLE 
is 

(A. 1 22) 
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from which the estimated observed information is obtained as i(5) = -H(G) .  
When the elements of the expected information exist in closed form in either 

(A.951, (A.96), (A.99), or (A. 103), then the estimated expected information, denoted 
as I ( 8 ) ,  may be obtained by evaluating the resulting expressions at the values of 
the estimates, that is, I ( 8 )  = I(6),e,G. 

Also, since the MLE 5 is consistent for 8, it follows from Slutsky's Theorem that 
i(@ 5 i(6)  and that I ( @  3 I ( 8 )  so that the estimated observed and expected 
information are also consistent estimates. This provides the basis for large sample 
confidence interval estimates of the parameters and tests of significance. 

A 

A.6.8 lnvariance Under Transformations 

Finally, an important property of the MLE is that it is invariant under one-to-one 
transformations of 0 such as g(0) = log(8) for 0 non-negative, or g(B) = fi for 
0 non-negative, or g(0) = ee for 8 E R. In such cases, if $is the MLE of 8 ,  then 
g($) is the MLE of g(0). Note that this does not apply to functions such as 02, 
which are not one-to-one. 

Example A.9 Poisson-Distributed Counts 
Consider the estimation and testing of the parameter of a Poisson distribution from 
a sample of N counts yi, i = 1,. , . , N. Under the assumed model that the N 
counts are independently and identically distributed as Poisson with rate parameter 
8 and probability distribution 

then the likelihood of the sample of N observations is 

(A. 123) 

(A. 124) 

with 

i=l 

Therefore, 

which, when set to zero, yields the MLE 

(A. 126) 

(A. 127) 
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The observed information hc t ion  is 

Since E [xi yi] = NO then the expected information function is 

Therefore, the large sample variance of the estimate is 

= ~ ( e ) - l  = e / N  

(A.128) 

(A.129) 

(A.130) 

and asymptotically 

$ k N [ e ,  B / N ] .  (A. 13 1) 

To construct confidence limits one can use either the estimated observed or the 
estimated expected information, which, in this case, are the same 

so that the estimated large sample variance is 

8 
N '  

v (ê ) = - 

(A. 132) 

(A.133) 

Example A.10 Hospital Mortality 
Consider the following hypothetical data from a sample of ten hospitals. For each 
hospital, the following are the numbers of deaths among the first 1000 patient 
admissions during the past year: ,8, 3, 10, 15, 4, 11, 9, 17, 6, 8. For this sample 
of ten hospitals, x i  y, = 91 and 0 = j? = 9.1 per 1000 admissions. The estimated 

information is I 0 = 10/9.1 = 1.09890, and the estimated standard error of the 

estimate is Jm = ~ 3 9 4 .  
(7 

A.6.9 Independent But Not Identically Distributed Observations 

Similar developments apply to the estimates of the parameters in a likelihood based 
on a sample of N observations that are statistically independent but are not iden- 
tically distributed. In particular, suppose that the foxm of the distribution is the 
same for all observations, but the moments of the distribution of yi are a function 
of covariates xi through a linear fimction of a parameter vector 8. Then the con- 
ditional distribution of ylx cv f(y;  d o ) ,  where f is of the same form or family for 
all observations. Then the likelihood is 

N 

Jqo) = n f b i ;  .:el. (A.134) 
i=l 
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Although the {y,} are no longer identically distributed, all of the above results 
still apply to the maximum likelihood estimates of the parameter vector 6) and the 
associated score statistics. The demonstration of these properties, however, is more 
tedious than that presented for Lid. observations. These properties are illustrated 
by the following example. 

Example A.11 
Again, consider the linear model Y = X O + E  of Section AS. 1. There, the ordinary 
least squares estimates of the parameters were obtained based only on the specifica- 
tion of the first and second moments of the distribution of the errors. Now consider 
the model where it is also assumed that the errors are independently and identically 
normally distributed with mean zero and constant variance, E - N (0, cz). This is 
called the homoscedastic i d .  normal errors assumption. Therefore, conditioning 
on the covariate vector xi, then 

yilxi N JV (@, n:) . 

Homoscedastic Normal Errors Regression 

(A.135) 

Thus conditionally, the yi I xi are independently but not identically distributed. 

covariate vector xi, is 
The likelihood of a sample of N observations, each with response yi and a 

N .  f . ,  

v 6 / 1 1  

Thus the log likelihood, up to a constant term that does not depend on 0, is 

- (y7 - 2yizc:e + (X;eI2) 
. (A.137) 

- (yi - x p ) 2  
= Xi 2e: = ci 2c," 

Adopting matrix notation as in Section A.5.1, then 

The total score vector then is 

(A. 1 3 8) 

(A. 139) 

which yields the following estimating equation for 8 when set to zero 

(x'x)  e = x'y.  (A. 140) 

Therefore, the MLE of the coefficient vector 8 equals the least squares estimate 
presented in (A.60). Since we condition on the covariate vectors {zi}, then the 
information function is 

(A.141) 
I ( ~ ) = - E [ ~ ]  a2i (e )  = - E [ ~ ]  -X 'X  =- X ' X  

02 
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and the large sample variance of the estimates is 

which equals the variance of the least squares estimates presented in (A.63). Finally, 
the vector of the MLEs of the coefficients are asymptotically normally distributed 
as 

i? & N [el (x1x)-'4 . (A.143) 

A.7 LIKELIHOOD BASED TESTS OF SIGNIFICANCE 

The above developments lead to three different approaches to conducting a large 
sample test for the values of the parameter vector of the assumed model or for 
elements of the parameter vector. These are the Wald test, the likelihood ratio test 
and the efficient score test. These tests are described in terms of a p-vector of 
parameters 8. 

A.7.1 Wald Tests 

Of the various types of tests, the Wald test requires the least computational effort, 
and thus is the most widely used. 

A.7.1.1 Element-wise Tests Consider that we wish to test Hoj: 0, = 00 for the 
j t h  element of the vector 8 versus the alternative hypothesis Hlj: 0, # 00. A 
test can then be based on the fact that the MLE of the vector 8 is asymptotically 
normally distributed as in (A. 118) with a large sample variance that can be estimated 

consistently, Xz = I (5) 5 Xg. From the important work of Wald (1943) and 
others, a large sample test of Hoj for the j th  element of 8 is simply 

-1  

(A.144) 

where (gj) = [I (5)-'] = I (5)jjand where the test statistic is asymptoti- 

cally distributed as chi-square on 1 df. 
j j  

A.7.1.2 Composite Test Now assume that we wish to test Ho: 8 = 8 0  for the 
complete p-vector versus the alternative H I :  8 # 80 .  The Wald large sample test 
is a T2-like test statistic 

(A.145) 



LlKElIHOOD BASED TESTS OF SlGNIFlCANCE 477 

and where Xg is asymptotically distributed as chi-square on 

P df* 

A.7.1.3 Test of a Linear Hypothesis Sometimes we wish to test a hypothesis 
about the values of a linear combination or contrast of the elements of 8. In this 
case we wish to test a null hypothesis of the form 

H ~ ~ :  c’e = K , (A. 146) 

where C’ is an s x p  matrix of rank s (I p) and K is the s x 1 solution vector. The 
i th row of C’ is a linear combination of the elements of 8 that yields the solution 
K, specified by the i th element of K .  The Wald test of the hypothesis HOG is 
then provided by the large sample T2-like test statistic 

X& = (C‘G - K)’ [ C’2gCI-l  (C’G - K) , (A. 147) 

which is asymptotically distributed as chi-square on s df. 
A common special case is where we wish test a hypothesis regarding the values 

of a subset of the parameter vector 0. In the latter case, let the parameter vector be 
partitioned as 8 = (61 // 62), the two sub-vectors consisting of r and s elements, 
respectively, r + s = p. Then we wish to test Ho: 01 = 80(,)  irrespective of the 
values of 82, where B0(?) is the r-element sub-vector of elements 60  specified under 
the null hypothesis. This hypothesis can be expressed as a simple linear contrast 
on the elements of 8 of the form HOC: C‘8 = O0(,), where C’ is a r x p matrix 
with elements 

C‘ = [IT I I  o r x s l ~ x p  I (A.148) 

meaning a T x r identity matrix augmented by a r x s matrix of zeros. The Wald 
test of the hypothesis HOC is then provided by 

(A. 149) 

which is asymptotically distributed as chi-square on r df. 
The most common application of the test of a linear hypothesis is the test of 

significance of the set of regression coefficients in a regression model. In a model 
with r-covariates, the parameter vector 8 = (a B1 . . . p,) and we wish to test the 
significance of the model for which the null hypothesis is Ho: = 02 = . . = 
/3r = 0. The contrast matrix of this model chi-square test is C’ = [ O r x l  (1 IT ] .  

In most cases, a Wald test uses the variance of the estimates gg evaluated under 
the alternative hypothesis, not under the null hypothesis of interest. Thus these 
tests will not be as efficient as would comparable tests for which the covariance 
matrix of the estimates is evaluated under the null hypothesis. However, all such 
tests are asymptotically equivalent because the covariance matrix estimated without 
restriction under the alternative hypothesis is still consistent for the true covariance 
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matrix when the null hypothesis is true. In some cases, however, it is possible 
t,o compute a Wald test using the variance estimated under the null hypothesis, 
Z O O  = I (&) ,  in which case the test statistic comparable to (A.145) is XG0 = 

(5 - e o ) ’ I  (8,) (5 - e,) . 

(A. 150) 

Likewise the contrast test in (A.147) would employ Z o o  = I (80 ) - ’  and the test 
of an individual parameter in (A.144) would employ % ( $ j )  = I (00 )” .  This 
approach is preferable because the size of the test with large samples will more 
closely approximate the desired Type I error probability level. 

A.7.2 Likelihood Ratio Tests 

A. 7.2.1 Composite Test Another type of test is the likelihood ratio test, which 
is the uniformly most powerful test of Ho: 8 = 80 versus H I :  8 = O1 when both 
the null and alternative hypothesis values ( 8 0 , O l )  are completely specified. For a 
test against the omnibus alternative hypothesis H I :  8 # 8 0 ,  it is necessary that the 
value of the parameter under the alternative be estimated from the data. When 8 is 
a p-vector, the null likelihood is 

N 

(A.15 1) 

Under the alterngive hypothesis, the likelihood function is estimated using the 
vector of MLE‘s 8, 

N 

(A.152) 

Then the likelihood ratio test is 

x ; ( ~ ,  = -2 log = 2 log L (i?) - 2 log L (8,) , (A.153) [;;;I 
which is asymptotically distributed as $ on p df under the null hypothesis. 

In general, the quantity -2 log L (8) is analogous to the SSE in a simple linear 
regression model, so that XZ(,) is analogous to the reduction in SSE associated 
with the addition of the parameter vector 8 to the model. 

A. 7.2.2 Test of a Sub-Hypothesis The most common application of a likelihood 
ratio test is to test nested sub-hypotheses which include the model test in a regression 
model and tests of individual elements. As for the Wald test, assume that the p-  
vector 8 is partitioned as 8 = (8, // 0,) of T and s elements, respectively, where 
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we wish to test Ho: = 80(,) versus the alternative hypothesis HI: O1 # 80(T). 
This requires that we compare the likelihoods from two fitted models, that using 
the complete p-vector 8 versus that using only the complement of the sub-vector to 
be tested, in this case the s-vector 8 2 .  The likelihood ratio test then is 

= 2 1 0 g ~  (6) - 2iOg,5 e2 , (A. 154) (- ) 
which is asymptotically distributed as x: on T df under the null sub-hypothesis. 
This can also be viewed as the difference between two independent chi-square 
statistics relative to the null likelihood L (80) such as 

X i ( p ,  = -210g [ 31 - (-21og [ 81) = X i ( , )  - X&,, (A.155) 

with degrees of freedom equal to r = p - s. 
To test Hoj :  0, = 0, versus H l j :  0, # 0, for the j t h  element of 8 requires that 

one evaluate the difference between the log likelihoods for the complete p-vector 
8 and for the subset with the j t h  element excluded. Thus the computation of the 
likelihood ratio tests for the elements of a model can be more tedious than the Wald 
test. However, the likelihood ratio tests, in general, are preferred because they have 
greater efficiency or power. 

A.7.3 Efficient Scores Test 

Rao (1963), among others, proposed that the efficient score vector be used as 
the basis for a statistical test for the assumed parameters. From (A.86), under a 
hypothesis regarding the true values of the parameter vector 8 such as Ho: 8 = 80, 
then it follows that E [U(80)] = 0. If the data agree with the tested hypothesis, 
then the score statistic evaluated at 80 should be close to zero. If the data do not 
agree with Ho, then we expect U(80) to differ from zero. 

A.7.3.1 Composite Test To test a composite hypothesis Ho: 8 = 8 0  regarding 
the elements of the p-vector 8, from (A.113) under HO asymptotically 

U(80) N 10, I(eo)l* (A. 156) 

Thus a large sample test of HO versus the alternative H I :  8 # 8 0  is provided by 

x: = u(eo)’r (e0)-l upo) , (A. 157) 

which is asymptotically distributed as x2 on p df. Note that in order to conduct a 
%core test regarding the complete pa_rameter vector 8 does not require that the MLE 
8 nor the estimated information I ( 8 )  be computed because the score equation and 
the expected information are evaluated under the null hypothesis parameter values. 
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A.7.3.2 Test of a Sub-Hypothesis: C ( a )  Tests Score tests may also be con- 
structed for sub-hypotheses regarding elements of the vector 8. Such tests were 
originally described by Neyman (1 959), who referred to such tests as C( a) tests, 
a designating the nuisance parameters. Most of the score tests of sub-hypotheses 
considered herein involve a test for the value of one of two parameters. Thus we 
first consider the case of a two-parameter vector 0 = [a PI', where we wish to test 
Hpo: P = PO. This HP, implies the joint null hypothesis He,: 8 = 80 = (a, PO) 
where the value of a is unrestricted. Under this hypothesis the bivariate score 
vector is 

(A.158) 

However, because the hypothesis to be tested makes no restrictions on the value of 
the nuisance parameter a,  then it is necessary to estimate a under the restriction 
that P = 00. The MLE of a, designated as 80, is obtained as the solution to the 
estimating equation U ( O ) ,  = 0 evaluated under the null hypothesis Hp,: P = PO. 
Thus the estimated parameter vector under HOP is go = [60 P O ] .  

The resulting score vector can be expressed as 

By definition, the first element of the score vector is 

(A.159) 

(A.160) 

since 50 is the value that satisfies this equality. However, the second element, 

(A.161) 

may not equal 0 and, in fact, will only equal 0 when the solution to the score 
equation for P is /3 = PO. Note that we must actually solve for the nuisance 
parameter a under the restriction that P = PO, in order to evaluate the score statistic 
for P under the null hypothesis. 

Therefore, the bivariate score vector is 

q o )  = [o u , (A. 162) 

which is a random variable augmented by a constant 0. The corresponding estimated 
information function is 

(A.163) 

meaning that the elements are evaluated at the values 80 and PO. Then the score 
test is the quadratic form 
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(A.164) 

= u (Go)) (goy u ( g o ) p  1 

which is asymptotically distributed as x:. A Wald test for such hypotheses is easy to 
compute but score tests have the advantage that the variance of the test is evaluated 
under the null hypothesis for the parameters of interest. 

As a special case, this approach also includes a test of an individual element of 
the parameter vector, such as a test of Ho: 0, = 00 versus H I :  Oj # 00 for the j t h  
element of 8. This score test is a bit more tedious than a Wald test because the terms 
which are not restricted by the hypothesis (the 2) must be estimated and included 
in the evaluation of the score statistics for the parameters which are restricted, and 
included in the computation of the estimated information function and its inverse. 
If we wish to conduct score tests for multiple elements of the parameter vector 
separately, then a separate model must be fit under each hypothesis. 

For the two-parameter example, to also test the Ha,: CY = (YO with no restrictions 

on p requires that we refit the model to obtain estimates of = [a0 &I] and to 

then compute the score test as Xg = U (60); I ( 5 0 ) ~  U (go) . 
In the more general case, the p-vector 8 may be partitioned as 8 = (8,  // 8,) of 

r and s elements, respectively, as for the Wald test, and we wish to test Ho: = 

O0(,). Then for Oo = (O0(,) // 8,) the MLE under the tested hypothesis is O0 = 

(80(,) // 52)  with corresponding score vector U (go) = [ U(&)e, U(&),,] . 
The score test is 

(2 

T 

However, by definition, U(go)e2 = [U(e)e,]p,, eo(p) = 0, so that 

(A. 166) 

In this expression, I (GO) is the upper left r x T submatrix of I (GO) -' which 
can be obtained from the expression for the inverse of a patterned matrix in (A.3). 

el 
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A. 7.3.3 Relative Efficiency Versus the Likelihood Ratio Test Score tests are 
called efficient score tests because they can be shown to be asymptotically fully 
efficient with power approaching that of the UMP likelihood ratio test. For illustra- 
tion, consider a test of Ho: 0 = 00, where 00 is a scalar parameter, versus a local 
alternative hypothesis H I :  8, = 00 + 6 / f i  with some fixed quantity 6 such that 
0,  + 00 as n --t co. Then the likelihood ratio statistic is 

which is asymptotically distributed as x: under Ho. Now consider a Taylor's 
expansion of log L (do + 6/ f i )  about the value 00. Then 

( &) = 2 1 0 g ~ ( e , ) +  ( - ) [ d'210gL(eo)1] do0 + Rz , (A.168) 
fi 

2 1 0 g ~  e o + -  

where Rz is the remainder involving the term (b/J;;)' that vanishes in the limit. 
Therefore, asymptotically 

xi 2 (6/,h) 2u (e,) O( u (e,) (A. 169) 

and the efficient score test based on the score function U ( 0 0 )  is a locally optimum 
test statistic. 

In general, therefore, a likelihood ratio test or score test is preferred to a Wald 
test unless the latter is computed using the variance estimated under the tested 
hypothesis as in (A.150). Asymptotically, however, it has also be shown that the 
Wald test is approximately equal to the likelihood ratio test, since under the null 
hypothesis, the variance estimated under no restrictions converges to the true null 
variance (cf: Cox and Hinkley, 1974). 

Example A.12 Poisson Counts 
For the above example of hospital mortality, suppose we wish to test the hypothesis 
that the mortality rate in these ten hospitals was 12 deaths per 1000 admissions, 
or Ho: 0 = 60 = 12 dea_ths/1000 a-mssions. The Wald test using the estimated 
information is X& = (0 - eo)zI (e)  = (9.1 - 12)'(1.0989) = 9.24, with p < 
0.0024. 

To compute the likelihood ratio test of Ho: 0, = 12 deathsA000 admissions, the 
null log likelihood up to an additive constant is l(&) = [-NO0 +log (00 )  xi yj] = 

([log(12)](91) - (10)(12)) = 106.127. The MLE is ê  = 9.1 and the corre- 

sponding log likelihood, up to a constant, is l(e^) = [-Ne^+ 1 og (^> 8 x&] = 

([log(9.1)](91) - (10)(9.1)) = 109.953. Thus the likelihood ratio test is X i  = 
2 (109.953 - 106.127) = 7.653, with p < 0.0057. 

pi/& - N  = (91/12) - 
10 = 2.4167 and the information function evaluated under the hypothesis I(&) = 

N/80 = 10/12 = 0.8333. Therefore, the score test is Xg = (2.4167)' /0.8333 = 
7.008 with p < 0.0081. 

The score test is computed using the score U ( 0 0 )  = 
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For this example, the Wald test statistic is greater than both the likelihood ratio 
test statistic and the score test statistic. Asymptotically all three tests are equivalent, 
however, with finite samples the three tests will differ, sometimes the Wald test 
being greater than the likelihood ratio test, sometimes less. However, since the 
Wald test employs the variance estimated under the alternative, the size or Type 
I error probability of the Wald test may be affected, and any apparent increase in 
power may be associated with an inflation in the test size. In general, therefore, 
either a likelihood ratio or score test is preferred to a Wald test that uses the estimated 
alternative variance. 

However, the Wald test can also be computed using the variance evaluated under 
the null hypothesis that is obtained as the inverse of the information evaluated 
under the null hypothesis that forms the basis of the score test, rather than under 
the information evaluated under the alternative. In this example, the null-variance 
Wald test is X& = (O-Oo)'I(Oo) = (9.1 - 12)' (0.8333) = 7.008, which, in this 
case, equals the score test. However, this will not be the case in general, especially 
in the multiparameter case. 

A.8 EXPLAINED VARIATION 

One of the objectives of any model is to describe factors that account for variation 
among observations. It is also useful, therefore, to quantify the amount or proportion 
of the total variation in the data that is explained by the model and its components. 
In ordinary multiple regression, as in Section A.5.1, this is expressed as R2 = 
SS(model)/SS,, where SS(mode1) is the sum of squares for variation in Y 
explained by the model and SS, is the total sum of squares of Y .  The SS(mode1) 
is also obtained as SS, - SSE, where SSE is the residual sum of squares of errors 
not explained by the model. Analogous measures can be derived for other models 
with different error structures other than the homoscedastic normal errors assumed 
in the multiple regression model. Korn and Simon (1991) present an excellent 
review of this area. 

In general, let ,C[y,a(z)] represent the loss incurred by predicting y using a 
prediction function a(.) that is a function of a covariate vector z. Then the 
expected loss associated with u ( z )  is 

(A.170) 

where F (2, y) is the joint cdf of X and Y .  Usually we select u ( z )  = c(z), 
which is defined as the prediction function such that E [C] is minimized. Then the 
expected loss using the prediction function y(z) is denoted as 

DL (zc) = E (CIY1%(41). (A.171) 

This is then contrasted with the expected loss Do using an unconditional prediction 
function that does not depend on any covariates and which is constant for all 
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observations, where 

&(O) = E (C[Y,  Fool) . (A. 172) 

The resulting fraction of expected loss explained by the prediction function then is 

(A.173) 

A.8.1 Squared Error Loss 

The most common loss function used to assess the adequacy of predictions, and to 
derive measures of explained variation, is squared error loss 

C (La(.)) = [Y - .(.)I2 = &(.I2 (A. 174) 

for any prediction hnction a(.). The expected squared error loss then is 

E ( C )  = E [ y - a ( ~ ) ] ~ = / [ y - a ( + ) ] ~ d F ( z , y ) .  (A.175) 

From ordinary least squares, E ( C )  is minimized using the prediction function 

F(.) = E ( Y b )  = Pule 

with expected squared error loss ( E ~ )  

(A. 176) 

Unconditionally, or not using any covariate information, then 

Fo = E(Y) = Pa, (A.178) 

and the expected loss is 

D,a(o) = E (y - pU)’ = v (9) = 0;. (A.179) 

Thus the fraction of squared error loss ( E ~ )  explained by the covanates z in the 
model is 

(A. 18 1) 
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so that 

This can be estimated as 

where 

(A. 182) 

(A. 183) 

(A. 1 84) 

j7 being the sample mean of Y. 
Example A.13 
In the ordinary multiple regression model we assume that y = 2'8 + E ,  where 
s'8 = ct+zl/31 +. . . +zP& and where the errors are independently and identically 
distributed with E (E) = 0 and V ( E )  = u,". Then E (ylz) = 2'8 = g(z) and the 
expected squared error loss is 

Multiple Linear Regression Model 

DEz (z) = E [V (Y~z)] = uE 2 . (A. 185) 

Since we assume that 8 is known, the term V [E (ylz)] equals V [d8 ]  with respect 
to the distribution of the covariate vector X with covariance matrix C,. Thus 

v [E  (ylzc)] = e/c,e (A.186) 

and 

(A. 187) 

(Helland, 1987). Note that the first element of z is a constant, so that the first row 
and column of C, are 0 and the intercept makes no contribution to this expression. 

Now, given the least squares estimate of the parameter vector, 8, then the nu- 
merator of (A.187) can be estimated as 

(A. 188) 

since gi = z{̂ e and 5 = 5'6. Also, from the Gauss-Markov Theorem, an unbiased 
estimate of CT," is provided by 

5; = M S E .  (A.189) 
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Therefore, a consistent estimate of pzz is provided by 

This is approximately equal to what is termed the adjusted R2 in a multiple regres- 
sion model computed as 

(A.191) 

where Si is the sample variance of Y. 
A Whe? the estimated model does not explain any of the variation in Y, then 

(P I  . . .&) = 0 and z$J = a = for all i = 1 ,... , N  and thus Za = 0. 
Conversely, when the estimated model explains all the variation in Y, then z$? = yi 
for observations and thus j3$ = 1. 

A.8.2 Residual Variation 

Another estimator of the explained loss using any function C (Pi, gi) is the explained 
residual variation 

where c0 is the estimated unconditional prediction function free of any covariates, 
and & the prediction function conditional on covariate vector zi, for which the loss 
function is minimized. For squared error loss with ci = Gi = E(ylx , )  and go = a, 
then 

- A A 

This is the traditional measure R2 employed in multiple linear regression models. 
From the partitioning of sums of squares (A.4), it follows that 

which yields 

(A. 195) 
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and 

(A. 1 96) 

In a multiple regression model R:2,resid is asymptotically equal to the z2 presented 
in (A.190) above. 

2 E [G ,m] = P E Z .  

A.8.3 Negative Log-Likelihood Loss 

Similar methods can be derived for special cases where a loss function other than 
squared error loss may have special meaning. One such case is the use of the 
entropy loss hnction in conjunction with the logistic regression model as described 
in Chapter 7, Section 7.5.2. In this case, the expression for the fraction of explained 
residual entropy loss in a logistic regression model reduces to 

-2logL(g) - [-210gL(G,p)] Model XEB 
Re2 = - - (A. 197) 

Although this measure was originally justified using entropy loss in logistic regres- 
sion (Efron, 1978), this is a general measure of explained negative log likelihood 
that can be used with any likelihood-based regression model. 

Consider a model with the conditional distribution f (y ;  z,0) as a function of 
a parameter vector 0. In logistic regression, for example, Y is a binary variable 
and f(y;  t, 8 )  is the Bernoulli distribution with probability ?T that is a function of 
the parameter vector 0 = ( a / / P ) .  The model negative log likelihood can then be 
expressed as 

-2 log L(G)  -2 log L ( 6 )  ' 

(A. 198) 

or as a sum of loss with the loss function L(y, $ = - log f (y ;  8)  where 
function of (z,O). 

where the corresponding loss function is - log f ( y ;  0). 

is a 

Thus the explained negative log likelihood can be used with any regression mode! 

A.8.4 Madalla's RZR 

Another measure of explained variation initially proposed by Madalla (1983) and 
reviewed by Magee (1990) can be derived as a function of the likelihood ratio chi- 
square statistic. In the usual homoscedastic normal errors multiple linear regression 
model, as shown in the preceding example, the standard definition of R2 is actually 
the R:2,resid presented in (A.193). In this model, the null and full model log 
likelihoods are readily shown to be 

log [L (G)] = c - (N/2) log (SS,) (A.199) 

log [ L  (&,$)I = c - (N/2)log(SSE), 
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where C is a constant that does not involve a or 0. Then the p df model likelihood 
ratio test for the regression coefficients in this model is 

= N l o g ( z )  =Nlog(-) 1 = - N l o g ( 1 - R 2 ) .  
1 - R2 

Therefore, 

exp [-XiR/N] = 1 - R2 (A.20 1 ) 

and the standard measure of R2 in normal errors models can also be derived as a 
likelihood rat io R2 

~i~ = 1 - exp [-x~,/N].  (A.202) 

This definition of 
regression, where the 
H ~ :  e # eo so that 

R i R  can also be applied to other models such as logistic 
likelihood ratio test is employed to test Ho: 0 = 00 versus 

(A.203) 

This latter expression is also known as Madalla’s R L .  This is a generally applicable 
measure of R2 that can be applied to any model for a sample of N independent 
observations. 

A.9 ROBUST INFERENCE 

A.9.1 Information Sandwich 

It is well established that least squares and maximum likelihood estimators are 
in general robust to specification of the variance structure and remain consistent 
even when the variance structure is misspecified (Huber, 1967). For example, in 
the ordinary homoscedastic errors least squares model we assume that the errors 
are i . i .d.  with mean zero and common variance uz. If instead the errors have 
variance structure with COZI(E) = Cov(y)z) = Xz # C T ; ~ I N ,  then the ordinary 
least squares estimates of the coefficients in the model are still consistent and are 
still asymptotically normally distributed. The problem is that the correct expression 
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for the variance of the coefficient e9imates is the weighted least squares variance, 
not the OLS variance. That is, V ( 0 )  = (X'E;lX)-l # (X'X)-luz. Thus if 
the error variance is misspecified, then confidence limits and Wald tests that rely 
on a model-based estimate of the variance of the coefficients are distorted. In such 
instances it is preferable that the variances be estimated by a procedure that is robust 
to misspecification of the error variance structure. 

Huber (1967), Kent (1982) and White (1982), among others, considered various 
aspects of robust maximum likelihood inference in which they explored praper- 
ties of the maximum likelihood estimators when the likelihood is misspecified and 
suggested robust approximations to the likelihood ratio test. Based on these de- 
velopments, Royal1 (1986) described the application of a simple robust estimate 
of the variance of the MLEs that can be used to protect against model misspeci- 
fication. This estimate has since come to be known as the Information Sandwich 
and is widely used in conjunction with such techniques as quasi-likelihood and 
generalized estimating equations (GEE) that are described subsequently. The infor- 
mation sandwich can also be used in conjunction with ordinary maximum likelihood 
estimation. 

A. 9.1.1 Correct Model Specification Consider a model in a scalar parameter 
0 where the model is correctly specified, meaning that the correct likelihood is 
specified. Then as shown in (A.113) of Section A.6.5, given the true value 0, the 

score U ( 0 )  M "0 ,  I ( 0 ) ] .  From the Taylor's approximation of U($) about the hue 
value 0 in (A. 114), it follows from (A. 115) that asymptotically 

d 

(A.204) 

Rather than simplify as in (A. 117), consider the limiting distribution of this ratio. 

variables with variance V[U(0)] = Ci V[Ui(0)], where 
The total score V(0) in the numerator is a sum of mean zero 2.i.d. random 

V[Ui(0)] = E[Ui(e)'] - {E[Ui(0)]}2 = E[Ui(O)']. (A.205) 

Then 

V[U(S)] = nE[Ui(e)'] = c. E[Ui(O)'] = E [ i (Q)]  (A.206) 

from (A. 103). Thus the numerator of (A.204) is asymptotically normally distributed 
with mean zero and variance 

The denominator of (A.204) is the mean of the observed information for each 
observation in the sample where i ( 0 )  = - xi U,l(e) is a sum of i . i .d .  random 
variables. Thus from the law of large numbers it follows that 

(A.208) 
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Using these results with Slutsky’s Convergence Theorem (A.44), it follows that 
the MLE is asymptotically distributed as 

,h(ê - e) -5 “0, &(s)l (A.209) 

with large sample variance 

which is consistently estimated as 

(A.211) 

From (A.206) the numerator is the empirical estimate of the observed information 
whereas the denominator is the square of the model-based estimate of the expected 
information. 

The phrase Information Sandwich arises from the corresponding expressions in 
the vector parameter case. Following similar developments for 0 a p-vector with 
true value 8, then 

(g - 0) “0, xR(g)], (A.212) 

where the large sample variance-covariance matrix of the estimates is 

which is consistently estimated as 

(A.214) 

The estimator is a “sandwich” where the bread is the model-based variance of the 
estimates and the meat is the empirical estimate of the observed information. 

Thus when the model is correctly specified, the score U(6) 3 “0,  I ( 8 ) ]  
where the variance can be consistently estimated either as I ( @  or by using the in- 
verse information sandwich g~(g)-l. Thus the covariance matrix of the estimates 
can also be consistently estimated as either @)-*, I(g)-l or %,(g). 

A.9.1.2 Incorrect Model Specification Now consider a “working model” in a 
parameter 6 (possibly a vector) where the likelihood (or quasi-likelihood) used as 
the basis for developing or fitting the model is not correctly Specified so that it 
differs from the true likelihood in some respects. For example, the true likelihood 
may involve additional parameters, such as an over-dispersion parameter, that is 
not incorporated into the working model likelihood. We assume, however, that the 
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parameter of interest 0 has the same meaning in both the working and true models. 
Kent (1982) then shows the following developments. 

Given the true value 0 we can again apply a Taylor's expansion to yield (A.204). 
Even though the model is misspecified, V ( 0 )  = Ci Vi(0) is still a sum of mean 
zero i.i.d. random variables, and thus is asymptotically normally distributed as 

V(0)  "0, J(Q)l ,  (A.215) 

where J ( 0 )  = nE[Vi(8)']. Here the score is derived under the working model but 
the expectation is with respect to the correct model. When the model is correctly 
specified then J ( 0 )  = I ( 0 ) .  However, when the working model is incorrect, then 

(A.216) 

since E[Ui(e)] = 0 under both the working and true models. Since the correct 
model is unknown, then the actual expression for J ( 0 )  is also unknown. 

Likewise, the denominator in (A.204) involves the observed information com- 
puted using the first derivative of the scores under the working model. Nevertheless, 
this is the sum of i.i.d. random variables, and from the law of large numbers con- 
verges to 

(A.2 17) 

where the expectation is again taken with respect to the correct model. The ex- 
pression for K ( 0 )  is also unknown because the correct model is unknown. Then, 
from (A.204) it follows that asymptotically 6 is distributed as in (A.209) with large 
sample variance 

For example, if the working model assumes that the distribution of the observa- 
tions is f(y; 0), but the correct distribution is g(y; O ) ,  then the likelihood function 
and score equations are derived from f(0),  but J ( 0 )  and K ( 0 )  are defined as the 
expectations of Vi(0)' and V,l(0) with respect to the correct distribution g(0). Thus, 
for example, the term in J ( 0 )  is of the form 

E [Vi(0)'] = / 1/ ( dlogf(y;e))'g(y;O)dy d0 . (A.2 18) 

In this case J ( 0 )  and K ( 0 )  are different from the expected information I ( 0 )  under 
the working model. Also, note that K ( 0 )  is the observed information with respect 

Equivalent results are also obtained in the multiparameter case yielding the ma- 
trices J ( 0 )  and K ( 8 ) .  Again, using the Central Limit Theorem and Slutsky's 
Convergence Theorem, it follows that 

to g(0) .  

fi(8 - e )  5 "0, n ~ ( e ) - ~ ~ ( e ) ~ ( e ) - ~ 1 .  (A.2 19) 
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Even though the expressions for J ( 0 )  and for K ( 8 )  are unknown, regardless of 
which model is correct, the variance can be consistently estimated using the empir- 
ical estimates 

In most cases, however, such as an over-dispersed regression model or a quasi- 
likelihood regression model, it is assumed that the first moment specification is the 
same for the working and the correct models and that both models belong to the 
exponential family. In this case Kent (1982) shows that K ( 0 )  = I ( e )  under the 
assumed model and 

~ ( 5 )  = ~ ~ ( 5 )  = I(e)-lJ(e)qe)-l (A.221) 

in (A.2 13), which is consistently estimated using the information sandwich 

f: R (Z ) = I ( P )  -' 5 (5) I (G)-' (A.222) 

as in (A.214). 
Thus if the first moment model specification is correct, _but the second mo- 

ment specification may be incorrect, the parameter estimates 0 are still consistent 
estimates even if the working model error structure is incorrect. Further, the in- 
formation sandwich provides a consistent estimate of the correct variance of the 
parameter estimates. Thus tests of significance and confidence limits computed 
using the information sandwich variance estimates are asymptotically correct. 

Example AS4 Poisson-Distributed Counts 
For a sample of count data that is assumed to be distributed as Poisson, then from 
Example A.9 the score for each observation is 

(A.223) 

and 

~ ( e ) - l  = v e = e p .  (A.224) (-) 
Thus the robust information sandwich estimator is 

ca ( X i  - 8 )̂2 
N2 

a;(;) = (A.225) 

This estimator is consistent when the data are not distributed as Poisson, but rather 
have a variance that differs from the Poisson mean. 

For the hospital mortality data in Example A.10, this estimator yields a;($) = 
1.77, which is about double the model based estimate of 0.91, but not large enough 
to indicate a substantial degree of overdispersion in these data. 
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Example A.15 
Likewise, in ordinary multiple regression that assumes homoscedastic normally dis- 
tributed errors, from Example A. 1 1  the score for the ith observation with covariate 

Homoscedastic Normal Errors Regression 

vector zi 

and 

c, 
where 

that includes the constant for the intercept, is 

(A.226) 
zi(yi - zp)  

.,2 
ui(e) = 

X'{diag[(ya - z @ 2 ] } X  X'%,X 

(u:)2 w2 Ui(6) U,(P)T] = - - , (A.227) 

5, = diag [(Yi - z$)2] . (A.228) 

Given the model-based variance 

v (6 )  = I (e)-l= (x'x)-' (A.229) 

then the robust information sandwich variance estimate is 

%,($) = (x'x)-'x'%:,x (x'x)-' , (A.230) 

where the meat of the sandwich is the empirical estimate of the diagonal matrix of 
the variances of the errors. 

This estimate then is consistent when the errors are not homoscedastic. This 
estimator was derived by White (1980) and is provided by SAS PROC REG using 
the ACOV specification. White ( 1  980) also described a test of homoscedasticity 
that is also computed by SAS PROC REG using the SPEC option. 

A.9.2 Robust Confidence Limits and Tests 

The robust sandwich estimate of the variance of the MLEs can be used to pro- 
vide large sample confidence limits that are robust to departures from the variance 
structure implied by the model that was used to obtain the MLEs of the model 
parameters. This variance can also be used as the basis for Wald tests and robust 
efficient score tests. However, because the likelihood ratio test depends explic- 
itly on the complete model specification, including the variance structure, a robust 
likelihood ratio test cannot be directly computed. 

From (A.215), it follows that a robust score test of Ho: 8 = 80 for the parameter 
vector 8, or a C(a)-test subset of elements of 8, may be obtained as described in 
Section A.7.3 using the empirical estimate of the covariance matrix J^(&,) eval- 
uated with respect to the parameter vector estimate 60 obtained under the tested 
hypothesis. The properties of the robust score test have not been studied for lo- 
gistic regression and Poisson regression. However, the robust score test and robust 
confidence limits in the Cox proportional hazards model were derived by Lin and 
Wei (1989) and Lin (1994); see Section 9.4.5. These computations are available as 
part of the SAS PROC PHREG; see Section 9.4.9. 
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A.10 GENERALIZED LINEAR MODELS A N D  QUASI-LIKELIHOOD 

Generalized Linear Models (GLMs) refers to a family of regression models de- 
scribed by Nelder and Wedderburn (1972), which are based on distributions from 
the exponential family that may be fit using maximum likelihood estimation. This 
family of GLMs includes the normal errors, logistic and Poisson regression mod- 
els as special cases. For any distribution from the exponential family, the score 
equation and the observed and expected information are a function of the first and 
second moments only. This observation led to development of the method of quasi- 
likelihood by Wedderburn (1974) for fitting models that are not based on an explicit 
likelihood. Any model based on specification of the first two moments, including 
models that do not arise from the exponential family, can be fit by the method of 
quasi-likelihood. The family of GLMs and quasi-likelihood estimation are elabo- 
rated in the text by McCullagh and Nelder (1989). An excellent general reference 
is Dobson (1990). Such models can be fit by the SAS PROC GENMOD and other 
programs. 

A.lO.l Generalized Linear Models 

In the simple normal errors linear regression model, the structural component is 
specified to be y = x'€J+E or y = p + ~  where p = 0'8. The random component of 
the model that describes the error distribution is then specified to be E N N (0, ua) . 
This, in turn, specifies that the conditional distribution is - N (p ,  ua). A 
measure of the goodness of fit of the model is provided by the Deviance, which is 
defined as the difference between the log likelihood of the present model and that 
of a model with as many parameters as necessary to fit the data perfectly. Thus if 
there are N independent observations, the deviance is the difference between the 
log likelihood of a model with N df (thus fitting perfectly) and that of the present 
model with p df, the deviance having N - p d j .  For a normal errors linear model 
the deviance equals the SSEIuZ for that model. 

The GLM family of models generalizes this basic model in two ways. First, 
the conditional distribution of ylx can be any member of the exponential family. 
This includes the normal, binomial, Poisson, gamma, and so on. Second, the link 
between the conditional expectation p and the linear predictor (x'8) can be any 
differentiable monotone function g ( p )  = 2'8, called the link function, that maps 
the domain of p onto the real line. Thus p(x) = g-'(x'O) which we designate as 
pa. To allow for the variance to be an explicit function of the mean, we denote the 
error variance as u:(pm). 

Therefore, a GLM has three components: 

1. The systematic component: e.g. q = x'8 = the linear predictor; 

2. The link function g ( p )  = q that specifies the form of the relationship between 
E(ylx) = p, and the covariates x; and 
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3. The random component or the conditional distribution specification y l x  - 
f ( y ;  p) where f(.) is a member of the exponential family. 

The random component specification implies a specific relationship between the 
conditional mean p, and the conditional variance V(ylz) that equals the variance 
of the errors, CT:. The common choices are: 

1. Normal With a normal error distribution then it is assumed that ca is constant 
for all x and thus is statistically independent of p, for all x. 

2. Binomial: With a binomial distribution it is assumed that error variance for 
the ith observation with “number of trials” ni is of the form cz(p=) = 
nip ,  (1 - p,) which is a function of p,. When ni = 1 the distribution is 
Bernoulli. 

3. Poisson: With a Poisson distribution it is assumed that c,2(p,) = p,. 

In some cases it is also necessary to incorporate a scale or dispersion factor 
into the model, designated as 4. In addition, the GLM allows for observations to 
be weighted differentially as a function of a weight w, for the ith observation, as 
where the ith observation is the mean of ni measurements in which case wi = ni. 

A.10.2 Exponential Family of Models 

The above specifications all fall within the framework of a regression model for the 
conditional expectation of a member of the exponential family of distributions that 
includes the normal, binomial and Poisson as special cases. Thus the estimating 
equations and estimated information for this family of models can be derived from 
the exponential family of distributions. 

The probability function for the canonical form of the exponential family for the 
ith observation is 

(A.231) 

where the parameter of interest for the ith observation is pi, I$ is a scale or disper- 
sion parameter and wi is a weighting constant. The functions a( a )  , b( .) , and c( .) 
corresponding to the different members of the exponential family are readily de- 
rived and are presented in many basic texts on mathematical statistics. As we show 
below, the specific expressions are not needed for a family of regression models, 
the above GLM specifications being sufficient. 

For a distribution of this form, the score for the ith subject is 

(A.232) 
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where b' (9) = db (p) ldp .  Likewise, the second derivative of the score for the ith 
observation is 

(A.233) 

where b" refers to the second derivative. Since E(Ui(pi)] = 0 then (A.232) implies 
that 

E (yi) = pi = b'(pi). (A.234) 

To derive the expression for V(y,) note that Fisher's Information Equality (A.93) 
states that 

E [U,!(pi)] + E [vi(pi)'] = 0- (A.235) 

Since E[Ui(pi)]  = 0 for all observations, then V (Vi(pi)) = E [ U i ( ~ i ) ~ ] .  Also, 
from (A.232), 

Therefore, 

and thus 

(A.236) 

(A.237) 

V(yi) = b" (p i )  a ($>wi ) *  (A.238) 

Now consider that a GLM has been specified such that E(ylx) = pm with link 
function 

s ( p m )  = qcc = 2'8 (A.239) 

in terms of a covariate vector x and coefficient vector 8. From the specified 
distribution of ylz, the conditional variance of ylz equals the variance of the errors 
under that distribution and may be a hnction of the conditional expectation, or 
V(ylx) = g:(pm). For the ith individual with covariate vector zi we designate 
the conditional expectation as pi and variance as V(yi) = u:(pi). For a distribution 
from the exponential family, the score vector for the ith observation then is 

(A.240) 

(A.241) 
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The second term is 

The final term is the vector 

Thus the total score vector is 

which provides the MLE estimating equation for 8. 
The observed information is then obtained as 

After some algebra we obtain 

(A.242) 

(A.243) 

(A.244) 

(A.245) 

(A. 246) 

Since E (yi - pi) = 0, then the expected information is 

(A.247) 

This expression is also readily obtained as E [  U(e) U(e)T].  Newton Raphson 
iteration or Fisher scoring can then be used to solve for 5, to obtain the estimated 
observed and the estimated expected information. In some programs, such as SAS 
PROC GENMOD, the estimated covariance matrix of the coefficient estimates is 
computed using the inverse estimated observed information. 

The above models include the ordinary normal errors multiple regression model, 
the logistic regression model and the homogeneous Poisson regression model as 
special cases. In a two-parameter exponential distribution model, such as the ho- 
moscedastic normal errors model, ‘p is the mean and the scale parameter 4 is the 
variance. In the binomial and Poisson models, the scale parameter is fixed at #I = 1, 
although in these and other such models it is also possible to specify a scale or 
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dispersion parameter 4 # 1 to allow for under- or over-dispersion. In such cases, 
however, we no longer have a “likelihood” in the usual sense. Nevertheless, such 
a model can be justified as a quasi-likelihood (see the next section). 

In the Binomial model, the weight may vary as a fhction of the number of 
“trials” (ni) for the i th observation where wi = ni. Otherwise, the weight is 
usually a constant (wi = 1). In these and other cases, a(+, wi) = $/wi. 

In the exponential family, the expression for p = b’(cpi) also implies the natural 
or canonical link for that distribution such that (pi = g(p)  = q, = @, thus 
leading to major simplifications in the above expressions. For the most common 
applications, the canonical link is as follows: 

Distribution p = b’(cp) Canonical link, g(p)  

Normal $0 

ep 
Binomial - 

1 + ep 

Poisson exp (cp) 

identity 

logit 

Although one could use any differentiat.,: lh  fhction with any error distribu- 
tion, problems may arise in the fitting of the model by Newton-Raphson iteration. 
For example, one could use the log link with a binomial error distribution in lieu 
of the usual logistic regression model with a logit link. In this case, the elements 
of 6 describe the covariate effects on the log risk or have an interpretation as log 
relative risks. However, this model does not ensure that the estimated probabilities 
~(z) = p ( z )  are bounded by (O,l), and the iterative solution of the coefficients and 
the estimated information may fail unless a method for constrained optimization is 
used to fit the model. 

A.10.3 

The model likelihood ratio test is constructed by comparing the -2 log [L(a)] for 
the null intercept-only model to the -2 log [L(a, p)] for the (p + 1)-variate model 
with parameter vector 8, where the difference is the likelihood ratio test statistic on 
p df under the model null hypothesis Ho: p = 0. In GLMs the deviance is used to 
compare the -2 log [L(a,  p)] for the fit of the (p + 1)-variate model with that of a 
saturated model that fits the data perfectly on N d j  The perfect model, therefore, 
is one where pi = pi for all i = 1,. . . , N. The deviance is the difference between 
these values on (N - p  - 1) df. Thus the deviance provides a test of the hypothesis 
that the additional hypothetical N - p - 1 parameters are jointly zero, or that the 
model with parameters (a,p) is correct. In most cases, but not all, the deviance 
is also asymptotically distributed as chi-square under the hypothesis that the model 
fits the data. 

Deviance and the Chi-square Goodness of Fit 
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For example, a normal errors linear model has log likelihood 

(A ,248) 

so that the perfect model has log likelihood l ( p l , .  . . , p ~ )  = -Nlog(&u,). 
Then, the deviance for a model where the conditional expectation p( xi) is a function 
of a covariate vector xi reduces to 

The deviance, therefore, is equivalent to the -2 logL(a,P)  less any constants. The 
greater the deviance the greater the unexplained variation or lack of fit of the model. 

In a logistic regression model where yi is a (0,l) binary variable, the perfect 
model log likelihood is 

so that D ( a ,  0) = -24a, p). However, in a binomial regression model where yi 
is also a count, the N df logL is not equal to zero. The same also applies to the 
Poisson regression model where yi is a count: 

(A.251) 

Likelihood ratio tests can also be computed as the difference between the de- 
viances for nested models, the -2l(p1, . . . , p ~ )  cancelling from both model de- 
viances. Thus even though the deviance itself may not be distributed as chi-square, 
the difference between deviances equals the likelihood ratio test that is asymptoti- 
cally distributed as chi-square. 

When the model is correctly specified and the deviance is asymptotically distrib- 
uted as chi-square, then E(Deviance) = df = n - p - 1. This provides a simple 
assessment of the adequacy of the second moment or mean:variance model specifica- 
tion. Thus when the model variance assumptions apply, E(Deviance/dJ = 1. This 
also provides for a simple model adjustment to allow for over-dispersion using a 
quasi-likelihood. However, the adequacy of this approach depends on the adequacy 
of the chi-square approximation to the large sample distribution of the deviance. 
For logistic regression models with a binary dependent variable, for example, this 
may not apply; see McCullagh and Nelder (1989, pp. 118-119). Thus in some 
such cases where the Deviance is not approximately distributed as chi-square, the 
Deviance/df should not be used as an indication of extra-variation. 
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Rather, it is preferred that the Pearson chi-square of goodness of fit for the 
model be used to assess goodness of fit and the presence of extra-variation. For a 
GLM this statistic is the model test 

(A.252) 

which is asymptotically distributed as chi-square on N - p - 1 df under the as- 
sumption that the model is correctly specified. Thus for any model, E ( X $ )  = df 
and Xg/df  provides an estimate of the degree of over- or under-dispersion. 

In general, it should be expected that the ratio Deviancddf or X%/df  will vary 
by chance about 1 when the model is correctly specified. The variance of the chi- 
square statistic is V ( X 2 )  = 2df, so that V[X2/df] = 2/df .  Thus the range of 
variation expected when the model is correct with 95% confidence is on the order of 
[1 f 1 . 9 6 m ]  = [l f 2 . 7 7 / a ,  the approximate 95% tolerance limits. Thus 
with N = 100 one should expect the ratio to fall within 1 f 0.277. One should 
then only consider adopting an over-dispersed model when the ratio Deviance/df or 
X$/df departs substantially from 1. 

A.10.4 Quasi-Likelihood 

In an important development, Wedderbum (1974) showed that the score equations 
in (A.244) could be used as what are termed quasi-likelihood estimating equations, 
even when the precise form of the error distribution is unknown. All that is required 
for the asymptotic properties to apply is that the mean-variance relationship, or the 
first two moments of the conditional error distribution, be correctly specified. In 
this case it can be shown that the parameter estimates are asymptotically normally 
distributed about the true values with a covariance matrix equal to the inverse 
expected information, exactly as for maximum likelihood estimates (McCullagh, 
1983, among others). 

For example, assume that a set of quantitative observations is related to a vector 
of covariates X with an identity link and the conditional error variance is constant 
for all values of X, but the error distribution and the conditional distribution of 
ylz is not the normal distribution. Even though the error distribution is not the 
normal distribution, the quasi-likelihood estimates obtained from a normal errors 
assumption are asymptotically normally distributed as in (A. 11 8). This is not sur- 
prising since the assumptions (excluding normality) are the same as those required 
for fitting the linear model by ordinary least squares as described in Section A.5.1, 
which, in turn, are suficient to provide for the asymptotically normal distribution 
of the estimates using the Central Limit Theorem. 

As a special case of a quasi-likelihood model, consider a GLM where the first 
moment for the ith observation with covariate vector zi is specified to be of the 
form E(yi1zi) = pi, where g (pi )  = 7,Ji = zit); and where the second moment is 
specified to be of the form V(yilzi) = (pu2(pi) = (pnf that can be some function 
of the conditional expectation with scale or dispersion parameter (p. We also allow 
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the i th observation to have weight wi. Then the quasi-likelihood estimate can also 
be derived as a minimum chi-square estimate of the parameters. 

The Pearson chi-square statistic for the goodness of tit of the model, assuming 
known parameters, is 

(A.253) 

If we ignore the possible dependence of the conditional variance on the conditional 
expectations, that is, we treat the {u:} as fixed constants, then the minimum chi- 
square estimates are obtained as the solution to the estimating equation 

(A.254) 

This estimating equation is of the form e( 0) = 0 in terms of a quusi-scorefirnction 
e(O), which can be expressed in matrix terms as 

C(e) = D'v-'(Y - ,A)/+, (A.255) 

where D = (ap,/aO . . . apN/ae)T, V = diag[at . . . ~ $ 1 ,  Y = (31 . . . YN), 
The family of models considered here is much broader than that in a GLM based 

on an error distribution from the exponential family. Further, in the event that the 
quasi-likelihood equals an exponential family likelihood, then the quasi-likelihood 
score equation e(e) equals the total score from an exponential family likelihood 
presented earlier in (A.244) with the simplification that a(+, w i )  = +/wi. 

It also follows that an estimate that minimizes the Pearson chi-square is also 
a weighted least squares estimate because the chi-square objective function X2 is 
equivalent to the weighted sum of squares of errors that is minimized using weighted 
least squares. Thus quasi-likelihood estimates are usually obtained using iteratively 
reweighted least squares (IRLS). Algebraically it can also be shown that the systems 
of equations solved using IRLS are equivalent to those solved using Fisher Scoring 
iteration. For example, see Hillis and Davis (1994). 

Assuming that the model specifications are correct it is then readily shown that 

~[e(e)] = o (A.256) 

and P = (Pl * * * PN). 

~[ -6 ' (e ) ]  = D ' v - ~ D / +  

c0@(e)] = f(e) = D ' v - ~ D / + .  

Since the quasi-score hnction is a sum of 2.i.d. random variables, then using 
the same developments as in Section 6.5, it follows that the quasi score converges 
in distribution to the normal 

,hizi(e) -% "0 ,  ~ D ' v - ~ D / + ]  (A.257) 
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and the maximum quasi-likelihood estimates are asymptotically normally distributed 
as 

(6 - e) k "0 ,  ( D V - ~ D ) - ' ] .  (A.258) 

From this asymptotic normal distribution of the estimates, it follows that Wald tests 
and confidence limits of the parameter estimates are readily obtained. In addition, 
quasi-score statistics are also readily constructed. Even though we do not start from 
a full likelihood, a quasi-likelihood ratio test can be constructed using the change 
in -2 log quasi-likelihood as for a full likelihood. 

One advantage of quasi-likelihood estimation is that extra-variation or over- 
dispersion can readily be incorporated into the model by assuming that a com- 
mon variance inflation factor q5 applies to all observations such that V(yi1q) = 
$a2(pi)  = $a:. As described in Section A.10.3 above, if we first fit a homo- 
geneous (not over-dispersed) model with the scale factor fixed at $ = 1, then 
E ( X g / d f )  = $, where X: is the Pearson chi-square from the homogeneous 
moiel. Thus a moment estimator of the variance inflation or over-dispersion factor 
is $ = X:/df. If this estimate is approximately equal to 1 in a logistic or Poisson 
regression mod_el, then this indicates that the original model specifications apply. 
Otherwise, if $ departs substantially from 1, such as outside the 95% tolerance 
limits [l f 2.77/a], this is an indication that an under- or over-dispersed model 
may be appropriate. In this case, a model can be refit based on the quasi-likelihood 
where b, is not fixed. An indication of extra-variation, however, may also be due 
to fundamental model misspecification or the omission of important covariates. 

Although it is possible to solve a set of quasi-likelihood estimating equations 
jointly for (b , ,O) ,  this is not the approach generally employed. Rather, computer 
programs such as the SAS PROC GENMOD use the moment estimating equation 
for $ to compute an iterative estimate of the over-dispersion factor. 

Finally, we note that the robust variance estimate may also be employed in 
conjunction with a quasi-likelihood model to obtain estimates of the covariance 
matrix of the parameter estimates that are robust to misspecification of the first and 
second moments of the quasi-likelihood. In this case, 

where 

(A.259) 

(A.260) 

This provides for robust confidence intervals and Wald tests, and also for a robust 
quasi-score test. 

A.10.5 Conditional GLMs 

Chapter 7 describes the conditional logistic regression model for matched sets with 
binary responses, and Chapter 8 likewise describes the conditional Poisson regres- 
sion model for count responses. Both of these models are members of the family 
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of conditional generalized linear models based on members of the exponential farn- 
ily. These models are also discussed in the general text by McCullagh and Nelder 
(1989). Another special case is that of a quantitative response that is normally 
distributed within matched sets, where each matched set has a unique intercept or 
set effect. Since the sufficient statistic for the matched set intercept is the sum of 
the observations within the set, the conditional normal likelihood is readily derived, 
from which estimating equations and inferences for the covariate parameters are 
readily obtained. Unfortunately, software is not yet available to fit this family of 
conditional GLMs for matched sets. 

A.10.6 Generalized Estimating Equations (GEE) 

One of the most important developments in recent years is the development of 
generalized estimating equations (GEEs) for the analysis of correlated observations. 
Liang and Zeger (1986) and Zeger and Liang (1986) proposed fitting GLM-like 
models for correlated observations using a generalization of quasi-likelihood. The 
use of GEEs for the analysis of longitudinal data is reviewed in the text by Diggle, 
Liang and Zeger (1994), among others. This approach generalizes many of the 
methods presented in this text to the analysis of longitudinal data with repeated 
measurements, such as a longitudinal logistic regression model. 

In the simplest case, assume that there is a set of repeated measures for each 
subject. Assume that the structural relationship is correctly specified that relates the 
expectation to the linear function of the covariates through a link function where the 
covariates may vary over time. Then, consistent estimates of the coefficients may 
be obtained using the ordinary quasi-likelihood equations where we act as though 
the observations are all independent. Since the repeated measures are correlated, 
then the quasi-likelihood-based estimates of the variance of the coefficients will be 
invalid. However, a consistent estimate of the covariance matrix of the coefficients 
can be obtained using the information sandwich. This then provides confidence 
limits and Wald tests for the coeficients and robust score tests as well. 

Further gains in eficiency can be achieved, however, by assuming some “work- 
ing correlation” structure among the observations. In this case, the information 
sandwich can also be used to provide a consistent estimate of the covariance matrix 
of the coefficient estimates and asymptotically valid inference. 



References 

Aalen, 0. (1978). Nonparametric inference for a family of counting processes. 

Agresti, A. (1 990). Categorical Data Analysis. New York: John Wiley and Sons. 

Akaike, H. (1973). Information theory and an extension of the maximum likelihood 
principle. In, Second International Symposium on Information Theory. Petrov, 
B. N. and Csaki, F. (eds.), 267-281. Budapest: Akademiai Kiado. 

Altschuler, B. (1970). Theory for the measurement of competing risks in animal 
experiments. Math. Biosci., 6, 1-11. 

Andersen, P. K. and Rasmussen, N. K. (1986). Psychiatric admissions and choice 
of abortion. Stat. Med., 5, 243-253. 

Andersen, P. K. and Gill, R. D. (1982). Cox’s regression model for counting 
processes: a large sample study. Ann. Statist., 10, 1100-1 120. 

Andersen, P. K., Borgan, O., Gill, R. D. and Keiding, N. (1982). Linear nonpara- 
metric tests for comparison of counting processes, with applications to censored 
survival data. Int. Statist. Rev., 50, 219-258. 

Andersen, P. K., Borgan O., Gill, R. D. and Keiding, N. ( 1993). Statistical Models 
Based on Counting Processes. New York: Springer-Verlag. 

Anderson , J. A. (1972). Separate sample logistic discrimination. Biometrika 59, 

Anderson, T. W. (1984). An Introduction to Multivariate Analysis, 2nd edition. 

Ann. Statist., 6, 701-726. 

19-35. 

New York: John Wiley & Sons. 

505 

Biostatistical Methods: The Assessment of’Relative Risks 
John M. Lachin 

Cowriaht 0 2000 bv John Wilev 8, Sons. Inc 



506 REFERENCES 

Anderson, J. R. and Bernstein, L. (1985). Asymptotically efficient two-step esti- 
mators of the hazards ratio for follow-up studies and survival data. Biometrics, 

Anscombe, F. J. (1956). On estimating binomial response relations. Biometrika, 

Bailar, J. C., Louis, T. A., Lavori, P. W. and Polansky, M. (1984). A classification 
for biomedical research reports. N. Engl. J. Med., 311, 1482-1487. 

Bancroft, T. A. (1972). Some recent advances in inference procedures using pre- 
liminary tests of significance. In, Statistical Papers in Honor of George V! 
Snedecor, Bancroft, T. A. (ed.), 19-30. Ames, Iowa: The Iowa State Univer- 
sity Press. 

41, 733-739. 

43, 461-464. 

Barnard, G. A. (1945). A new test for 2 x 2 tables. Nature, 156, 177. 
Barnard, G. A. (1949). Statistical inference. J. Roy. Statist. SOC., B, 11, 115-139. 
Beach, M. L. and Meier, P. (1989). Choosing covariates in the analysis of clinical 

Bean, S. J. and Tsokos, C. P. (1980). Developments in non-parametric density 

Bennett, S. (1983). Log-logistic regression models for survival data. Appl. Statist., 

Bickel, P. and Doksum, K. (1977). Mathematical Statistics. Englewood Cliffs, NJ: 
Prentice-Hall. 

Birch, M. W. (1964). The detection of partial association. I: The 2 X 2 case. J. 
Roy. Statist. SOC., B, 26, 313- 324. 

Bloch, D. A. and Moses, L. E. (1988). Nonoptimally weighted least squares. Am. 
Statistician, 42, 50-53. 

Blum, A. L. (1982). Principles for selection and exclusion. In, The Randomized 
Clinical Trial and Therapeutic Decisions, Tygstrup, N., Lachin, J. M., and 
Juhl, E. (eds.), 43-58. New York: Marcel-Dekker. 

Breiman, L. (1992). The little bootstrap and other methods for dimensionality 
selection in regression: X-fixed prediction error. J. Amer. Statist. ASSOC., 87, 

Breiman, L., Friedman, J. H., Olshen, R. A. and Stone, C. J. (1993). Classification 

Breslow, N. E. (1974). Covariance analysis of censored survival data. Biometrics, 

Breslow, N. E. (1975). Analysis of survival data under the proportional hazards 

Breslow, N. E. (198 1). Odds ratio estimators when the data are sparse. Biometrika, 

Breslow, N. E. (1982). Covariance adjustment of relative-risk estimates in matched 

Breslow, N. E. (1984). Extra-Poisson variation in log-linear models. Appl. Statist., 

trials. Control. Clin. Trials, 10, 161s-175s. 

estimation. Int. Statist. Rev., 48, 267-287. 

32, 165-171. 

738-754. 

and Regression Trees. New York: Chapman & Hall. 

30, 89-99. 

model. Int. Statist. Rev., 43, 45-58. 

68, 73-84. 

studies. Biometrics, 38, 661-672. 

33, 38-44. 



REFERENCES 507 

Breslow, N. E. (1996). Statistics in epidemiology: The case-control study. J. Amer 
Statist. Assoc., 91, 14-28. 

Breslow, N. E. and Day, N. E. (1980). Statistical Methods in Cancer Research, 
Volume 1. The Analysis of Case-Control Studies. Oxford, U.K.: Oxford Uni- 
versity Press. 

Breslow, N. E. and Day, N. E. (1987). Statistical Methods in Cancer Research, 
Volume 2. The Design and Analysis of Cohort Studies. Oxford, U.K.: Oxford 
University Press. 

Breslow, N. E., Day, N. E., Halvorsen, K. T., Prentice, R. L. and Sabai, C. (1978). 
Estimation of multiple relative risk functions in matched case-control studies. 
Am. J. Epidemiol., 108, 299-307. 

Bronowski, J. (1973). The Ascent of Man. Boston, Mass.: Little Brown and Co. 
Byar, D. P. (1985). Prognostic variables for survival in a randomized comparison of 

treatments for prostatic cancer. In, Data: A Collection of Problems From Many 
Fields for the Student and Research Worker. Herzberg, A. M. and Andrews, 
D. F. (eds.), 261-274. New York: Springer-Verlag. 

Cain, K. C. and Lange, N. T. (1984). Approximate case influence for the propor- 
tional hazards regression model with censored data. Biometrics, 40, 493-499. 

Canner, P. L. (1991). Covariate adjustment of treatment effects in clinical trials. 
Control. Clin. Trials, 12, 359-366. 

Chavers, B. M., Bilous, R. W., Ellis, E. N., Steffes, M. W. and Mauer, S. M. 
(1989). Glomerular lesions and urinary albumin excretion in type I diabetes 
without overt proteinuria. N. Engl. J. Med., 15, 966-970. 

Clayton, D. and Cuzick, J. (1985). Multivariate generalizations of the proportional 
hazards model. J. Roy. Statist. Soc., B, 148, 82-117. 

Clopper, C. J. and Pearson, E. S. (1934). The use of confidence or fiducial limits 
illustrated in the case of the binomial. Biometrika, 26, 404-413. 

Cochran, W. G. (1954a). Some methods for strengthening the x2 tests. Biometrics, 

Cochran, W. G .  (1954b). The combination of estimates from different experiments. 

Cochran, W. G. (1983). Planning and Analysis of Observational Studies. New 

Cohen, J. (1988). Statistical Power Analysis for the Behavioral Sciences, 2nd edn. 

Collett, D. (1991). Modelling Binary Data. London: Chapman and Hall. 
Collett, D. (1994). Modelling Survival Data in Medical Research. London: Chap- 

Collins, R., Yusuf, S. and Peto, R. (1985). Overview of randomised trials of 

Connett, J. E., Smith, J. A. and McHugh, R. B. (1987). Sample size and power for 

10, 417-451. 

Biometrics, 10, 101-129. 

York: John Wiley & Sons. 

Hillsdale, NJ: Laurence Erlbaum Associates, Publishers. 

man and Hall. 

diuretics in pregnancy. Br. Med. J. ,  290, 17-23. 

pair-matched case-control studies. Stat. Med., 6, 53-59. 



508 REFERENCES 

Connor, R. J. (1987). Sample size for testing differences in proportions for the 
paired-sample design. Biometrics, 43, 207-2 11. 

Conover, W. J. (1974). Some reasons for not using the Yates continuity correction 
on 2 x 2 contingency tables. (With comments). J. Amex Statist. ASSOC., 69, 

Cook, R. J. and Sackett, D. L. (1995). The number needed to treat: A clinically 
usefbl measure of a treatment effect. Bx Med. J. ,  310, 452-454. 

Cornfield, J. (1951). A method of estimating comparative rates from clinical data. 
Applications to cancer of the lung, breast, and cervix. J. Natl. Cancer Inst., 

Cornfield, J. (1954). The estimation of the probability of developing a disease in 
the presence of competing risks. Am. J. Public Health, 47, 601-607. 

cornfield, J. (1956). A statistical problem arising from retrospective studies. In, 
Proceedings of the Third Berkeley Symposium on Mathematical Statistics and 
Pro6ability, Vol. 4 ,  Neyman, J. (ed.), 135-148. Berkeley: University of Cali- 
fornia Press. 

Cornfield, J. (1962). Joint dependence of risk of coronary heart disease on serum 
cholesterol and systolic blood pressure: A discriminant function analysis. Fed- 
eration Pmc., 21, 58-61. 

Coronary Drug Project Research Group (CDP) (1974). Factors influencing long- 
term prognosis after recovery from myocardial infarction - Three-year findings 
of the Coronary Drug Project. J. Chronic Dis., 27, 267-285. 

Cox, D. R. (1958a). The regression analysis of binary sequences. J. Roy. Statist. 

Cox, D. R. (1958b). Two further applications of a model for binary regression. 

Cox, D. R.. (1970). The Analysis of Binary Data. (2nd edn., 1989. Cox, D. R. 

Cox, D. R. (1972). Regression models and life-tables (with discussion). J. Roy. 

Cox, D. R. (1975). Partial likelihood. Biometrika, 62, 269-276. 
Cox, D. R. and Hinkley, D. V. (1974). Theoretical Statistics. London: Chapman 

Cox, D. R. and Oakes, D. (1984). Analysis of Survival Data. London: Chapman 

Cox, D. R. and Miller, H. D. (1965). The Theory of Stochastic Processes. London: 

Cramer, H. (1 946). Mathematical Methods of Staristics. Princeton, NJ: Princeton 

Cutler, S. J. and Ederer, F. (1958). Maximum utilization of the life table method 

374-382. 

11, 1269-1275. 

SOC., B, 20, 215-242. 

Biometrika, 45, 562-565. 

and Snell, E. J.). London: Chapman and Hall. 

Statist. SOC., B, 34, 187-220. 

and Hall. 

and Hall. 

Chapman and Hall. 

University Press. 

in analyzing survival. J. Chronic Dis., 8, 699-712. 



REFERENCES 509 

Day, N. E. and Byar, D. P. (1979). Testing hypotheses in case-control studies - 
Equivalence of Mantel-Haenszel statistics and logit score tests. Biometrics, 35, 

Dean, C. and Lawless, J. F. (1989). Test for detecting over-dispersion in Poisson 
regression models. J. Amer. Statist. Assoc., 84, 467-472. 

Deckert, T., Poulsen, J. E. and Larsen, M. (1978). Prognosis of diabetics with 
diabetes onset before the age of thirty-one. I: Survival, causes of death, and 
complications. Diabetologia, 14, 363-370. 

DerSimonian, R. and Laird, N. (1986). Meta-analysis in clinical trials. Control. 
Clin. Trials, 7, 177-188. 

Desu, M. M. and Raghavarao, D. (1990). Sample Size Methodology. New York: 
Academic Press. 

Diabetes Control and Complications Trial Research Group (DCCT) (1990). The 
Diabetes Control and Complications Trial (DCCT): Update. Diabetes Care, 

Diabetes Control and Complications Trial Research Group (DCCT) (1993). The 
effect of intensive treatment of diabetes on the development and progression 
of long-term complications in insulin-dependent diabetes mellitus. N. Engl. J. 
Med., 329, 977-986. 

Diabetes Control and Complications Trial Research Group (DCCT) (1995a). Effect 
of intensive therapy on the development and progression of diabetic nephropathy 
in the Diabetes Control and Complications Trial. Kidney Int . ,  47, 1703-1720. 

Diabetes Control and Complications Trial Research Group (DCCT) (1995b). Ad- 
verse events and their association with treatment regimens in the Diabetes Con- 
trol and Complications Trial. Diabetes Care, 18, 1415-1427. 

Diabetes Control and Complications Trial Research Group (DCCT) (1995~). The 
relationship of glycemic exposure (HbAIc) to the risk of development and 
progression of retinopathy in the Diabetes Control and Complications Trial. 
Diabetes, 44, 968-983. 

Diabetes Control and Complications Trial Research Group (DCCT) (1996). The ab- 
sence of a glycemic threshold for the development of long-term complications: 
The perspective of the Diabetes Control and Complications Trial. Diabetes, 

Diabetes Control and Complications Trial Research Group (DCCT) (1997). Hy- 
poglycemia in the Diabetes Control and Complications Trial. Diabetes, 46, 

Diabetes Control and Complications Trial Research Group (DCCT) (2000). The 
effect of pregnancy on microvascular complications in the diabetes control and 
complications trial. Diabetes Care. (To appear.) 

Dick, T. D. S. and Stone, M. C. (1973). Prevalence of three cardinal risk factors 
in a random sample of men and in patients with ischaemic heart disease. Br. 
Heart J., 35, 381-385. 

623-630. 

13, 427-433. 

45, 1289-1298. 

271-286. 



510 REFERENCES 

Diggle, P. J., Liang, K. Y. and Zeger, S. L. (1994). Analysis of Longitudinal Data. 
New York: Oxford University Press. 

Dobson, A. (1990). An Introduction to Generalized Linear Models. London: 
Chapman and Hall. 

Dormer, A. (1984). Approaches to sample size estimation in the design of clinical 
trials - A review. Stat. Med., 3, 199-214. 

Dorn, H. F. (1944). Illness from cancer in the United States. Public Health Rep., 
59, Nos. 2, 3, and 4. 

Dyke, G. V. and Patterson, H. D. (1952). Analysis of factorial arrangements when 
the data are proportions. Biometrics, 8, 1-12. 

Early Breast Cancer Trialists’ Collaborative Group (EBCTCG) (1 998). Tamoxifen 
for early breast cancer: an overview of the randomised trials. Lancet, 351, 

Efron, B. (1977). The efficiency of Cox’s likelihood function for censored data. J. 
Arne,: Statist. ASSOC., 72, 557-565. 

Efion, B. (1978). Regression and ANOVA with zero-one data: measures of residual 
variation. J Amer Statist. ASSOC., 73, 113-121. 

Efron, B. and Hinkley, D. V. (1978). Assessing the accuracy of the maximum 
likelihood estimates: Observed versus expected Fisher information. Biometriku, 

Efroymson, M. A. (1960). Multiple regression analysis. In, Mathematical Methods 
for Digital Computers, Ralston, A. and Wilf, H. S.(eds.), 191-203. New York: 
Wiley. 

Ejigou, A. and McHugh, R. B. (1977). Estimation of relative risk from matched 
pairs in epidemiological research. Biornetrics, 33, 552-556. 

Elandt-Johnson, R. C. and Johnson, N. L. (1980). Survival Models and Data 
Analysis. New York: John Wiley & Sons. 

Epanechnikov, V. A. (1969). Nonparametric estimation of a multivariate probability 
density. Theoly of Probability and Its Applications, 14, 153 -158. 

Feigl, P. and Zelen, M. (1965). Estimation of exponential survival probabilities 
with concomitant information. Biometrics, 2 1, 826-838. 

Finklestein, D. M. (1986). A proportional hazards model for interval-censored 
failure time data. Biornetrics, 42, 845-854. 

Fisher, R. A. (1922). On the mathematical foundations of theoretical statistics. 
Philos. Trans. R. SOC. London, A 222, 309-368. 

Fisher, R. A. (1925). Statistical Methods for Research Workers. (14th edn., 1970). 
Edinburgh: Oliver and Boyd. 

Fisher, R. A. (1935). The Design of Experiments. (8th edn., 1966). Edinburgh: 
Oliver and Boyd. 

Fisher, R. A. (1956). Statistical Methods for Scientific Inference. Edinburgh: 
Oliver and Boyd. 

Fleiss, J. L. (1979). Confidence intervals for the odds ratio in case-control studies: 
The state of the art. J. Chronic Dis., 32, 69-77. 

145 1 - 1467. 

65, 457-487. 



REFERENCES 511 

Fleiss, J. L. (1981). Statistical Methods for Rates and Proportions. New York: 
John Wiley and Sons.. 

Fleiss, J. L. (1986). The Design and Analysis of Clinical Experiments. New York: 
John Wiley & Sons. 

Fleiss, J. L., Bigger, J. T., McDerrnott, M., Miller, J. P., Moon, T., Moss, A. J., 
Oakes, D., Rolnitzky, L. M. and Therneau, T. M. (1  990). Nonfatal myocardial 
infarction is, by itself, an inappropriate end point in clinical trials in cardiology. 
Circulation, 81, 684-685. 

Fleming, T. R. and Harrington, D. P. (1991). Counting Processes and Survival 
Analysis. New York: John Wiley & Sons, Inc. 

Freedman, D. A. (1983). A note on screening regression equations. Am. Statisti- 
cian, 37, 152-155. 

Freedman, L. S. (1982). Tables of the number of patients required in clinical trials 
using the logrank test. Stat. Med., 1, 121-129 

Freedman, L. S. and Pee, D. (1989). Return to a note on screening regression 
equations. Am. Statistician, 43, 279-282. 

Freireich , E. J., Gehan, E., Frei 111, E. Schroeder, L. R., Wolman, L. J., Anbari, R., 
Burgert, E. O., Mills, S. D., Pinkel, D., Selawry, 0. S., Moon, J. H., Gendel, 
B. R., Spurr, C. L., Storrs, R., Haurani, F., Hoogstraten, B. and Lee, S. (1963). 
The effect of 6-mercaptopurine on the duration of steroid-induced remissions 
in acute leukemia: a model for evaluation of other potentially useful therapy. 

Frick, H. (1995). Comparing trials with multiple outcomes: The multivariate one- 
sided hypothesis with unknown covariances. Biom. J., 8, 909-917. 

Frome, E. L. (1983). The analysis of rates using Poisson regression models. Bio- 
metrics, 39, 665-674. 

Frome, E. L. and Checkoway, H. (1985). Epidemiologic programs for computers 
and calculators: Use of Poisson regression models in estimating incidence rates 
and ratios. Am. J. Epidemiol., 121, 309-323. 

Gail, M. H. (1973). The determination of sample sizes for trials involving several 
independent 2 x 2 tables. J. Chronic Dis., 26, 669-673. 

Gail, M. H. (1 978). The anlaysis of heterogeneity for indirect standardized mortality 
ratios. J. Roy. Statist. SOC., A, 141, 224-234. 

Gail, M. H., Santner, T. J. and Brown, C. C. (1980). An analysis of comparative 
carcinogenesis experiments based on multiple times to tumor. Biometrics, 36, 

Gail, M. H., Wieand., S. and Piantadosi, S. (1984). Biased estimates of treat- 
ment effect in randomized experiments with nonlinear regressions and omitted 
covariates. Biornetrics, 71, 43 1-444. 

Gart, J. J. (1971). The comparison of proportions: A review of significance tests, 
confidence intervals and adjustments for stratification. Rev. Int. Statist. Inst., 

Blood, 21, 699-716. 

255-266. 

39, 16-37. 



Gart, J. J. (1985). Approximate tests and interval estimation of the common relative 
risk in the combination of 2x2 tables. Biometrika, 72, 673-677. 

Gart, J. J. and Tarone, R. E. (1983). The relation between score tests and approxi- 
mate UMPU tests in exponential models common in biomem. Biornetrics, 39, 

Gart, J. J. and Zweifel, J. R. (1967). On the bias of various estimators of the logit 
and its variance with application to quanta1 bioassay. Biometrika, 54, 18 1 - 187. 

Gastwirth, J. L. (1966). On robust procedures. J. Amel: Statist. ASSOC., 61, 

Gastwirth, J. L. (1 985). The use of maximum efficiency robust tests in combining 
contingency tables and survival analysis. J. Amel: Statist. Assoc., 80, 380-84. 

Gastwirth, J. L. and Greenhouse, S .  W. (1995). Biostatistical concepts and methods 
in the legal setting. Stat. Med., 14, 164 1 - 1653. 

Gaynor, J. J., Fener, E. J., Tan, C. C., Wu, D. H., Little, C. R., Straus, D. J., 
Clarkson, B. D. and Brennan, M. F. (1993). On the use of cause-specific 
failure and conditional failure probabilities: examples from clinical oncology 
data. J. Amel: Statist. Assoc., 88, 400-409. 

Gehan, E. A. (1965). A generalized Wilcoxon test for comparing arbitrarily singly 
censored samples. Biometrika, 52, 203-223. 

George, S .  L. and Desu, M. M. (1974). Planning the size and duration of a clinical 
trial studying the time to some critical event. J. Chronic Dis., 27, 15-29. 

Gill, R. D. (1980). Censoring and Stochastic Integrals, Mathematical Centre Tracts, 
124. Amsterdam: Mathematisch Cenhum. 

Gill, R. D. (1984). Understanding cox’s regression model: A martingale approach. 
J. Amel: Statist. ASSOC., 79, 441-447. 

Goodman, L. A. and Kruskal, W. H. (1972). Measures of association for cross- 
classifications, Iv: simplification of asymptotic variances. J. Amer: Statist. 

Gray, R. J. (1988). A class of K-sample tests for comparing the cumulative inci- 
dence of a competing risk. Ann. Statist., 16, 1141-1154. 

Greenland, S .  (1984). A counterexample to the test-based principle of setting con- 
fidence limits. Am. J. Epidemiol., 120, 4-7. 

Greenwood, M. A. (1926). Report on the natural duration of cancer, Reports on 
Public Health and Medical Subjects, 33, 1-26. London: H. M. Stationery 
Office. 

Grizzle, J. E. (1967). Continuity correction in the x2 test for 2 x 2 tables. Am. 
Statistician, 2 1, 28-32. 

Grizzle, J. E., Starmer, C. F. and Koch, G. G. (1969). Analysis of categorical data 
by linear models. Biometrics, 25, 489-503. 

Guenther, W. C. (1977). Power and sample size for approximate chi-square tests. 
Am. Statistician, 31, 83-85. 

Guilbaud, 0. (1 983). On the large-sample distribution of the Mantel-Haenszel 
odds-ratio estimator. Biometrics, 39, 523-525. 

781-786. 

929-948. 

ASSOC., 67, 4 15-42 1. 



REFERENCES 513 

Hajek, J. and Sidak, Z. (1967). Theory of Rank Tests. New York: Academic Press. 
Haldane, J. B. S. (1956). The estimation and significance of the logarithm of a 

ratio of frequencies. Ann. Human Genet., 20, 309- 3 11 .  
Halperin, M. (1977). Re: Estimability and estimation in case-referent studies. 

(Letter). Am. J. Epidemiol., 105, 496-498. 
Halperin, M., Ware, J. H., Byar, D. P., Mantel, N., Brown, C. C., Koziol, J., Gail, 

M. and Green, S. B. (1977). Testing for interaction in an IxJxK contingency 
table. Biometrika, 64, 27 1-275. 

Hardison, C. D., Quade, D. and Langston, R. D. (1986). Nine functions for prob- 
ability distributions. In, SUGI Supplemental Library User’s Guide, Version 5 
Edition, Hastings, R. P. (ed.), 385-393. Cary, NC: SAS Institute, Inc. 

Harrell, F. E. (1986). The PHGLM procedure. In, SAS Supplemental Library 
User’s Guide, Version 5 .  Cary, NC: SAS Institute, Inc. 

Harrington, D. P. and Fleming, T. R. (1982). A class of rank test procedures for 
censored survival data. Biometrika, 69, 553-566. 

Harris, M. I., Hadden, W. C., howler ,  W. C. and Bennett, P. H. (1987). Prevalence 
of diabetes and impaired glucose tolerance and plasma glucose levels in US 
population aged 20-74 yr. Diabetes, 36, 523-534. 

Harville, D. A. (1977). Maximum likelihood approaches to variance component 
estimation and to related problems. J. Amer Statist. ASSOC., 72, 320-338. 

Hastie, T. J. and Tibshirani, R. J. (1990). Generalized Additive Models. New York: 
Chapman & Hall. 

Hauck, W. W. (1979). The large sample variance of the Mantel-Haenszel estimator 
of a common odds ratio. Biometries, 35, 817-819 

Hauck, W. W. (1989). Odds ratio inference from stratified samples. Comm. Statist., 

Hauck, W. W. and Donner, A. (1977). Wald’s test as applied to hypotheses in logit 
analysis. J. Amer Statist. Assoe., 72, 851-853. 

Helland, I. S. (1987). On the interpretation and use of R2 in regression analysis. 
Biometries, 43, 61-69. 

Higgins, J. E. and Koch, G. G. (1977). Variable selection and generalized chi-square 
analysis of categorical data applied to a large cross-sectional occupational health 
survey. Int. Statist. Rev., 45, 51-62. 

Hillis, S .  L. and Davis, C. S. (1994). A simple justification of the iterative fitting 
procedure for generalized linear models. Am. Statistician, 48, 288-289. 

Hochberg, Y. (1988). A sharper Bonferroni procedure for multiple tests of signifi- 
cance. Biometrika, 75, 800-802. 

Holford, T. R. (1980). The analysis of rates and survivorship using log-linear 
models, Biometries, 36, 299-306. 

Holm, S. (1979). A simple sequentially rejective multiple test procedure. Scand. 
J. Statist., 6, 65-70 

A ,  18, 767-800. 



514 REFERENCES 

Hosrner, D. W. and Lemeshow, S. (1989). Applied Logistic Regression. New York: 
John Wiley. 

Huber, P. J. (1967). The behavior of maximum likelihood estimators under non- 
standard conditions. Proceedings of the FiJh Berkeley Symposium on Mathe- 
matical Statistics and Probability, Vol. I ,  Neyman, J. (ed.), 221-233. Berkeley: 
University of California Press. 

Irwin, J. 0. (1935). Tests of significance for differences between percentages based 
on small numbers. Metron, 12, 83-94. 

Johansen, S. (1983). An extension of Cox’s regression model. Int. Statist. Rev., 

Kalbfleisch, J. D. and Prentice, R. L. (1973). Marginal likelihoods based on Cox’s 

Kalbfleisch, I. D. and Prentice, R. L. (1 980). The Statistical Analysis of Failure 

Kaplan, E. L. and Meier, P. (1958). Nonparametric estimation from incomplete 

Karlin, S. and Taylor, H. M. (1975). A First Course in Stochastic Processes, 2nd 

Karon, J. M. and Kupper, L. L. (1982). In defense of matching. Am. f. Epidemiol., 

Katz, D., Baptista, J., Azen, S. P. and Pike, M. C. (1978). Obtaining confidence 
intervals for the risk ratio in cohort studies. Biometrics, 34, 469-474. 

Kay, R. (1982). The analysis of transition times in multistate stochastic processes 
using proportional hazard regression models. Comm. Statist., A ,  11, 1743-1756. 

Kelsey, J. L., Whittemore, A. S., Evans, A. S. and Thompson, W. D. (1996). 
Methods in Observational Epidemiology, 2nd edition. New York: Oxford 
University Press. 

Kendall, Sir M. and Stuart, A. (1979). The Advanced Theory of Statistics, Volume 
2, 4th edition. New York: Macmillan. 

Kenny, S. D., Aubert, R. E. and Geiss, L. S. (1995). Prevalence and incidence of 
non-insulin-dependent diabetes. In, Diabetes in America, 2nd edition, National 
Diabetes Data Group, 47-67, NIH Publication No. 95-1468. The National 
Institutes of Health. 

Kent, J. T. (1982). Robust properties of likelihood ratio tests. Biometrika, 69, 

Kent, J. T. and O’Quigley, J. (1988). Measure of dependence for censored survival 
data. Biometrika, 75, 525-534. 

Kleinbaum, D. G., Kupper, L. L. and Morgenstern, H. (1982). Epidemiologic 
Research: Principles and Quantitative Methods. New York: Van Nostrand 
Reinhold. 

Koch, G. G., McCanless, I., and Ward, J. F. (1984). Interpretation of statistical 
methodology associated with maintenance trials. Am. J. Med., 77 (supplement 

51, 165-174. 

regression and life model. Biometrika, 60, 267-78. 

Time Data. New York: John Wiley & Sons. 

observations. f. AmeK Statist. ASSOC., 53, 457-481. 

Edition. New York: Academic Press. 

116, 852-866. 

19-27. 

5B), 43-50. 



REFERENCES 515 

Korn, E. L. (1984). Estimating the utility of matching in case-control studies. J. 
Chronic Dis., 37, 765-772. 

Korn, E. L. and Simon R. (1990). Measures of explained variation for survival 
data. Stat. Med., 9, 487-503 

Kom, E. L. and Simon, R. (1991). Explained residual variation, explained risk, 
and goodness of fit. Am. Statistician, 45, 201-206. 

Kudo, A. (1963). A multivariate analogue of the one-sided test. Biometrika, 50, 

Kupper, L. L. and Hafner, K. B. (1989). How appropriate are popular sample size 
formulas? Am. Statistician, 43, 101-105. 

Kupper, L. L., Karon, J. M., Kleinbaum, D. G., Morgenstern, H. and Lewis, D. K. 
(198 1). Matching in epidemiologic studies: validity and efficiency consider- 
ations. Biometries, 37, 271-292. 

Lachin, J. M. (1977). Sample size determinations for r x c comparative trials. 
Biometries, 33, 3 15-324. 

Lachin, J. M. (1981). Introduction to sample size determination and power analysis 
for clinical trials. Control. Clin. Trials, 2 ,  93-113. 

Lachin, J. M. (1992a). Some large sample distribution-free estimators and tests 
for multivariate partially incomplete observations from two populations. Stat. 
Men., 11, 1151-1170. 

Lachin, J. M. (1992b). Power and sample size evaluation for the McNemar test 
with application to matched case-control studies. Statistics in Medicine, 11, 

Lachin, J .  M. (1996). Distribution-free marginal analysis of repeated measures. 
Drug Inform. J., 30, 1017-1028. 

Lachin, J. M. (1998). Sample sue  determination. In, Encyclopedia of Biostatistics, 
Armitage P. and Colton T. (eds.), 3892-3903. New York: Wiley. 

Lachin, J. M and Bautista, 0. M. (1995). Stratified-adjusted versus unstratified 
assessment of sample size and power for analyses of proportions. In, Recent 
Advunces in Clinical Trial Design and Analysis, Thall, P. F. (ed.), 203-223. 
Boston: Kluwer Academic Publishers. 

Lachin, J. M. and Foulkes, M. A. (1986). Evaluation of sample size and power 
for analyses of survival with allowance for non-uniform patient entry, losses to 
follow-up, non-compliance and stratification. Biometries, 42, 507-5 19. 

Lachin, J. M., Lan, S. L. and the Lupus Nephritis Collaborative Study Group 
(1992). Statistical considerations in the termination of a clinical trial with no 
treatment group difference: The Lupus Nephritis Collaborative Study. Control. 
Clin. Dials, 13, 62-79. 

Lachin, J. M. and Wei, L. J. (1988). Estimators and tests in the analysis of multiple 
nonindependent 2 x 2 tables with partially missing observations. Biometries, 

Lagakos, S. W. (1978). A covanate model for partially censored data subject to 

403-4 18. 

1239-125 1. 

44, 513-528. 

competing causes of failure. Appf. Statist., 27, 235-241. 



51 6 REFERENCES 

Lagakos, S. W. (1988). The loss in efficiency from misspecifying covariates in 
proportional hazards regression models. Biometrika, 75, 156-160. 

Lagakos, S. W. and Schoenfeld, D. (1984). Properties of proportional-hazards score 
tests under misspecified regression models. Biornetrics, 40, 1037- 1048. 

Lagakos, S. W., Limm L. L-Y. and Robins, J. M. (1990). Adjusting for early 
treatment termination in comparative clinical trials. Stat. Med., 9, 1417-1424. 

Lakatos E. (1988). Sample sizes based on the log-rank statistic in complex clinical 
trials. Biometrics, 44, 229-241. 

Laird, N. and Oliver, D. (1981). Covariance analysis of censored survival data 
using log-linear analysis techniques. J. Amer: Statist. ASSOC., 76, 23 1-240. 

Lan, K. K. G. and Wittes, J. T. (1985). Rank tests for survival analysis: A com- 
parison by analogy with games. Biornetrics, 4 1 , 1063- 1069. 

Lan, K. K. G. and Lachin, J. M. (1 995). Martingales without tears. Lifetime Data 
Analysis, 1 ,  361-375. 

Laupacis, A., Sackett, D. L. and Roberts, R. S. (1988). An assessment of clinically 
useful measures of the consequences of treatment. N. Engl. J. Med., 318, 

Lawless, J. E (1982). Statistical Models and Methods for  Lifetime Data. New 
York: John Wiley & Sons. 

Lee, E. T. (1992). Statistical Methods for Survival Data Analysis, 2nd edition. 
New York: John Wiley & Sons. 

Lee, E. W., Wei, L. J. and Amato, D. A. (1992). Cox-type regression analysis 
for large numbers of small groups of correlated failure time observations. In, 
Survival Analysis, Klein, J. P. and Goel, P. K. (eds.). Netherlands: Kluwer 
Academic Publishers. 

Lehmann, E. L. (1983). Theory of Point Estimation. London: Chapman and Hall. 
Lehmann, E. L. (1986). Testing Statistical Hypotheses, 2nd edition. London: 

Chapman and Hall. 
Lehmann, E. L. (1998). Elements of Large-Sample Theory, New York: Springer- 

Verlag. 
Leung, H. K. and Kupper, L. L. (1981). Comparison of confidence intervals for 

attributable risk. Biometrics, 37, 293-302. 
Levin, M. L. (1953). The occurrence of lung cancer in man. Acta Unio Interna- 

tionalis Contra Cancrum, 19, 53 1-54 l .  
Lewis, E. J., Hunsicker, L. G., Lan, S., Rohde, R. D., Lachin, J. M. and the 

Lupus Nephritis Collaborative Study Group. (1992). A controlled trial of 
plasmapheresis therapy in severe lupus nephritis. N. Engl. J. Med., 326, 1373- 
1379. 

Liang, K. Y. and Zeger, S. L. (1986). Longitudinal data analysis using generalized 
linear models. Biometrika, 73, 13-22. 

Lin, D. Y. (1991). Goodness-of fit analysis for the Cox regression model based on 
a class of parameter estimators. J. Amer: Statist. ASSOC., 86, 725-728. 

1728-1733. 



REFERENCES 517 

Lin, D. Y. (1994). Cox regression analysis of multivariate failure time data: The 
marginal approach. Stat. Med., 13, 2233-2247. 

Lin, D. Y. and Wei, L. J. (1989). The robust inference for the Cox proportional 
hazards model. J. Amer Statist. ASSOC., 84, 1074-1078. 

Lin, D. Y. and Wei, L. J. (1991). Goodness-of-fit tests for the general Cox regression 
model. Statistica Sinica,l, 1-17. 

Lin, D. Y., Wei, L. J. and Zing, Z. (1993). Checking the Cox model with cumulative 
sums of martingale-based residuals. Biometrika, 80, 3, 557-72. 

Lipsitz, S. H., Fitzmaurice, G. M., Orav, E. J. and Laird, N. M. (1 994). Performance 
of generalized estimating equations in practical situations. Biometrics, 50, 270 

Louis, T. A. (1981). Confidence intervals for a binomial parameter after observing 
no successes. Am. Statistician, 35, 154. 

Lunn, M. and McNeil, D. (1995). Applying Cox regression to competing risks. 
Biometrics, 5 1, 524-532. 

Machin, D. and Campbell, M. J. (1987). Statistical Tables for the Design of Clinical 
Trials. Oxford: Blackwell Scientific Publications. 

Mack, T. M., Pike, M. C., Henderson, B. E., Pfeffer, R. I., Gerkins, V. R., Arthus, B. 
S., and Brown, S. E. (1976). Estrogens and endometrial cancer in a retirement 
community. N. Engl. J. Med., 294, 1262-1267. 

Madalla, G. S. (1 983). Limited-Dependent and Qualitative Variables in Economet- 
rics. Cambridge, U.K: Cambridge University Press. 

Magee, L. (1990). R2 measures based on Wald and likelihood ratio joint signifi- 
cance tests. Am. Statistician, 44, 250-253. 

Mallows, C. L. (1973). Some comments on Cp. Technometrics, 15, 661-675. 
Mantel, N. (1963). Chi-square tests with one degree of freedom: Extensions of the 

Mantel, N. (1966). Evaluation of survival data and two new rank order statistics 

Mantel, N. ( 1967). Ranking procedures for arbitrarily restricted observations. Bio- 

Mantel, N. (1 970). Why stepdown procedures in variable selection. Technometrics, 

Mantel, N. (1974). Comment and a suggestion. J. Amel: Statist. Assoc., 69, 

Mantel, N. (1987). Understanding Wald’s test for exponential families. Am. Sta- 

Mantel, N., Brown, C. and Byar, D. P. (1977). Tests for homogeneity of effect in 

Mantel, N. and Greenhouse, S. W. (1968). What is the continuity correction? Am. 

-278. 

Mantel-Haenszel procedure. J. Amer Statist. Assoc. , 58, 690-700. 

arising in its consideration. Cancer Chemother Rep., 50, 163- 170. 

metrics, 23, 65-78. 

12, 591-612. 

378-380. 

tistician, 41, 147-148. 

an epidemiologic investigation. Am. J. Epidemiol., 106, 125-129. 

Statistician, 22, 27-30. 



518 REFERENCES 

Mantel, N. and Haenszel, W. (1959). Statistical aspects of the analysis of data from 
retrospective studies of disease. J. Natl. Cancer Inst., 22, 719-748. 

Marcus, R., Peritz, E. and Gabriel, K. R. (1976). On closed testing procedures with 
special references to ordered analysis of variance. Biometrika, 63, 655-600. 

Marubini, E. and Valsecchi, M. G. (1995). Analysing Survival Data from Clinical 
Trials and Observational Studies. New York: John Wiley & Sons. 

Maxwell, A. E. (1961). Analysing Qualitative Data. London: Methuen & Co., 
Ltd. 

McCullagh, P. (1983). Quasi-likelihood functions. Ann. Statist., 11, 59-67. 
McCullagh, P. and Nelder, J. A. (1989). Generalized Linear Models, 2nd edition. 

London: Chapman and Hall. 
McHugh, R. B. and Le, C. T. (1984). Confidence estimation and the size of a 

clinical trial. Control. Clin. Dials, 5 ,  157-163. 
McKinlay, S. M. (1978). The effect of non-zero second order interaction on com- 

bined estimators of the odds-ratio. Biometrika, 65, 191-202. 
McNemar, Q. (1947). Note on the sampling error of the difference between corre- 

lated proportions or percentages. Psychometrika, 12, 153-157. 
Mehrotra, K. G., Michalek, J. E. and Mihalko, D. (1982). A relationship between 

two forms of linear rank procedures for censored data. Biometrika, 6, 674-676. 
Mehta, C. and Patel, N. (1999). StatXact 4 for windows. Cambridge, Mass.: Cytel 

Software Corporation. 
Meier, P. (1953). Variance of a weighted mean. Biometrics, 9, 59-73. 
Meng, R. C. and Chapman, D. G. (1966). The power of the chi-square tests for 

Miettinen, 0. S. (1968). The matched pairs design in the case of all-or-none 

Miettinen, 0. S. (1970). Matching and design efficiency in retrospective studies. 

Miettinen, 0. S. (1974a). Comment. J Amer. Statist. ASSOC., 69, 380-382. 
Miettinen, 0. S. (1974b). Proportion of disease caused or prevented by a given 

Miettinen, 0. S. (1976). Estimability and estimation in case-referent studies. Am. 

Miller, A. J .  (1984). Selection of subsets of regression variables. J. Roy. Statist. 

Mogensen, C .  E. (1984). Microalbuminuria predicts clinical proteinuria and early 

Moore, D. F. (1986). Asymptotic properties of moment estimators for over-dispersed 

Morris, C. N. (1983). Parametric empirical Bayes inference: Theory and applica- 

continency tables. J. Amer. Statist. ASSOC., 61, 965-975. 

responses. Biometrics, 24, 339-352. 

Am. f. Epidemiol., 91, 111-118. 

exposure, trait or intervention. Am. J. Epidemiol., 99, 325. 

J. Epidemiol., 103, 226-235. 

Soc., A ,  147,389-425. 

mortality in maturity-onset diabetes. N. Engl. J. Med., 310, 356-360. 

counts and proportions. Biometrika, 73, 583-588. 

tions. J. Amer. Statist. ASSOC., 78, 47-55. 



R€/=€R€NC€S 519 

Nagelkerke, N. J. D. (1991). A note on a general deftnition of the coefficient of 
determination. Biometrika, 78, 69 1-692. 

Nelder, J. A. and Wedderburn, R. W. M. (1972). Generalized linear models. J.  
Roy. Statist. SOC., 135, 370-384. 

Nelson, W. (1 972). Theory and applications of hazard plotting for censored failure 
data. Technometrics, 14, 945-965 

Neyman, J. (1959). Optimal asymptotic tests of composite statistical hypotheses. In, 
Probability and Statistics, Grenander, U. (ed.), 2 13-234. Stockholm: Almqvist 
and Wiksell. 

Noether, G. E. (1955). On a theorem of Pitman. Ann. Math. Statist., 26, 64-68. 
O’Quigley, J. and Flandre, P. (1994). Predictive capability of proportional hazards 

regression. Proc. Natl. Acad. Sci. U. S. A. ,  91, 2310-2314. 
O’Quigley, J., Flandre, P. and Reiner, E. (1999). Large sample theory for Schemper’s 

measures of explained variation in the Cox regression model. Statistician, 48, 

Odeh, R. E. and Fox, M. (1991). Sample Size Choice: Charts for Experiments 
with Linear Models, 2nd edn. New York: Marcel Dekker. 

Palta, M. and Amini, S. B. (1985). Consideration of covariates and stratification 
in sample size determination for survival time studies. J. Chronic Dis., 38, 

Pepe, M. S. (1991). Inference for events with dependent risks in multiple endpoint 
studies. J. Amer Statist. Assoc., 86, 770-778. 

Pepe, M. S. and Mori, M. (1993). Kaplan-Meier, marginal or conditional probability 
curves in summarizing competing risks failure time data? Stat. Med., 12, 737- 
751, 

Perlman, M. D. (1969). One-sided testing problems in multivariate analysis. Ann. 
Math. Statist., 40, 549-567. 

Peterson, A. V. (1977). Expressing the Kaplan-Meier estimator as a function of 
empirical subsurvival functions. J.  Amer Statist. ASSOC., 72, 854-858. 

Peto, J. (1984). The calculation and interpretation of survival curves. In: Can- 
cer Clinical Trials, Methods and Practice, Buyse, M .  E., Staquett, M. J. and 
Sylvester, R. J. (eds.). Oxford: Oxford University Press. 

Peto, R. (1972). Contribution to the discussion of paper by D. R. Cox. J. Roy. 
Statist. SOC., B, 34, 205-207. 

Peto, R. (1987). Why do we need systematic overviews of randomized trials? Stat. 
Med., 6, 233-240. 

Peto, R. and Lee, P. (1983). Weibull distributions for continuous carcinogenesis 
experiments. Biometrics, 29, 457-470. 

Peto, R. and Peto, J. (1972). Asymptotically eficient rank invariant test procedures 
(with discussion). J. Roy. Statist. Soc., A, 135, 185-206. 

Peto, R., Pike, M. C., Armitage, P., Breslow, N. E., Cox, D. R., Howard, V., 
Mantel, N., McPherson, K., Peto, J. and Smith, P. G. (1976). Design and 

53-62. 

801-809. 



520 REFERENCES 

analysis of randomised clinical trials requiring prolonged observation of each 
patient. Introduction and design. Bl: J. Cancer, 34, 585-612. 

Pettigrew, H. M., Gart, J. J. and Thomas, D. G. (1986). The bias and higher 
cumulants of the logarithm of a binomial variate. Biometrika, 73, 425-435. 

Pike, M. C. 1966. A method of analysis of a certain class of experiments in 
carcinogenesis. Biometrics, 22, 142-61. 

Pirart, J. (1978a). Diabetes mellitus and its degenerative complications: A prospec- 
tive study of 4,400 patients observed between 1947 and 1973. Diabetes Care, 

Pirart, J. (1978b). Diabetes mellitus and its degenerative complications: A prospec- 
tive study of 4,400 patients observed between 1947 and 1973. Diabetes Care, 

Pitman, E. J. G. (1948). Lecture Notes on Nonparametric Statistics. New York: 

Pregibon, D. (1981). Logistic regression diagnostics. Ann. Statist., 9, 705-724. 
Prentice, R. L. (1973). Exponential survivals with censoring and explanatory vari- 

Prentice, R. L. (1978). Linear rank tests with right-censored data. Biometrika, 65, 

Prentice, R. L. and Gloeckler, L. A. (1978). Regression analysis of grouped survival 
data with application to breast cancer data. Biometrics, 34, 57-67. 

Prentice, R. L., Kalbfleisch, J. D., Peterson, Jr., A. V., Flournoy, N., Farewell, V. 
T. and Breslow, N. E. (1978). The analysis of failure times in the presence of 
competing risks. Biometrics, 34, 54 1-554. 

Prentice, R. L. and Marek, P. (1979). A qualitative discrepancy between censored 
data rank tests. Biometrics, 35, 861-7. 

Prentice, R. L., Williams, B. J. and Peterson, A. V. (1981). On the regression 
analysis of multivariate failure time. Biometrika, 68, 373-379. 

Radhakrishna, S. (1965). Combination of results from several 2 x 2 contingency 
tables. Biometrics, 2 1, 86-98. 

Ramlau-Hansen, H. (1 983a). Smoothing counting process intensities by means of 
kernel functions. Ann. Statist., 11, 453-466. 

Ramlau-Hansen, H. (1983b). The choice of a kernel function in the graduation of 
counting process intensities. Scand. Actual: J., 165-1 82. 

Rao, C. R. (1963). Criteria of estimation in large samples. Sankhya, A ,  25, 189-206. 
Rao, C. R. (1973). Linear Statistical Inference and its Application, 2nd Edition. 

New York: Wiley. 
Robbins, H. (1964). The empirical Bayes approach to statistical decision problems. 

Ann. Math. Statist., 35, 1-20. 
Robins, J. N., Breslow, N. E., and Greenland S. (1986). Estimators of the Mantel- 

Haenszel variance consistent in both sparse data and large-strata limiting mod- 
els. Biometrics, 42, 3 11 -323. 

1, 168-188. 

1, 252-263. 

Columbia University. 

ables. Biometrika, 60, 279-288. 

167- 179. 



REFERENCES 521 

Robins, J. N., Greenland, S .  and Breslow, N. E. (1986). A general estimator for the 
variance of the Mantel-Haenszel odds ratio. Am. J. Epidemiol., 124, 719-723. 

Rochon, J. N. (1989). The application of the GSK method to the determination of 
minimum sample sizes. Biometrics, 45, 193-205. 

Ross, S. M. (1983). Stochastic Processes. New York John Wiley & Sons. 
Rothman, K. J. (1986). Modern Epidemiology. Boston: Little, Brown and Com- 

pany- 
Royall, R. M. (1986). Model robust inference using maximum likelihood estimators. 

Int. Statist. Rev., 54, 221-226. 
Rubenstein L. V., Gail, M. H. and Santner, T. J. (198 1). Planning the duration of 

a comparative clinical trial with losses to follow-up and a period of continued 
observation. J. Chronic Dis., 34, 469-479. 

Sahai, H. and Khurshid, A. (1 995). Statistics in Epidemiology. Boca Raton: CRC 
Press. 

SAS Institute Inc. (1995). Logistic Regression Examples Using the SAS system, 
Version 6. Cary, NC: SAS Institute, Inc. 

SAS Institute Inc. (1997). SAS/STAT Sofmare: Changes and Enhancements 
through Release 6.12. Cary, NC: SAS Institute, Inc. 

Schemper M. (1990). The explained variation in proportional hazards regression. 
Biometrika, 77, 216-218. (Correction: 81, 631). 

Schemper, M. (1992). Further results on the explained variation in proportional 
hazards regression. Biometrika, 79, 202-204. 

Schemper, M. and Stare, J. (1996). Explained variation in survival analysis. Stat. 
Men., 15, 1999-2012. 

Schlesselman, J. J. (1 982). Case-Control Studies: Design, Conduct, Analysis. New 
York: Oxford University Press. 

Schoenfeld D. (1981). The asymptotic properties of nonparametric tests for com- 
paring survival distributions. Biometrika, 68, 3 16-3 19. 

Schoenfeld, D. (1 982). Partial residuals for the proportional hazards regression 
model. Biometrika, 69, 239-24 1. 

Schoenfeld, D. (1983). Sample-size formula for the proportional-hazards regression 
model. Biometrics, 39. 499-503. 

Schrek, R., Baker, L. A., Ballard, G. P. and Dolgoff, S. (1950). Tobacco smoking 
as an etiologic factor in disease. I. Cancer. Cancer Res., 10, 49-58. 

Schuster, J. J. (1990). CRC Handbook of Sample Size Guidelines for Clinical 
Trials. Boca Raton, FL: CRC Press. 

Seigel, D. G. and Greenhouse, S. W. (1973). Multiple relative risk hnctions in 
case-control studies. Am. J. Epidemiol., 97, 324-33 1. 

Selvin, S .  (1996). Statistical Analysis of Epidemiologic Data, 2nd edition. New 
York: Oxford University Press. 

Serfling, R. J. (1 980). Approximation Theorems of Statistics. New York: John 
Wiley and Sons. 



522 REFERENCES 

Snedecor, G. W. and Cochran, W. G. (1967). Statistical Methods, 6th Edition. 
Ames, IA: The Iowa State University Press. 

Starmer, C. F., Grizzle, J. E. and Sen, P. K. (1974). Comment. J. Amer: Statist. 

Steffes, M. W., Chavers, B. M., Bilous, R. W. and Mauer, S. M. (1989). The 
predictive value of microalbuminuria. Am. J. Kidney Dis., 13, 25-28. 

Stokes, M. E., Davis, C. S .  and Koch, G. G. (1995). Categorical Data Analysis 
Using the SAS System. Cary, NC: SAS Institute, Inc. 

Tang, D. I., Gnecco, C. and Geller, N. L. (1989). An approximate likelihood ratio 
test for a normal mean vector with nonnegative components with application 
to clinical trials. Biometrika, 76, 577-583. 

Tarone, R. E. (1985). On heterogeneity tests based on efficient scores. Biometrika, 

Tarone, R. E. and Ware J. (1977). On distribution free tests for equality of survival 
distributions. Biometrika, 64, 156- 160. 

Thall, P. F. and Lachin, J. M. (1986). Assessment of stratum-covariate interactions 
in Cox’s proportional hazards regression model. Stat. Med., 5, 73-83. 

Thall, P. F., Russell, K. E. and Simon, R. M. (1997). Variable selection in regression 
via repeated data splitting. J. Comput. Graph. Statist., 6, 416-434. 

Thall, P. Fa, Simon, R. and Grier, D. A. (1992). Test-based variable selection via 
cross-validation. J. Comput. Graph. Statist., 1, 41-61. 

Therneau, T. M., Grambsch, P. M. and Fleming, T. R. (1990). Martingale hazards 
regression models and the analysis of censored survival data. Biometrika, 77, 

Thisted, R. A. (1988). Elements of Statistical Computing. New York: Chapman 
and Hall. 

Thomas, D. G. and Gart, J. J. (1977). A table of exact confidence limits for 
differences and ratios of two proportions and their odds ratios. J. Amer: Statist. 

The relative efficiencies of matched 
and independent sample designs for case-control studies. J. Chronic Dis., 36, 

Tocher, K. D. (1950). Extension of the Neyman-Pearson theory of tests to discon- 
tinuous variates. Biometrika, 37, 130-144. 

Truett, J., Cornfield, J. and Kannel, W. (1967). A multivariate analysis of the risk 
of coronary heart disease in Framingham. J. Chronic Dis., 20, 511-524. 

Tsiatis, A. A. (1981). A large sample study of Cox’s regression model. Ann. 
Statist., 9, 93-108. 

Turnbull, B. W. (1976). The empirical distribution function with arbitrarily censored 
and truncated data. J. Roy. Statist. SOC., B, 38, 290-295. 

University Group Diabetes Program (UGDP) (1970). A study of the effects of 
hypoglycemic agents on vascular complications in patients with adult-onset 
diabetes. Diabetes, 19 (Suppl. 2), Appendix A, 816-830. 

ASSOC., 69, 376-378. 

72, 91-95. 

147-160. 

ASSOC., 72, 73-76. 
Thomas, D. C. and Greenland, S. (1983). 

685-697. 



REFERENCES 523 

US Surgeon General. (1964). Smoking and Health. Publication No. (PHS) 1103. 
US Department of Health, Education, & Welfare. 

US Surgeon General. (1 982). The Health Consequences of Smoking: Cancer. 
Publication No. (PHS) 82-50179. Rockville, MD: US Department of Health 
and Human Services. 

Vaeth, M. (1985). On the use of Wald’s test in exponential families. Int. Statist. 
Rev., 53, 199-214. 

Wacholder, S. and Weinberg, C. R. (1982). Paired versus two-sample design for a 
clinical trial of treatments with dichotomous outcome: Power considerations. 
Biometries, 38, 801-812. 

Wald, A. (1943). Tests of statistical hypotheses concerning several parameters when 
the number of observations is large. Trans. Am. Math. Soc., 54, 426-482. 

Wallenstein, S. and Wittes, J. (1993). The power of the Mantel-Haenszel test for 
grouped failure time data. Biometries, 49, 1077- 1087. 

Walter, S. D. (1975). The distribution of Levin’s measure of attributable risk. 
Biometrika, 62, 371-375. 

Walter, S. D. (1976). The estimation and interpretation of attributable risk in health 
research. Biometries, 32, 829-849. 

Walter, S. D. (1978). Calculation of attributable risks from epidemiological data. 
Int. J. Epidemiol., 7, 175-182. 

Wedderbum, R. W. M. (1 974). Quasilikelihood functions, generalized linear models 
and the Guass-Newton method. Biometrika, 63, 27-32. 

Wei, L. J. and Lachin, J. M. (1984). Two-sample asymptotically distribution-free 
tests for incomplete multivariate observations. J. Amer Statist. Assoc., 79, 

Wei, L. J., Lin, D. Y. and Weissfeld, L. (1989). Regression analysis of multivari- 
ate incomplete failure time data by modeling marginal distributions. J. Amer 
Statist. Assoc., 84, 1065 - 1073. 

White, H. (1980). A heteroskedasticity-consistent covariance matrix estimator and 
a direct test for heteroskedasticity. Econometrica, 48, 817-838. 

White, H. (1982). Maximum likelihood estimation of misspecified models. Econo- 
metrica, 50, 1-25. 

Whitehead, A. and Whitehead, J. (1991). A general parametric approach to the 
meta-analysis of randomized clinical trials. Stat. Med., 10, 1665- 1677. 

Whitehead, J. (1989). The analysis of relapse clinical trials, with application to a 
comparison of two ulcer treatments. Stat. Med., 8, 1439-1454. 

Whitehead, J. (1992). The Design and Analysis of Sequential Clinical Trials, 2nd 
Edition. New York Ellis Horwood. 

Whitternore, A. (1981). Sample size for logistic regression with small response 
probability. J. Amer Statist. Assoc., 76, 27-32. 

Wilks, S. S. (1962). Mathematical Statistics. New York: John Wiley and Sons, 
Inc. 

653-661. 



524 REFERENCES 

Wittes, J. and Wallenstein, S. (1987). The power of the Mantel-Haenszel test. J. 
Amer Statist. Assoc., 82, 400, 1104- 1109. 

Woolf, B. (1955). On estimating the relation between blood group and disease. 
Ann. Human Genet., 19, 251-253. 

Younes, N. and Lachin, J. M. (1997). Link-based models for survival data with 
interval and continuous time censoring. Eiometrics, 53, 1199-121 1. 

Yusuf, S., Peto, R., Lewis, J., Collins, R. and Sleight, T. (1985). Beta blockade 
during and after myocardial infarction: An overview of the randomized trials. 
Progress in Cardiovascular Disease, 27, 335-371. 

Zeger, S. L. and Liang, K. Y. (1986). Longitudinal data analysis for discrete and 
continuous outcomes. Eiometrics, 42, 121-130. 

Zelen, M. (1971). The analysis of several 2 x 2 contingency tables. Eiometrika, 

Zuckerman, D. M., Kasl, S. V. and Ostfeld, A. M. (1984). Psychosocial predictors 
of mortality among the elderly poor: the role of religion, well-being, and social 
contacts. Am. J. Epidemiol., 119, 419-423. 

58, 129-137. 



Aalen, O., 358, 360, 377, 384, 417, 419, 505 
Agresti, A., 42, 505 
Akaike, H., 270, 505 
Altschuler, B., 360, 505 
Amato, D.A., 393, 516 
Amini, S.B., 412, 519 
Anbari, R., 434,437, 51 I 
Andersen, P.K., 353, 384, 388, 392, 414, 

Anderson, J.A., 270, 505 
Anderson, J.R., 382, 506 
Anderson, T.W., 122, 505 
Andrews, D.F., 507 
Anscombe, F.J., 31, 506 
Armitage, P., 382-383, 519 
Arthus, B.S., 191, 314, 517 
Aubert, R.E., 14, 514 
Azen, S.P., 24, 514 
Bailar, J.C., 5-6, 506 
Baker, L.A., 521 
Ballard. G.P., 521 
Bancroft, T.A., 134, 506 
Baptista, J., 24, 514 
Barnard, G.A., 33-35, 506 
Bautista, O.M., 110, 159, 515 
Beach, M.L., 110, 506 
Bean, S.J., 418, 506 
Bennett, P.H., 7, 14, 513 
Bennett, S., 380, 382, 436, 506 
Bemstein, L., 382, 506 

418419,421422, 424,505 

Author Index 

Bickel, P., 449, 458, 506 
Bigger, J.T., 373, 51 I 
Bilous, R.W., 8, 507, 522 
Birch, M.W., 30, 99, 155, 220, 506 
Bloch, D.A., 131, 506 
Blum, A.L., 90, 506 
Borgan, O., 353, 392,414, 418419, 421, 505 
Breiman, L., 270, 506 
Brennan, M.F., 370-372,440, 512 
Breslow, N.E., 13, 93, 97-98, 102, 124-125, 

186, 191, 197-198,204, 223, 247, 271, 

397, 399, 506-507, 519-521 
297, 300, 314-315, 338, 370, 381-383, 

Bronowski, J., I ,  507 
Brown, C.C., 124, 346, 511, 513, 517 
Brown, S.E., 191, 314, 517 
Burgert, E.O., 51 1 ,  434, 437 
Byar, D.P., 124, 222, 224, 255, 445, 507, 509, 

513, 517 
Cain, K.C., 393, 507 
Campbell, M.J., 61, 517 
Canner, P.L., 110, 507 
Chapman, D.G., 74, 518 
Chavers, B.M., 8, 507, 522 
Checkoway, H., 347-348, 51 1 
Clarkson, B.D., 370-372, 440, 512 
Clayton, D., 392, 507 
Clopper, C.J., 15-16, 507 
Cochran, W.G., 4142, 88, 93, 109, 122, 209, 

266, 323, 507, 522 

525 

Biostatistical Methods: The Assessment of’Relative Risks 
John M. Lachin 

Cowriaht 0 2000 bv John Wilev 8, Sons. Inc 



526 Author Index 

Cohen, J., 61, 507 
Collett, D., 312, 353, 359, 399, 507 
Collins, R., 153, 220, 507, 524 
Connett J.E., 192, 507 
Connor, R.J., 192, 508 
Conover, W.J., 44, 508 
Cook, R.J., 53, 508 
Cornfield, J., 32, 40, 52, 172-174, 191, 251, 

270, 371, 508, 522 

384-386, 388, 391, 395,422, 508, 519 
COX, D.R., 212,227-228,247, 318,353,379, 

Cramer, H., 449, 457, 508 
Csaki, F., 505 
Cutler, S.J., 368, 508 
Cuzick, J., 392, 507 
Davis, C.S., 104, 113, 501, 513, 522 
Day, N.E., 13, 124-125, 191, 198, 222, 224, 

255,271, 300, 314-315, 507, 509 
Diabetes Control and Complications Trial 

Research Group (DCCT), 10-1 I ,  

509 
Dean, C., 338, 509 
Deckert, T., 7, 509 
DerSimonian, R., 147, 150, 509 
Desu, M.M.. 61, 410, 509, 512 
Dick, T.D.S., 271, 509 
Diggle, P.J., 503, 510 
Dobson, A,, 494, 510 
Doksum, K., 449, 458, 506 
Dolgoff, S., 521 
Donner, A., 61, 276, 510, 513 
Dom, H.F., 174, 510 
Dyke, G.V., 257, 510 
Early Breast Cancer Trialists’ Collaborative 

Ederer, F., 368, 508 
Efron, B., 210, 293,401,487, 510 
Efroymson, M.A., 267, 510 
Ejigou, A., 184, 510 
Elandt-Johnson, R.C., 353, 369-370, 510 
Ellis, E.N., 8, 507, 523 
Epanechnikov, V.A., 446, 510 
Evans, AS., 13, 106, 514 
Farewell, V.T., 370, 520 
Feigl, P., 385, 510 
Fener, E.J., 370-372, 440, 512 
Finklestein, D.M., 397, 510 
Fisher, R.A., 33, 209, 228, 233-234, 510 
Fitzmaurice, G.M., 151, 517 
Flandre, P., 399, 519 
Fleiss, J.L., 13, 32, 147, 373, 510-511 
Fleming, T.R., 350, 353, 377, 380, 398, 414, 

419, 421, 446, 511, 513, 522 
Flournoy, N., 370, 520 
Foulkes, M.A., 410-412, 515 

188-189, 200,206,407-409,421,424, 

Group (EBCTCG), 510 

Fox, M., 61, 519 
Freedman, L.S., 268, 410, 511 
Frei 111, E., 434, 437, 511 
Freireich, E.J., 434, 437, 51 1 
Frick, H., 144, 511 
Friedman, J.H., 506 
From, E.L., 330, 347-348, 511 
Gabriel, K.R., 118, 518 
Gail, M.H., 124, 155, 338, 346, 391, 411, 511, 

513, 521 
Gart, J.J., 30-32, 36, 57, 89, 99, 102, 226, 243, 

Gastwirth, J.L., 140-141, 308, 381,512 
Gaynor, J.J., 370-372, 440, 512 
Gehan, E.A., 379,434,437,511-512 
Geiss, L.S., 14, 514 
Geller, N.L., 143, 522 
Gendel, B.R., 434, 437, 511 
George, S.L., 410, 512 
Gerkins, V.R., 191, 314, 517 
Gill, R.D., 353, 358,377,384,388, 392,414, 

418419, 421422,424, 505, 512 

511-512, 520,522 

Glmckla, L.A., 394-395, 520 
Gnecco, C., 143, 522 
Goel, P.K., 516 
Goodman, L.A., 312, 512 
Grambsch, P.M., 398, 522 
Gray, R.J., 370, 372, 441, 512 
Green, S.B., 124, 234, 513 
Greenhouse, S.W., 44, 301, 308, 512, 517, 521 
Greenland, S., 43, 9698, 186, 195, 197, 204, 

Greenwood, M.A., 359, 512 
Grier, D.A., 270, 522 
Grizzle, J.E., 44, 122, 253, 512, 522 
Guenther, W.C., 74, 512 
Guilbaud, O., 97, 512 
Hadden, W.C., 7, 14, 513 
Haenszel, W., 40, 88, 92, 95, 113, 186, 209, 518 
Hafner, K.B., 62, 515 
Haldane, J.B.S., 31, 513 
Halperin, M., 96, 124, 513 
Halvorsen, K.T., 300, 507 
Hardison, C.D., 73, 513 
Harrell, F.E., 400, 513 
Hamngton, D.P., 350, 353, 377, 380, 398, 414, 

Hams, M.I., 14, 513 
Harville, D.A., 147, 513 
Hastie, T.J., 263, 267, 513 
Hastings, R.P., 513 
Hauck, W.W., 97-98, 102, 276, 513 
Haurani, F., 434, 437, 51 1 
Helland, I S . ,  399, 485, 513 
Henderson, B.E., 191, 314, 517 
Herzberg, A.M., 507 

223, 512, 520-522 

419, 421,446, 511, 513 



Author Index 527 

Higgins, J.E., 164, 513 
Hillis, S.L., 501, 513 
Hinkley, D.V., 210, 227, 395, 449, 472, 482, 

508, 510 
Hochberg, Y., 117, 513 
Holford, T.R., 338, 5 I3 
Holm, S., 117-118, 513 
Hoogstraten, B., 434, 437, 511 
Hosmer, D.W., 247, 265, 267, 301, 514 
Howard, V., 382-383, 519 
Huber, P.J., 488489, 514 
Hunsicker, L.G., 412, 516 
Hdjek, J., 79, 380, 51 3 
Irwin, J.O., 33, 514 
Johansen, S., 387, 514 
Johnson, N.L., 353, 369-370, 510 
Juhl, E., 506 
Kalbfleisch, J.D., 353, 370-371, 388, 396-397, 

Kannel, W., 270, 522 
Kaplan, E.L., 356-357, 514 
Karlin, S., 318, 514 
Karon, J.M., 195, 514-515 
Kasl, S.V., 111, 524 
Katz, D., 24, 514 
Kay, R., 422, 514 
Keiding, N., 353, 392, 414, 418-419, 421, 505 
Kelsey, J.L., 13, 106, 514 
Kendall, Sir M., 449, 514 
Kenny, S.D., 14, 514 
Kent, J.T., 399-400, 403, 444, 489, 491-492, 

514 
Khurshid, A,, 13, 521 
Klein, J.P., 516 
Kleinbaurn, D.G., 106, 195, 514-515 
Knowler, W.C., 7, 14, 513 
Koch, G.G., 104, 113, 122, 164, 253, 370, 

Kom, E.L., 176, 292, 399, 483, 515 
Koziol, J., 124, 513 
Kruskal, W.H., 312, 512 
Kudo, A., 143, 515 
Kupper, L.L., 52, 62, 106, 195,514-516 
Lachin, J.M., 38, 61, 67-68, 70, 74, 110, 134, 

397, 404, 410412,414,419,445, 506, 

399, 401, 514, 520 

512-514, 522 

142-143, 145, 159, 192, 194, 362,389, 

515-516, 522-524 
Lagakos, S.W., 362, 372-373, 381-382, 391, 

Laird, N.M., 147, 151, 338, 509, 516-517 
Lakatos, E., 412, 516 
Lan, K.K.G., 419, 516 
Lan, S.L., 362, 412, 414, 515-516 
Lange, N.T., 393, 507 
Langston, R.D., 73, 513 
Larsen, M., 509 

515-516 

Laupacis, A., 53, 516 
Lavori, P.W., 5-6, 506 
Lawless, J.F., 338, 353, 384, 509, 516 
Le, C.T., 6142,  518 
Lee, E.T., 353, 516 
Lee, E.W., 393, 516 
Lee, P., 385, 519 
Lee, S., 434, 437, 51 1 
Lehman, E.L., 76 
Lemeshow, S. ,  247, 265, 267, 301, 514 
Leung, H.K., 52, 516 
Levin, M.L., 50, 516 
Lewis, D.K., 195, 515 
Lewis, E.J., 412, 516 
Lewis, J.,  220, 524 
Liang, K.Y., 503, 510, 516, 524 
Limm L.L-Y., 516 
Lin, D.Y., 303, 392-393, 398, 401, 406, 493, 

Lipsitz, S.H., 151, 517 
Little, C.R., 370-372, 440, 512 
Louis, T.A., 5-6, 19, 506, 517 
Lunn, M., 372, 517 
Lupus Nephritis Collaborative Study Group, 362, 

Machin, D., 61, 517 
Mack, T.M., 191, 314, 517 
Madalla, G.S., 487, 517 
Magee, L., 487, 517 
Mallows, C.L., 270, 517 
Mantel, N., 40, 44, 88, 92, 95, 113, 124, 186, 

516-517, 523 

412,414, 515-516 

209,268,276, 377-379, 382-383, 513, 
51 7-5 19 

Marcus, R., 117, 518 
Marek, P., 379-380, 520 
Marubini, E., 353, 369, 372,441, 518 
Mauer, S.M., 8, 507, 522 
Maxwell, A.E., 203, 518 
McCanless, I., 370, 514 
McCullagh, P., 339,494, 499-500, 503, 518 
M c D m t t ,  M., 373, 51 1 
McHugh, R.B., 61-62, 184, 192, 507, 510, 518 
McKinlay, S.M., 102, 518 
McNeil, D., 372, 517 
McNernar, Q., 181, 518 
McPherson, K., 382-383, 519 
Mehroh-a, K.G., 380, 518 
Mehta, C., 35-36, 518 
Meier, P., 99, 110, 356-357, 506, 514, 518 
Meng, R.C., 74, 518 
Michalek, J.E., 380, 518 
Miettinen, O.S., 18,4344, 50, 96, 193, 195, 518 
Mihalko, D., 380, 518 
Miller, A.J., 268-269, 518 
Miller, H.D., 318, 508 
Miller, J.P., 373, 51 1 



528 Author Index 

Mills, S.D., 434, 437, 511 
Mogensen, C.E., 59,518 
Moon, J.H., 434, 437, 511 
Moon, T., 373, 51 1 
Moore, D.F., 338, 518 
Morgenstern, H., 106, 195, 514-515 
Mori, M., 370-371,519 
Morris, C.N., 151, 518 
Moses, L.E., 131, 506 
Moss, A.J., 373, 511 
Nagelkerke, N.J.D., 296, 519 
Nelder, J.A., 339, 494, 499, 503, 518-519 
Nelson, W., 360, 417, 519 
Neyman, J., 480, 508, 514, 519 
Noether, G.E., 75, 519 
O’Quigley, J., 399-400, 403, 444, 514, 519 
Oakes, D., 353, 373, 508, 511 
Odeh, R.E., 61,519 
Oliver, D., 338, 510, 516 
Olshen, R.A., 506 
Orav, E.J., 151, 517 
Ostfeld, A.M., 111, 524 
Palta, M., 412,519 
Patel, N., 35-36,518 
Patterson, H.D., 257,510 
Pearson, E.S., 507 
Pee, D., 268, 511 
Pepe, M.S., 370-372,519 
Peritz, E., 117, 518 
Perlman, M.D., 143,519 
Peterson, A.V., 358,370,401,422,436, 

5 19-520 
Peto, J., 370-371, 378-380, 382-383, 519 
Peto, R., 153,220,378-380,382, 385,397,507, 

519, 524 
Petrov, B.N., 505 
Pettigrew, H.M., 31,520 
Pfeffer, R.I., 191, 314, 517 
Piantadosi, S., 51 1 
Pike, M.C., 24, 191, 314, 382, 385, 514, 517, 

Pinkel, D., 434,437, 51 1 
Pirart, J., 8, 520 
Pitman. E.J.G., 75, 520 
Polansky, M., 5 4 , 5 0 6  
Poulsen, J.E., 509 
Pregibon, D., 265, 267, 520 
Prentice, R.L.. 300, 353, 370-371, 379-380, 

388,394-397, 399,401,422,443, 507, 
514, 520 

5 19-520 

Quade, D., 73, 513 
Radhakrishna, S., 128,226, 520 
Raghavarao, D., 61, 509 
Ralston, A., 510 
Ramlau-Hansen, H., 418-419, 520 

Rao, C.R., 130, 449, 453, 458, 462,470,479, 

Rasmussen, N.K., 419, 505 
Reiner, E., 399, 519 
Robbins, H., 151, 520 
Roberts, R.S., 53, 516 
Robins, J.N., 97, 186, 197, 204, 223, 372-373, 

516, 520-521 
Rochon, J.N., 283, 285, 521 
Rohde, R.D., 412,516 
Rolnitzky, L.M., 373, 511 
Ross, S.M., 318, 521 
Rothman, K.J., 106, 521 
Royall, R.M., 489, 521 
Rubenstein, L.V., 411, 521 
Russell, K.E., 270, 522 
Sabai, C., 300, 507 
Sackett, D.L., 53,508, 516 
Sahai, H., 13, 521 
Santner, T.J., 346,411, 511, 521 

Schemper, M., 305,399-400, 519, 521 
Schlesselman, J.J., 105, 194, 521 
Schoenfeld, D., 378, 381,390, 399, 410,412, 

437, 516,521 
Schrek, R., 174, 521 
Schroeder, L.R., 434,437, 51 1 
Schuster, J.J., 61, 521 
Seigel, D.G., 301, 521 
Selawry, O.S., 434,437, 51 1 
Selvin, S., 13, 521 
Sen, P.K., 44, 522 
Serfling, R.J., 457, 521 
Sidik, Z., 79, 380, 513 
Simon, R.M., 270,292, 399, 483,515, 522 
Sleight, T.. 220, 524 
Smith, J.A., 192, 507 
Smith, P.G., 382-383, 519 
Snedecor, G.W., 266,522 
Snell, E.J., 508 

Staquett, M.J., 519 
Stare, J., 400, 521 
Starmer, C.F., 44, 122,253, 512, 522 
Steffes, M.W., 8, 507,522 
Stokes, M.E., 104, 113, 522 
Stone, C.J., 506 
Stone, M.C., 271,509 
Stons, R., 434, 437, 51 1 
Straus, D.J., 370-372, 440, 512 
Stuart, A., 449, 514 
Sylvester, R.J., 519 
Tan, C.C., 370-372,440. 512 
Tang, D.I., 143, 522 
Tarone, R.E., 512, 522 
Taylor, H.M., 318, 514 

520 

SAS, 513,521-522 

spun; C.L., 434,437,511 



Author Index 529 

Thall, P.F., 270, 389, 404, 445, 515, 522 
Themeau, T.M., 373,398, 511, 522 
Thisted, R.A., 32, 151,232, 234, 305, 522 
Thomas, D.C., 195, 522 
Thomas, D.G., 31, 33, 36. 57,520, 522 
Thompson, W.D., 13, 106, 514 
Tibshirani, R.J., 263, 267, 513 
Tocher, K.D.. 44, 522 
Truea, J., 270, 522 
Tsiatis, A.A., 388, 522 
Tsokos, C.P., 418, 506 
Tumbull, B.W., 397, 522 
Tygstrup, N., 506 
US Surgeon General, 6,523 
University Group Diabetes Program (UGDP), 522 
Vaeth, M., 276, 523 
Velsecchi, M.G., 353,369, 371-372,441, 518 
Wacholder, S., 195, 523 
Wald, A., I 15, 476, 523 
Wallenstein, S., 155,412, 523-524 
Walter, S.D., 31, 50, 52-53, 523 
Ward, J.F., 370, 514 
Ware, J.H., 124, 380, 513, 522 

Wedderbum, R.W.M., 494,500, 519, 523 
Wei, L.J., 134, 142-143, 303, 392-393, 398, 

Weinberg, C.R., 195, 523 
Weissfeld, L., 393, 401, 523 
White, H., 234, 489, 493, 523 
Whitehead, A., 220, 523 
Whitehead, J., 220, 395, 523 
Whittemore, AS., 13, 106, 283, 514, 523 
Wieand, S., 391, 511 
Wilf, H.S., 510 
Wilks, S.S., 16, 523 
William, B.J., 401, 422, 520 
Wittes, J.T., 155,412,419, 516,523-524 
Wolman, L.J., 434, 437, 511 
Woolf, B., 16, 524 
Wu, D.H., 370-372,440, 512 
Younes, N., 397,524 
Yusuf, S., 153, 220, 507, 524 
Zeger, S.L., 503, 510, 516, 524 
Zelen, M., 124, 385, 510, 524 
Zing, Z., 398, 517 
Zuckerman, D.M., 111, 524 
Zweifel, J.R., 30-3 I ,  512 

401,493,515-517,523 



Index 

2 x 2  Table, 19 
See nlso Matched Pairs nnd Stratified 

Analysis of 2 x 2  Tables 
Cochran’s Test, 40, 56 
Conditional Hypergeometric Likelihood, 28 
Fisher-Irwin Exact Test, 33 
Likelihood Ratio Test, 42 
Mantel-Haenszel Test, 40 
Measures of Association, 19 
Product Binomial Likelihood, 28 
Unconditional Test, 39 

Aalen-Gill Test Statistics, 419 

Mantel-Haenszel Tests 
See also Counting Process and Weighted 

GP Family of Tests, 421 
Logrank Test, 421 
Wilcoxon Test, 421 

Absolute Risk, 3 
Accelerated Failure Time Model, 429 

Exponential, 427 
Log-Logistic, 432 
Weibull, 430 

Actuarial Lifetable, 368 
Akaike’s Information Criterion, 270 
Analysis of Covariance (ANCOVA), 107 
Antagonism, 106 
Applications of Maximum Likelihood and 

Asymptotic Distribution of the Efficient Score 
Efficient Scores, 209 

and the MLE, 471 

Asymptotic Relative Efficiency, 78, 134-135 
Competing Tests, 133 
Radhakrishna Family, 134-135, 163 
Stratified Versus Unstratified Analysis of Risk 

Differences, 80, 85 
Asymptotically Unbiased Estimates, 30 

Odds Ratio, 31 
Relative Risk, 31 

Attributable Risk, 50 

Barnard’s Exact Unconditional Test for 2 x 2  
Tables, 34 

Best Linear Unbiased Estimator (BLUE), 463 
Binomial Distribution, 14 

See also Population Attributable Risk 

Asymmetric Confidence Limits, I5 
Asymptotic Distribution, 15 
Case of Zero Events, 19, 54 
Clopper-Pearson Confidence Limits, 15 
Complimentary Log-Log Confidence Limits, 17 
Exact Confidence Limits, 15 
Large Sample Approximations, 14 
Large Sample Variance, 15 
Logit Confidence Limits, 16 
Maximum Likelihood Estimation, 209, 238 
Test-Based Confidence Limits, 18 

Binomial Regression Model, 257 
See nlso Logit Model 

Complimentary Log-Log Link, 258, 306 
Family of Models, 257 
Generalized Linear Models, 258 

Biostatistical Methods: The Assessment of’Relative Risks 
John M. Lachin 

Cowriaht 0 2000 bv John Wilev 8, Sons. Inc 



Log Link Score Test, 308 
Log Link, 258, 306 
Logit Model, 250 
Probit Link, 258, 307 

Biomedical Studies, Types of, 5 
Biostatistics, 2 
Bonferroni Adjustment, 117 
Breslow-Day Test for Odds Ratios, 124 

See also Tarone’s Test 
C(a)  Test, 480 

See also Score Test 
Case-Control Study, 6-7, 169, 189 

Matched, 189 
Unmatched, 169 

Cauchy-Schwartz Inequality, I30 
Causal Agent, 6 
Cause-Specific Hazard Function, 370 
Censoring 

At Random, 354-355 
Interval, 394, 397 
Right, 354 

Central Limit Theorem, 451 
Liapunov’s Theorem, 453 
Lindberg-Levy Theorem, 453 
Multivariate Case, 453 

Clinical Trial, 6 
Clopper-Pearson Confidence Limits, 15 
Cochran’s Model for Stratified Versus 

Unstratified Analysis of Risk Differences, 
80, 109 

Cochran’s Poisson Variance Test, 323 
Cochran’s Stratified Test of Association 

2 x 2  Tables, 93, 155, 159 
As a C(a)  Test, 224 
Pair-Matched Tables, 198 
Radhakrishna Family, 128 
Relative Risks of Poisson Intensities, 347 

Expected Value, 148 
Stratified 2 x 2  Tables, 122 
Stratified Analysis of Pair-Matched Tables, 198 
Stratified Relative Risks of Poisson Intensities, 

Cochran’s Test of Homogeneity, 122 

347 
Cochran’s Test for 2 x 2  Table, 40, 219 
Cohort Study, 6-7 
Comparison of Survival Probabilities for Two 

Comparison of Weighted Tests for Stratified 2 x 2  

Competing Risks, 370 

Groups, 361 

Tables, 145 

Cause-Specific Hazard Function, 370 
Crude (Mixed) Rate, 371 
Exponential Survival, 433 
Net (Pure) Rate, 371 
Sub-Distribution Function, 371-372 

Assessing the PH Model Assumption, 397 
In Discrete Time PH Model, 395 
Of a Probability, 54 
Of Survival Function, 359 

Conditional Generalized Linear Models for 

Conditional Hypergeometric Likelihood, 28 
Matched Sets, 502 

Maximum Likelihood Estimation, 219, 240, 
244 

Score Test, 219 
Stratified, 237 

Matched Pairs, 177 
Conditional Independence, 177, 183,227 

Conditional Large Sample Test and Confidence 
Limits for Conditional Odds Ratio, 185 

Conditional Large Sample Variance for 2 x 2  
Table, 40, 56 

Conditional Logistic Regression Model for 
Matched Sets, 296 

1 : l  Matching, 300 
Explained Variation, 303 
Fitting the Conditional PH Model, 301 
Fitting the Model, 301 
Madalla’s RZ, 305 
Maximum Likelihood Estimation, 299 
PROC PHREG, 301 
Robust Inference, 303 

Conditional Mantel-Haenszel Analysis for 

Conditional Odds Ratio for Matched Pairs, 183 
Matched Pairs, 223 

Case-Control Study, 189 
Conditional Large Sample Test and Confidence 

Exact Confidence Limits, 184 
Large Sample Confidence Limits, 184 
Large Sample Variance, I85  
Retrospective, 190 
Stratified Tests of Association and 

Limits, 185 

Homogeneity, 198 

Matched Sets, 344 
Conditional Poisson Regression Model for 

Conditional Within-Strata Analysis, 89 
Confounding and Effect Modification, 105 
Confounding, 105-106 
Consistent Estimator, 452 

fi-Consistent, 453 
Contingency chi-square Test 

2 x 2  Table, 39 
Equivalence to Z-Test for Two Proportions, 58 
Power and Sample Size, 74 
Homogeneity of Matched Sets, 198 
R x C  Table, 39 

Continuity Correction, 44 
Convergence in Distribution, 450 

Slutsky‘s Theorem, 457 
Complimentary Log-Log Transformation, 17-1 8 Transformations: Slutsky’s Theorem, 458 



Convergence in Probability, 449 

Count Data, 317 
Counting Process, 41 5 

Asymptotic Distribution, 471 
Slutsky’s Theorem, 458 Efficient Score Test, See Score Test 

Efficient Tests, 79 
Risk Difference for Stratified 2 x 2  Tables, 82 
Radhakrishna Family for Stratified 2 x 2  

Stratified Conditional Odds Ratio for Matched 

Stratified Marginal Relative Risk for Matched 

Aalen-Gill Test Statistics, 419 
Cumulative Intensity, 4 1 W 1 7  Tables, 128 
Filtration, 416 
Intensity, 416 Pairs, 198 
Intensity Estimate, 418 
Kemel Smoothed Intensity Estimate, 418 Pairs, 199 
Martingale Transform, 420 Entropy R2 
Martingale, 417 2 x 2  Table, 46 

Compensator, 4 17 
Submartingale, 417 

Logistic Regression Model, 295 
Entropy Loss in Logistic Regression Model, 293 
Epanechnikov’s ~ ~ ~ ~ 1 ,  419 

Estimation Efficiency, 79 
Estimation Precision and Sample Size, 62 
Event Rate, 317, I I  
Event-Time Data, 353 
Exact Confidence Limits 

A Probability, 15 
Conditional Odds Ratio for Matched Pairs, 184 
Odds Ratio for Independent Groups, 32 
Relative Risk for Independent Groups, 33, 57 
Risk Difference for Independent Groups, 33, 57 

Nelson-Aalen Estimate of Cumulative Intensity, 

Predictable Process, 420 
Stochastic Integral, 420 

Cox’s Logit Model for Matched Pairs, 184 
Cram&-Rao Inequality, 470 

Efficient Estimates, 470 
Cross-Sectional Study, 6, 14 
Cumulative Hazard Function, 354 

Kaplan-Meier Estimate, 359 
Nelson-Aalen Estimate, 360 

Cumulative Incidence, 11 
Cumulative Intensity Function 

Nelson-Aalen Estimate, 417 
Cumulative Intensity, 318 
&Method, 455 

Multivariate Case, 456 
DerSimonian and Laird Random Effects Model Test for 2 x 2  33 

for Stratified 2 x 2  Tables, 147, 164 
Deviance, 494, 498 Examples 

Diabetes Control and Complications Trial, 9, 188, 
260, 200, 206, 260, 276277, 281, 
29@-291, 296, 322-323, 327, 331, 333, 
337, 341, 373,407408,421,424 

417 Epidemiology, 2 

Exact Inference for 2 x 2  Table, 32 
Exact Test 

34 
Barnard’s Unconditional Test for 2 x 2 Table, 

Matched Pairs, 179 

Actuarial Lifetable in PROC LIFETEST, 376 
ARE of Normal Mean:Median, 78 
Case-Control Study (Matched 

Cholesterol and CHD (Number Needed to 

Clinical Trial in Duodenal Ulcers (Stratified 
2 x 2  Tables, 90, 94, 98, 101, 110, 118, 
123, 132, 138, 141, 144, 151, 257 

Conditional MLE, Ulcer Clinical Trial, 237 
Conditional Power (McNemar’s Test), 193 
Coronary Heart Disease in the Framingham 

Interacton in Logistic Regression, 288 
Logit Model, 251, 254 
Population Attributable Risk, 52 

Sample Size), 195 
Diabetes, 4 

Hypoglycemia, 11 Treat), 53 
Nephropathy, 4 

Albumin Excretion Rate (AER), 4 
Microalbuminuria, 4, 10-11, 59 
Natural History, 7 

Neuropathy, 22, 32 
Retinopathy, 4 

308 
Direct Adjustment Using Logistic Regression, 

Discrete or Grouped Time Lifetable, 368 
Doubly Homogeneous Poisson Model, 3 I8 
Effect Modification, 105 
Efficiency, 75, 129-130 Squares), 464 

Study 

Correlated Observations (Weighted Least 

DCCT Hypoglycemia Incidence, 421 
DCCT Hypoglycemia Risk, 424 
DCCT Nephropathy Data (Grouped lifetable), 

260, 276277,281, 296 

Cram&-Rao Inequality, 470 
Estimation Efficiency, 79 
Pitman Efficiency, 75 

Efficient Score, 466 



DCCT Nephropathy:Hbal, By Blood Pressure 

DCCT Nephr0pathy:Treatment By Duration 

DCCT Time-Dependent Hbalc and 

Estrogen Use and Endometrial Cancer 

Exact Inference Data, 41, 45 
Exact Inference, 35 
Frequency Matching, 176 
Heteroscedasticity (Weighted Least Squares), 

Homoscedastic Normal Errors Regression 

Homscedastic Normal Errors Regression 

Hospital Mortality (A Proportion), 18 
Hospital Mortality (Poisson MLE), 474 
Hypoglycemia in the DCCT (Rates), 322-323, 

327, 331, 333, 337, 341 
Hypothetical Data (Conditional Logit Model 

for Matched Pairs), 23 1 
Ischemic Heart Disease (Logistic Regression in 

Unmatched Retrospective Study), 271 
Large Sample (Matched Pairs), 182, 186 
Log Odds Ratio, 222 
Log(p) (&Method), 456 
Log(p) (Slutsky’s Theorem), 459 
Low Birth Weight (Conditional Logistic 

Lupus Nephritis: A Study (Survival Sample 

Member-Stratified Matched Analysis, 200 
Meta-Analysis of Effects of Diuretics on 

Multinomial Distribution (Central Limit 

Multinomial Generalized Logits (Multivariate 

Multinomial Generalized Logits (Slutsky’s 

Multiple Linear Regression Model (Explained 

Multiple Regression Model Test (Power For), 

Nephropathy in the DCCT (Lifetables), 373, 

Neuropathy Clinical Trial (2x2 Table), 22, 24, 

Planning A Study (Sample Size For), 71 
Poisson Counts (Tests of Significance), 482 
Poisson-Distributed Counts (Information 

Sandwich), 492 
Poisson-Distributed Counts (Maximum 

Likelihood Estimation), 473 

Interaction, 291 

Interaction, 290 

Nephropathy, 407 

(Matched Case-Control Study), 191 

464 

(Information Sandwich), 493 

(MLE From Non-iid Observations), 475 

Model), 301 

Size), 413 

Pre-Eclampsia, 152 

Theorem), 454 

&Method), 457 

Theorem), 460 

Variation), 485 

74 

383 

26-27, 32, 41,43,45 

Pregnancy and Retinopathy Progression, 188, 
200 

Recombination Fraction (Newton-Raphson), 
234 

Religion and Mortality (Stratified 2 x 2  Tables), 
111, 118, 123, 139, 141, 144, 152 

Robust Information Sandwich, 405 
Simple Proportion (Central Limit Theorem), 

Simpson’s Paradox, 113 
Single Proportion (Sample Size For), 63 
Small Sample (Exact Limits for Matched 

Small Sample (Exact Test for Matched Pairs), 

Smoking and Lung Cancer (Case-Control 

Squamous Cell Carcinoma (Survival Analysis), 

Stratified Analysis (Sample Size for Logistic 

Test for Proportions (Power For), 74 
Three Strata With Heterogeneity (Power and 

Two Homogeneous Strata (Radhakrishna 

Two Strata (ARE Versus Unstratified), 83 
Ulcer Clinical Trial (Stratified 2 x 2  Tables), 

Ulcer Clinical Trial: Stratum By Group 

Unconditional Sample Size (McNemar’s Test), 

453 

Pairs), 185 

180 

Study), 174 

362, 382,402 

Regression), 284 

Sample Size), 158 

Family), 134, 138 

216, 222-223 

Interaction, 288 

192 
Explained Variation, 483 

Conditional Logistic Model, 303 
Entropy R2, 46 
Entropy Loss, 487 
Logistic Regression Model, 292, 31 1 
Madalla’s RZR, 487 
Negative Log Likelihood Loss, 487 
PH Model, 399 
Poisson Regression Model, 337, 350 
Residual Variation, 486 
Squared Error Loss, 484 
Uncertainty Coefficient, 46 

Accelerated Failure Time Model, 427 
Maximum Likelihood Estimation, 426 

Family of Binomial Distribution Regression 
Models, 257 

Family of Tests, 133 

Exponential Survival Distribution, 354, 409, 426 

Radhakrishna Family for 2 x 2  Stratified 

GP Family of Tests for Hazard Functions, 380 
Weighted Mantel-Haenszel Tests, 377 

Tables, 128, 133 

First-Step Iterative Estimate, 150, 326 



Fisher Scoring, 221, 233 
Fisher’s Information Function, 467 

See also Information 
Fisher-Irwin Exact Test, 33 
Fixed Effects, 155 
Fixed-Point Iterative Method, 150, 326 
Frailty Model, 392 
Frequency Matching, I75 
Gallstones, 58 
Gastwirth Maximin EMicient Robust Test 

(MERT), 140 
Scale Robust Test, 140 
G P  Family, 382 
Radhakrishna Family, 140 

Gauss-Markov Theorem, 462 
Gehan-Wilcoxon Test for Lifetables, 379 
Generalized Additive Models, 263, 267 
Generalized Estimating Equations (GEE), 503 

Poisson Regression Model, 341 
Generalized Linear Models, 494 

Binomial Regression Models, 257 
Canonical Link Function, 498 
chi-square Goodness of Fit, 500 
Conditional for Matched Sets, 502 
Deviance, 498 
Exponential Family, 495 
Generalized Estimating Equations (GEE), 503 
Link Function, 494 
Minimum chi-square Estimation, 501 
Quasi-Likelihood Functions, 500 
SAS PROC GENMOD, 253 

Function Estimate, 359 
Greenwood’s Estimate of Variance of Survival 

G P  Family of Tests for Survival Functions, 380 

Haldane-Anscombe Estimates, 3 1 
Hazard Function, 354 

Cause-Specific Competing Risk, 370 
Estimation, 359 
Kaplan-Meier Estimate, 436 

See also Weighted Mantel-Haenszel Test 

Hessian, 469 
Heterogeneity, 106, 1 19 
Homogeneity, 108 
Homogeneous Poisson Process, 3 18 
Homogeneous Poisson Regression Model, 330 
Homoscedastic Normal Errors, 487 
Hypergeometric Distribution, 28 

Central, 3 4 , 5 6 5 7  
Non-Central, 28, 33, 99 
Large Sample Approximation, 40 

Incidence, I I ,  14 
Information, 467 

Estimated Information, 472 
Expected Information, 469 
Information Equality, 468 
Information Function, 467 

Observed Information, 469 

Logistic Regression Model, 280, 309 
Poisson Regression Model, 341 
Proportional Hazards Models, 392 
Robust Score Test in Logistic Regression 

Wald Test in Logistic Regression Model, 281 

Poisson process, 3 18 
Counting process, 416 

In tent-to-Treat 
Lifetable, 373 
Principle, 3 

Logistic Regression Model, 285, 310 

Information Sandwich Variance Estimate, 488 

Model, 281 

Intensity 

Interactions, 106, 119 

Qualitative-Qualitative Covariate Interaction, 

Quantitative Covariate Interaction, 290 
286 

PH Regression Model, 389 
Interval Censoring, 368, 394, 397 
Invariance Principle (Of MLE), 473 
lnvariance Under Transformations, 473 
Iterative Maximum Likelihood, 23 1 
Iteratively Reweighted Least Squares (IRLS), 465 
Kalbfleisch-Prentice Marginal PH Model, 396 
Kaplan-Meier Estimate 

Cumulative Hazard Function, 359 
Hazard Function, 436 
Survival Function, 356 

Kernel Smoothed Intensity Estimate, 418 
Law of Large Numbers (Weak Law), 451 
Least Squares Estimation, 460 

Gauss-Markov Theorem, 462 
Iteratively Reweighted Least Squares, 465 
Ordinary Least Squares, 460 
Weighted Least Squares, 463 

Liapunov’s Central Limit Theorem, 453 
Lifetable Construction, 368 
Likelihood Function, 465 
Likelihood Ratio Test, 478 

2 x 2  Table, 42, 217 
Composite Test, 478 
Conditional Logit Model (Matched Pairs), 230 
Logistic Regression Model, 272 
Logit Model, 217 
Matched Pairs, 230 
RxC Table, 42 
Test of A Sub-Hypothesis, 478 
Proportional Hazards Models, 391 
Type 111 Option in PROC GENMOD, 273, 277 

Lin’s Test of the PH Assumption, 397 
Lindberg-Levy Central Limit Theorem, 453 
Linearized Rate, 318 
Link Function, 263 
Local Alternative, 75, 129, 161 



Log Risk Model 

Log-Logistic Survival Dishibtion, 431 

Logistic Function, 16, 18, 60 
Logistic Model 

Maximum Likelihood Estimation, 240 

Accelerated Failure Time Model, 432 

Cox’s Adjustment for Ties in the PH Model, 
396,442 

Logistic Regression and Binomial Logit 
Regression, 250 

Logistic Regression Model, 247 

Model for Matched Sets 
See also Conditional Logistic Regression 

Conditional Model for Matched Sets, 298 
Confidence Limits on Conditional Probability, 

Direct Adjustment, 308 
Disproportionate Sampling, 270 
Entropy Loss, 293 
Explained Variation, 292, 31 1 
Independent Observations, 247 
Information Sandwich Variance Estimate, 280, 

Interactions, 285, 310 

250 

309 

Qualitative-Qualitative Covariate Interaction, 

Quantitative Covariate Interaction, 290 
286 

Interpretation, 259 
Likelihood Ratio Test, 272 

Model Test, 272 
Test of Model Components, 272 

Log(X) Transformation, 307 
Madalla’s R2, 295 
Max Rescaled R2, 296 
Maximum Likelihood Estimation, 248, 305 
Model Coefficients and Odds Ratios, 259 
Newton-Raphson Iteration, 252 
Over-Dispersion, 278 
Partial Regression Coefficients, 263 
Power and Sample Size, 283, 309 
Robust Inference, 278 
SAS Procedures, 253 
Score Test, 273, 308 

Model Test, 273 
Test of Model Components, 275 

Squared Error Loss, 292 
Stepwise Procedures, 267 
Stratified 2 x 2  Tables, 255 
Unconditional Model for Matched Sets, 297 
Unmatched Case-Control Study, 271 
Wald Tests, 275 

Logit Confidence Limits 
Probability, 16 
Survival Function, 435 

Logit Model, 59,212 
2 x 2 Table, 59 

Binomial Regression Model, 250 
Matched Case-Control Study, 231 
Matched Pairs 

Conditionally, 228, 243 
Unconditionally, 226 

Maximum Likelihood Estimation, 212, 238 

Aalen-Gill Family Test, 421 
As a PH Regression Model Score Test, 442 
Weighted Mantel-Haenszel Test, 378 

Conditional Logistic Model, 305 
Logistic Regression Model, 295 
Poisson Regression Model, 337 
PH Regression Model, 400 

Mallow’s C,,, 270 
Mantel-Haenszel Analysis, 89 

Matched Pairs, 186, 205 
Pair-Matched Tables, 197 
Stratified 2 x 2  Tables, 89 

Matched Pairs, 186 
Stratified 2 x 2  Tables, 95 
Stratified-Adjusted Odds Ratio, 95 

Logrank Test, 378 

Madalla’s R i R ,  487 

Mantel-Haenszel Estimates, 95, 160 

Large Sample Variance of Log Odds Ratio, 
96 

Stratified-Adjusted Relative Risk, 95 

2 x 2 Table, 40 
Matched Pairs, 186 
Null and Alternative Hypothesis, 94, 119 
Power and Sample Size, 155 
Score Test for 2 x 2  Table, 220 
Score Test for Stratified 2 x 2  Tables, 223 
Stratified 2 x 2  Tables, 92 
Weighted, For Lifetables, 377 

As PH Model Score Test, 442 

Prospective Study, 187 
Retrospective Study, 191 
Stratified Analysis, 199 

Mantel-Haenszel Test, 40, 93 

Mantel-Logrank Test, 378 

Marginal Relative Risk for Matched Pairs 

Martingale, 417 
See also Counting Process 

Matched Case-Control Study, 189 
Conditional Logit Model, 231 
Conditional Odds Ratio, 189, 231 

Case-Control Study, 189 
Conditional Logit Model, 184, 228, 243 
Conditional Odds Ratio, 183, 191 
Correlation, 202 
Cross-Sectional Or Prospective, 176 
Exact Test, 179 
Mantel-Haenszel Analysis, 186 
Marginal Relative Risk, 187, 191 

Matched Pairs, 176 



McNemar's Test, 180 
Measures of Association, 183 
Stratified Analysis, 195 
Tests of Marginal Homogeneity, 179 
Tests of Symmetry, 179 
Unconditional Logit Model, 226 

Matching Efficiency, 195 
Matching, 6, 175, 183, 189 
Matrices, 450 
Maximin Efficiency, 139 
Maximin Efficient Robust Test (MERT) 

Gashvirth Scale Robust MERT, 141 
GP Family, 382 
Radhakrishna Family, 140 
Wei-Lachin Test of Stochastic Ordering, 142 

Asymptotic Distribution of MLE, 471 
Asymptotic Distribution of Score, 471 
Binomial Distribution, 238 
Conditional Hypergeometric Likelihood, 219, 

Conditional Logistic Model, 299 
Consistency and Asymptotic Efficiency of the 

MLE, 472 
Efiicient Score, 466 
Estimated Information, 472 
Estimating Equation, 465 
Expected Information, 469 
Exponential Survival Distribution, 426 
Fisher Scoring, 233 
Independent But Not Identically Distributed 

Observations, 474 
Information Inequality, 467 
Information, 467 
Invariance Under Transformations, 473 
Likelihood Function, 465 
Log Risk Model, 240 
Logistic Regression Model, 248, 305 
Logit Model for 2 x 2  Table, 212 
Logit Model, 238 
Multiplicative Intensity Model, 423 
Newton-Raphhson Iteration, 232 
Observed Information, 469 
Odds Ratio for Independent Groups, 29 
Odds Ratio in Stratified Product Binomial 

Likelihood, 242, 245 
Poisson Model, 319 
Poisson Regression Model, 330 
Proportional Hazards Model, 390 
Relative Risk in Stratified Product Binomial 

Stratified Conditional Hypergeometric 

Stratified-Adjusted Odds Ratio, 99 
Weibull Survival Distribution, 428 

Maximum Likelihood Estimation, 466 

240,244 

Likelihood, 243 

Likelihood, 237, 241 

McNemar's Test, 180, 185-186, 204-205, 230, 
244 

Mean Square Error 

Measurement Error Model, 146, 163 
Measures of Association 

2 x 2  Table, 19 
Matched Pairs, 183 

Variance and Bias, 102 

Measures of Relative Risk in 2 x 2  Table, 19 
Meta-Analysis, 88, 147, 152 
Minimum chi-square Estimation, 501 
Minimum Variance Linear Estimates (MVLE) 

Pair-Matched Tables, 197, 205 
Stratified-Adjusted, 99, 160, 347 
Versus Mantel Haenszel Estimates, 101, 160 

Minimum Variance Unbiased Estimates (MVUE), 

Model Building: Stepwise Procedures, 267 
470 

Backwards Elimination, 267-268 
Cross-Validation, 270 
Forward Selection, 267 
Reduced Model Bias, 269 

Modified Kaplan-Meier Estimate, 369 
Moment Estimate, 163 

Measurement Error Model, 163 
Random Effect Variance Component, 150 

Poisson Model, 324 
Recombination Fraction, 235 

Multinomial Distribution, 42 
Central Limit Theorem, 454 

Multiplicative Intensity Model, 414, 422 
Likelihood Function, 423 
Maximum Likelihood Estimation, 423 

Multivariate Null Hypothesis, I14 
Multivariate Tests of Hypotheses, 114 
Natural History of Disease Progression, 3 
Nature of Covariate Adjushnent, 105 
Negative Log Likelihood Loss, 487 

Poisson Regression Model, 337 
Nelson-Aalen Estimate 

Cumulative Hazard Function, 360 
Cumulative Intensity Function, 41 7 
Hazard Function, 359 
Survival Function, 360 

Newton-Raphson Iteration, 232 
Neyman-Pearson Hypothesis Test, 37 

General Considerations, 36 
NIH Model, 147 
Non-Central Factor, 68 
Non-Centrality Factor, 73 
Non-Centrality Parameter, 33, 68, 73-75, 155 
Notation, 449 
Number Needed to Treat, 53, 59 
Odds Ratio, 26 

Asymptotic Distribution, 26 
Conditional (Matched Pairs), 183 



Log Odds Ratio 
Asymptotic Distribution, 24 
Large Sample Variance, 27, 55 

Logistic Regression Model Coefficients, 259 
Retrospective, 170 

Null and Alternative Hypotheses, 1 I5 
Partitioning of the Alternative Hypothesis, 1 I8  
Stratified 2 x 2 Tables, 1 1 5 

Optimal Weights 
Efficient Tests for Stratified 2x2 Tables, 131 
MVLE, 100 
Weighted Mantel-Haenszel Test for Lifetables, 

378 
Weights Inversely Proportional to the 

Variances, 82, 85, 99, 101, 127 

Omnibus Test, 11 5 

Ordinary Least Squares (OLS), 460 
Over-Dispersion 

Logistic Regression Model, 278 
Poisson Model, 323 
Poisson Regression Model, 338 
Stratified 2x2 Tables, 148 

Pair and Member Stratification for Matched 

Pair-Matched Retrospective Study, 189 

Partial Association, 87 
Partial Conelation, 108-109 
Partitioning of the Omnibus Null and Alternative 

Partitioning of Variation, 102, 148, 163, 202, 451 
Pearson chi-square Goodness of Fit, 498 
Peto-Breslow Adjustment for Ties in the PH 

Model, 397 
Peto-Peto-Prentice-Wilcoxon Test for Lifetables, 

379,437 
Pitman Efficiency, 75, 129 
Poisson Distribution, 3 I8 
Poisson Model 

Pairs, 196 

See also Matched Case-Control Study 

Hypotheses, 1 I8 

Cochran’s Variance Test, 323 
Doubly Homogeneous, 318 
Information Sandwich Variance Estimate, 345 
Maximum Likelihood Estimation, 319 
Over-Dispersion, 323 
Over-Dispersion Variance Component 

Estimation, 345 
Random Effects Model, 324 
Stratified MVLE of Relative Risks, 347 

Poisson Process, 3 17 
Cumulative Intensity, 31 8 
Homogeneous, 3 I8 
Intensity, 3 18 

Applications, 338 
Conditional Model for Matched Sets, 344, 351 
Explained Variation, 337, 350 

Poisson Regression Model, 330 

Information Sandwich Variance Estimate, 341 
Madalla’s R2, 337 
Maximum Likelihood Estimation, 330 
Negative Log Likelihood Loss, 337 
Over-Dispersion, 338 
Power and Sample Size, 343 
Quasi-Likelihood Estimation, 338 
Robust Inference, 340 
Score Test, 350 
Squared Error Loss, 337 
Unconditional Model for Matched Sets, 344 

Population Attributable Risk, 50 
Asymptotic Distribution, 52 
Large Sample Variance of Logit, 52, 58 
Matched Pairs, 188 
Retrospective Study, 173, 201 

Population-Averaged Odds Ratio, 183 
Population-Averaged Relative Risk, 187 
Power and Sample Size, 63 

chi-square Tests, 73 
Cochran’s Test of Association, 157 
Homoscedastic Normal Errors Model, 74 
Logistic Regression Model, 283, 309 
McNemar’s Test, 192, 205 

Conditional, 192 
Unconditional, 192 

Poisson Regression Model, 343 
Radhakrishna Family of Tests of Association, 

Simplifications, 67 
Survival Analysis, 409 

I55 

Cox’s PH Model, 4 12 
Logrank Test, 409,443 
Test for Exponential Hazards, 409, 443 

The Fundamental Relationship, 66 
Wald Test in Poisson Regression Model, 349 
Z-Test 

General, 63 
Means in Two Groups, 84 
Poisson Intensities in Two Groups, 85, 

Proportions in Two Groups, 68, 83,-84 
348-349 

Power Function, 65 
Precision, 61 
Prevalence, 14 
Probability as a Measure of Risk, 14 
Probit Regression Model, 307 

See also Binomial Regression Model, Probit 
Link 

2x2 Table, 28 
Logit Model, 212 
Maximum Likelihood Estimation, 2 I2 
Stratified, 224, 242 

Product-Limit Estimator 

Product Binomial Likelihood 

See nlso Kaplan-Meier Estimator 



Profile Likelihood, 218 
Proportional Hazards Alternative, 379 
Proportional Hazards Models, 384 

See also Multiplicative Intensity Model 

Cox's Logistic Model, 395, 442 
Kalbfleisch-Prentice Marginal Model, 396 
Maximum Likelihood Estimation for the 

Peto-Breslow Approximate Likelihood, 397, 

Prentice-Gloeckler Model, 394 
Discrete and Grouped Data, 394 
Discrete Time, 394 
Explained Variation, 399 

Kent-O'Quigley Measures, 399 
Madalla's R2, 400 
Schemper's V2, 399 

Fitting the Model, 390 
Frailty Model, 392 
Full Likelihood Function, 387 
Information Sandwich Variance Estimate, 392 
Likelihood Ratio Tests, 391 
Maximum Likelihood Estimation, 390 
Partial Likelihood Function, 386 
PH Model Assumptions, 397 

Adjustments for Ties, 393 

Peto-Breslow Likelihood, 441 

44 I 

Cox's Test, 397 
Lin's Test, 397 
Log-Log Survival Plots, 397 

Robust Inference, 391 
Robust Score Test, 393 
Robust Wald Test, 393 
Score Test in the Peto-Breslow Likelihood, 442 
Score Tests, 391 
Stratified Models, 388 
Time-Dependent Covariates, 389 
Wald Tests, 391 

Proportional Odds Alternative, 379 
Proportional Odds Model, 436 
Quasi-Likelihood, 500 

GLM Family of Models, 500 
Minimum chi-square Estimation, 501 
Over-Dispersed Poisson Regression Model, 338 

Radhakrishna Family of Tests, 88, 128, 155, 

Random Effects Model, 145 
160-161 

Measurement Error Model, 146 
Poisson Model, 324 
Stratified 2 x 2  Tables, 145 
Stratified Pair-Matched Tables, 201 
Variance Component Estimate, 150 

Poisson Model, 325 
Recombination Fraction, 244 
Recurrent Events, 414 

See also Counting Process and 
Multiplicative Intensity Model 

Reduced Model Bias, 307 
Relative Risk, 24 

Asymptotic Distribution, 24 
Estimated From Conditional (Retrospective) 

Estimated From Odds Ratio, 172 
Log Relative Risk 

Asymptotic Distribution, 24 
Large Sample Variance, 24, 55 

Matched Pairs, 187, 199 
Matched Retrospective Studies, 191 
Poisson Intensities, 320 

Retrospective, 172 
Residual Variation, 486 
Restricted Alternative Hypothesis, 126 

Test of Association, 126 
Test of Stochastic Ordering, 142 

Odds Ratio, 191 

Random Effects Model, 327 

Right Censoring, 354 
Risk Difference, 23 

Asymptotic Distribution, 23, 55 
Distribution Under the Alternative Hypothesis, 

Distribution Under the Null Hypothesis, 23 
Exact Confidence Limits, 24 

23 

Risk Factor, 6, 11 
Robust Inference, 488 

Conditional Logistic Regression Model, 303 
Confidence Limits and Tests, 493 
Correct Model Specification, 489 
Incorrect Model Specification, 490 
Information Sandwich Variance Estimate, 488 
Logistic Regression Model, 278 
Poisson Regression Model, 340 
Proportional Hazards Models, 391, 393 
Score Test, 493 
Wald Test, 493 

Sample Size, 61 
See also Power and Sample Size 

Binomial Distribution With Zero Events, 54-55 
For Precision of Estimate, 62 
Power and Efficiency, 61 

Function CINV, 73 
Function CNONCT, 73 
Function PROBCHI, 73 

PROC FREQ, 34,45, 103, 182 

REPEATED Statement, 341 
Type 111 Option, 273, 277 

SAS 

PROC CATMOD, 122-123, 253, 259 

PROC GENMOD. 253, 277, 33 1-332.502 

PROC IML, 122 
PROC LIFEREG, 431 
PROC LIFETEST 

Survival Estimation, 375 
Tests of Significance, 383 



PROC LOGISTIC, 252 
PROC NLM, 253 
PROC PHREG, 393,401 
TEST Option, 286 

Scientific Method, 1 
Score Test, 479 

Composite Test, 479 
Conditional Hypergeometric Likelihood, 219 
Conditional Logit Model (Matched Pairs), 230 
Logistic Regression Model, 273 
Logit Model, 2 I8 
Mantel-Logrank Test in the PH Model, 442 
Mantel-Haenszel Test, 220 
McNemar’s Test, 230 
Poisson Regression Model, 350 
Proportional Hazards Models, 391 
Relative Efficiency Versus Likelihood Ratio 

Robust, 493 
Stratified-Adjusted Mantel-Logrank Test in the 

Test of A Sub-Hypothesis: C(a) Tests, 480 
Score-Based Estimate, 220 

Hazard Ratio, 382 
Log Odds Ratio, 222 
Stratified-Adjusted Log Odds Ratio, 223, 242 
Survival Odds Ratio, 382 

Test, 482 

PH Model, 442 

Simpson’s Paradox, 106 
Slutsky‘s Theorem, 457 

Convergence in Distribution, 457 
Convergence in Distribution of 

Transformations, 458 
Convergence in Probability, 458 

Logistic Regression Model, 292 
Poisson Regression Model, 337 

Squared Error Loss, 461, 484 

StatXact, 16, 18,31-36,49, 185 
Stochastic Ordering, 142 
Stratification Adjustment and Regression 

Adjustment, 107 
Stratified Analysis of 2 x 2 Tables 

ARE Versus Unstratified, 80 
Breslow-Day Test of Homogeneity, 124 
C(a) Test, 224 
Cochran’s Test of Association, 93, 128, 224 
Cochran’s Test of Homogeneity, 122 
Conditional Hypergeometric Score Test, 223, 

Contrast Test of Homogeneity, 120 
DerSimonian and Laird Random Effects 

Logistic Regression Model, 255 
Mantel-Haenszel Estimates, 95 
Mantel-Haenszel Test, 92, 223 
Maximum Likelihood Estimate, 99, 160 
MVLE, 99, 160 

24 I 

Model, 147 

Omnibus Test, 116 
Radhakrishna Family of Tests, 128 
Score Test, 222 
Score-Based Estimate of Log Odds Ratio, 223 
Tarone’s Corrected Breslow-Day Test, 125 
Two Independent Groups, 87 
Zelen’s Test of Homogeneity, 124 

Cochran’s Test of Association, 198 
Cochran’s Test of Homogeneity, 198 
Mantel-Haenszel Analysis, 197 
Member Stratification, 196 
MVLE, 197 
Pair Stratification, 196 

Cochran’s Test of Homogeneity, 347 
Efficient Test of Relative Risk, 347 
MVLE. 347 

Stratified Conditional Hypergeometric Likelihood 
Maximum Likelihood Estimation, 237, 241 

Stratified Product Binomial Likelihood 
Maximum Likelihood Estimation of Odds 

Maximum Likelihood Estimation of Relative 

Stratified Analysis of Pair-Matched Tables, 195 

Stratified Analysis of Poisson Intensities, 329 

Ratio, 242, 245 

Risk, 243 
Sub-Distribution Function 

Suppressor Variable, 106 
Survival Analysis, 354 

Competing Risks, 433 
Lehman Alternative, 379 
Likelihood Function, 355 
Proportinal Hazards, 379, 433 
Proportinal Odds Model, 436 
Proportinal Odds, 379,433 
Proportional Odds Alternative, 379 

Exponential, 354, 409,426 
Log-Logistic, 432 
Weibull, 427 

Survival Function 
Actuarial Estimate, 368 
Binomial Variance Versus Large Sample 

Variance, 362,436 
Comparison of Two Groups, 361 
Discrete or Grouped Time, 368,434 
Kaplan-Meier Estimate, 356 
Large Sample Variance of Log Survival, 358, 

Large Sample Variance of Log-Log Survival, 

Large Sample Variance of Logit of Survival, 

Modified Kaplan-Meier Estimate, 369 
Nelson-Aalen Estimate, 360 

Competing Risk, 371-372 

Survival Distribution, 354 

360 

359-360.435 

435 

Synergism, 106 



Tarone's Corrected Breslow-Day Test, 125 
Tarone-Ware Family of Tests for Survival 

Functions, 380 
Taylor's Approximation, 455 
Test of Homogeneity, 120 

Contrast Test, 120 
Null and Alternative Hypotheses, ll9-lZO 

Null and Alternative Hypotheses, 119, 126- 

Binomial Distribution Probability, I8 
Mantel-Haenszel Stratified-Adjusted Odds 

Ratio, 96 
Odds Ratio, 43 

Test of Partial Association 

Test-Based Confidence Limits, 18, 54 

Time-Dependent Covariate, 1 1 
Two-Stage Model, 146 

Measurement Error Model, 146 
Poisson Model, 324 

Type I and 11 Errors, 63 
Type I Error Probability, 37.44, 63, 65 
Type II Error Probability, 63, 65 

Type 111 Tests in SAS PROC GENMOD, 273, 

Uncertainty Coefficient, 46, 3 12 
Variance Component, 62 
Violations of the Homogeneous Poisson 

Assumptions, 323 
Wald Test, 476 

T2-Like Test, 115 
Caveats, 276 
Composite Test, 476 
Contrast Test of Homogeneity, 121 
Element-Wise Tests, 476 
Logistic Regression Model, 275 
Logit Model, 217, 
Model Test 

Power, 75 
Proportional Hazards Models, 391 
Robust, 493 
Test of A Linear Hypothesis, 477 

277 

Wei-Lachin Test of Stochastic Ordering, 142 
Null and Alternative Hypotheses, 142 
Z-Test, 143 

Accelerated Failure Time Model, 430 
Maximum Likelihood Estimation, 428 

Weibull Survival Distribution, 427 

Weighted Least Squares (WLS), 463 
Weighted Mantel-Haenszel Test, 377 

See also Aalen-Gill Tests .I 27 
GP Family, 380 
Lehman Alternative, 379 
Logrank Test, 378 
Measures of Association, 381 
Optimal Weights, 378 
Proportional Odds Alternative, 379 
Score-Based Estimate of Hazard Ratio, 382 
Score-Based Estimate of Survival Odds Ratio, 

Stratified-Adjusted, 381 
Tarone-Ware Family, 380 

Weights Inversely Proportional to the Variances, 
82, 85, 99, 101, 127 

Wilcoxon Test for Lifetables 

382 

Aalen-Gill Family Test, 421 
Gehan Test, 379 
Peto-Peto-Prentice Test, 379, 437 

Woolrs Variance Estimate, 16, 27, 31, 55, 222 
Z-Test 

A Proportion, 18 
Functions of Two Proportions, 58 
General, 37 
Matched Pairs (McNemr's Test), 181 
Null Versus Alternative Variance, 38 
Poisson Intensities of Two Populations, 321 
Poisson Intensities, Random Effects Model, 

Survival Probabilities for Two Groups, 361 
Two Independent Proportions, 38, 83-84 
Two Means, 84 
Two Poisson Intensities, 85 

Zelen's Test of Homogeneity, 124 

327 




